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This is the last of five papers [KLTl, KLT2, KLT3, KLT4] that construct an iso- 
morphism between the Seiberg-Witten Floer homology and the Heegaard Floer 
homology of a given compact, oriented 3-manifold. See Theorem 1.4 below for a 
precise statement. As outlined in [KLTl], this isomorphism is given as a composi- 
tion of three isomorphisms. In this article, we establish the third isomorphism that 
relates the Seiberg-Witten Floer homology on the auxilliary manifold with the ap- 
propriate version of Seiberg-Witten Floer homology on the original manifold. This 
constitutes Theorem 4.1 in [KLTl], re-stated in a more refined form as Theorem 
1 . 1 below. The tool used in the proof is a filtered variant of connected sum formula 
for Seiberg-Witten Floer homology, in special cases where one of the summand 
manifolds is 5' x 5^. Nevertheless, the arguments leading to the afore-mentioned 
connected sum formula are general enough to establish a connected sum formula 
in the wider context of Seiberg-Witten Floer homology with non-balanced per- 
turbations. This is stated as Proposition 6.2 below. Although what is asserted in 
this proposition has been known to experts for some time, a detailed proof has not 
appeared in the Uterature, and therefore of some independent interest. 

53C07; 52C15 



1 Introduction 



To summarize what was done in the predecessors to this article, [KLT1]-[KLT4] cited 
above: the first article in this series outlined a program for a proof of Theorem 1.4, 
based on a concatenation of three isomorphisms. The first isomorphism (Theorem 
2.3 in [KLTl]) relates a version of embedded contact homology on an an auxiliary 
manifold to the Heegaard Floer homology on the original, and was accomplished in 
[KLT2]-[KLT3]. The second isomorphism (Theorem 3.4 in [KLTl]) relates the relevant 
version of the embedded contact homology on the auxilliary manifold and a version 
of the Seiberg-Witten Floer homology on this same manifold. This was established 
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in [KLT4]. This last installment of the HM = HF series contains the proof of the 
third isomorphism, stated as Theorem 4.1 in [KLTl]. Part of the content of this paper 
are drawn from unpublished details of the proof of the second author's Corollary 8.4 
in [L], which describes the behavior of certain Seiberg-Witten Floer homology under 
handle addition. 

1.1 The main theorem and an outUne of proof 

Let M be a closed, connected, and oriented 3 -manifold. Given a Spin*^ structure 5 
on M, P. B. Kronheimer and T. S. Mrowka defined in [KM] three flavors of Seiberg- 
Witten Floer homology, //M* , HM^ , and HM^: , modelling on three different versions 
of -equivariant homologies. These homology groups have the structure of modules 
over the graded ring 

At(M) := Z[U] ® /\*(HiiM;Z)/Tors), 

where U has degree —2 and elements in //i (M; Z)/ Tors has degree —1. These 
modules are graded by an affine space over Z/c^Z, where Cg G 2Z-" is the divisibility 
of ci(5), the first Chem class of the Spin' structure s. Moreover, as A|(M) -modules, 
these three flavor of Seiberg-Witten Floer homologies fit into a long exact sequence 
modelling on the fundamental exact sequence of -equivariant Floer homologies. (Cf. 
Equation (3.4) in [KM]). 

(1.1) ■■■HM ^HM^HM ^ ■■■ 

This is called the first fundamental exact sequence of HM in this article. In [L], the 
second author defined a fourth flavor of Seiberg-Witten Floer homology HM^ with the 
same module structure and relative grading. (It was originally denoted by HM'"' in 
[L]; given here as Definition 5.6). The definition models on the ordinary homology of 
an -space. As such, it fits into a second long exact sequence together with U HM^ 
and HM^. This is referred to as the second fundamental exact sequence of HM; see 
Lemma 5.7 below. 

In this article, we regard these four flavors of HM as a system, in the order of HM^, , 
HM^ , and //M* , //M* . They are denoted collectively by HM^ . 

As will be detailed in the upcoming Section 2, the Seiberg-Witten Floer homologies 
(also referred to as the monopole Floer homology in this article) HM^: depends on the 
cohomology class of the perturbation form zu in addition to the Spin'^ structure s . One 
may also define a monopole Floer homology with local coefficients F compatible with 
5 and [zu] . Of particular interest to us is the case when the perturbation is "balanced"; 
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in this case T may be taken to be Z. These are denoted by HM^{M,5,Ch)', and this is the 
variant of monopole Floer homology to be equated with the Heegaard Floer homology 
HF% , in Theorem 1 .4 below. This is, in a sense, the strongest possible statement of 
equivalence between HM and HF, as the monopole Floer homology HM / and 
HM 7^ HM only in the balanced case. The equivalence between other versions of 
HM and HF may be deduced from this case through the use of local coefficients. It 
is also worth mentioning that a coarser version of Seiberg-Witten-Floer homology, 
HM. , defined by taking a completion of the Floer complex with respect to grading, 
frequently appears in [KM] and other literature. In this article we work exclusively 
with the original version, HM^ . 

The upcoming Theorem 1.1 relates HM^{M,5, Cb) with two filtered variants of monopole 
Floer homology. The first was introduced in [L], originally denoted by HMT° therein. 
Here, the label o stands, in specific order, for — , cxd, + , A. The fact that they appear 
in the superscript (instead of the top) of the notation, and the order in which they 
appear, reflects the nature of their definition. The latter is done following the alge- 
braic framework of Ozsvath-Szabo in [OSl]. The second of these two variants was 
introduced in [KLT4] (Cf. also Section 4 of [KLTl] for a brief summary). They are 
denoted by H°(F) in [KLTl], and by Yl}^ in [KLT4]. The construction of both these 
filtered monopole Floer homologies is based on the same general framework, which 
we describe in Section 3 below. This framework always produces four flavors of Floer 
homologies, labeled by o = — , oo, + , A ; and they are related by two fundamental long 
exact sequences. (To be more precise, only the first three flavors appearred in [KLTl] 
and [KLT4], but it shall become clear in Section 3 that the afore-mentioned general 
construction actually give rise to a fourth flavor). The basic ingredient of this con- 
struction consists of a triple of data: A certain Spin' 3-manifold Yz , a closed 2-form 
w on Yz used to define a monotone perturbation to the Seiberg-Witten equations, and 
a special 1 -cycle 7 embedded in Yz useful for defining a filtration on the associated 
monopole Floer complex. Further constraints on the choice of this triple are given in 
Section 3.2. 

The triple that enters the definition of HMT° is what was denoted by (M, *df , 7) in 
[L]. Here, M_ is constructed from M by adding a 1 -handle along the extrema of /, the 
latter being a Morse function giving rise to the Heegaard diagram used to define HF° . 
What was denoted by / is an 5^ -valued harmonic Morse function obtained by a natural 
extension of /. The 1 -circle 7 is related to the path 7^ C M used by Ozsvath-Szabo to 
define a filtration on the Heegaard Floer complex. The triple used for the definition of 
Hgvi' in [KLT4] was denoted by (F, w, 7(^«^) in [KLT4] and [KLT2]. The 3-manifold Y 
is obtained from M by attaching additional 1 -handles along pairs of index 1 and index 
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2 critical points of / ; the two-form w is constructed from a natural extension of *df . 
The 1 -cycle 7 in M becomes the 1 -cycle 'y^^^ in Y after the handle-attachment. The 
precise definitions of HMT° and H^,^ may be found in Section 3.8. It turns out that 
both Floer homologies are equipped with Aj(M) -module structures, as ai^e HF°(M) 
and HM{M,5,Cb). 

Let G denote the number of 1 -handles added to M in order to obtain Y . 

The main theorem of this article relates the three versions of monopole Floer homolo- 
gies: HM{M,5,Cb), HMT°, and H^^y- 

Theorem 1.1 View H^{S^) ~ A* ^iC'^^) 

as a graded algebra as prescribed in Section 

1.3 below. Then: 

(1) There exists a system of isomorphisms of A^(M) -modules 

H°(F) ^HMT°0//,(5')®°, o = -,oo,+,A, 

that preserves the relative gradings and natural with respect to the fundamental long 
exact sequences on both sides. 

(2) There exists a system of canonical isomorphisms of A j{M) -modules from 

HMT°, o = -,oo,+,A respectively to HM{M, 5, Ch), o = A,-,V,~, 

that preserves the relative gradings and natural with respect to the fundamental long 
exact sequences on both sides. 

The proof of this theorem is given in Section 6.3. The remainder of this section gives 
a brief outline of this proof. 

Given how Y is constructed from M_, and M_ in turn from M, it is little surprise that the 
preceding theorem is a consequence of certain filtered variant of connected sum formula 
for Seiberg-Witten-Floer homologies. See Propositions 6.4 in Section 6.3. The first 
steps of the proof of this formula, via understanding the chain maps on Seiberg-Witten 
Floer complexes induced by cobordisms associated to the connected sum, lead to a 
connected sum formula for Seiberg-Witten Floer homologies sans filtration. This is 
stated as Proposition 6.2 below. 

The more essential part of the proof, which also constitutes the major technical com- 
ponent of this article, consists of an extension of the framework defining HMT° and 
H°(y) to the context of cobordisms and their assciated chain maps. The analytical 
foundation of such an extension is provided in Sections 7-9 of this article. 
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The proof of part (2) of Theorem 1.1 also involves some homological algebra compu- 
tation that turns out to be a manifestation of so-called "Koszul duality". An elementary 
account of the relevant part of this story is given in Section 4. This algebraic machinery 
expresses all four flavors of the balanced monopole Floer homology, HM{M, s, c/,) in 
terms of a balanced monopole Floer complex of the first flavor, CM^{M, 5,ci,). Mean- 
while, the filtered connected sum formula previously mentioned expresses all four 
flavors of HMT° in temis of a monopole Floer complex with "negative monotone" 
perturbation, CM*(M,s,c_). See Proposition 5.9 below. These two monopole Floer 
complexes are hnked via a chain-level variant of the following result of Kronheimer- 
Mrowka's: 

Theorem 1.2 ([KM] Theorem 31.5.1) HM^{M,5,ct) ^ HM^{M,5,c^). 

The right hand side of the preceding isomorphism refers to the monopole Floer homol- 
ogy for negative monotone perturbations. A brief account of this variant of monopole 
Floer homology can be found in Section 2.3. The construction of both H^;^ and HMT° 
are based on negative monotone monopole Floer complexes. 

More on the motivation for various constructions in the article may be found in [L]. 

Remark 1.3 With the hind-sight gained from Juhasz's [Ju] and Kronheimer-Mrowka's 
[KMl] definitions of sutured Floer homologies, we feel that HMT° are best interpreted 
as variants of sutured Floer homology. In particular, //M(M(l),s(l)) = HMT(M, s) 
in terms of the notation in [Ju], [KMl] and [L]. From this point of view. Theorem 

1.1 (2) may be viewed as a re-interpretation of monopole Floer homology of closed 
3-manifolds as (generalized) sutured Floer homology. In particular, the o = A variant 
of this statement is a Seiberg-Witten analog of Prop 2.2 in [Ju], where the hat-version 
of the Heegaard Floer homology is re-interpreted as a sutured Floer homology. See 
also Theorem 1.6 announced in [CGHH] for an ECH analog (of the o = A variant). 
We hope to discuss this in more detail elsewhere. (See also the end of Part 4 in Section 
9.1). 

1.2 Relating Heegaard and Seiberg-Witten Floer homologies 

With all said and done, the main result of this articles combines with those in [KLTl]- 
[KLT4] to reach our ultimate goal: 

Theorem 1.4 Let M be a closed, oriented 3-manifold, and s be a Spin^ structure on 
M. Then there exists a system of isomorphisms from HFl{M,5), o = — ,oo,+, A, 
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respectively to HM^,(M,5,Ch), o = A, — ,V,~, as Z,/ c ^2, -graded A^(M) -modules, 
which is natural with respect to the fundamental exact sequences of the Heegaard and 
monopole Floer homologies. 

The result summaries the relation between the Heegaard and monopole Floer homlo- 
gies, which has been conjectured since the inception of Heegaard Floer theory. See 
for example Conjecture 1.1 in [0S2] , 1.3.12 in [KM], Conjecture 1 in [KMan], and 
Conjecture 1.1 in [L]. 

As the Heegaard Floer homology HF° makes no other appearances for the rest of this 
article, the reader is referred to [OSl] and [0S2] for its definition and properties. In 
particular, the fundamental exact sequences relating its four flavors take the following 
form: 

> Hp- HF°° HF^ ■■■ 

y Hf - HF -^HF-y ■■■ 



Proof of Theorem 1.4. An outline of the proof is already given in [KLTl]. To 
summarize. By combining the two parts of Theorem 1.1, one has (Cf. Theorem 4.1 in 
[KLTl]): 

H°(F) ~ HM{M,5,Ch) H^iS^f^. 

Meanwhile, it is asserted in Theorem 3.4 of [KLTl] and proven in [KLT4] that the left 
hand side of the above isomorphism is in turn isomorphic to what was called "ech°". 
Finally, the latter is claimed in Theorem 2.4 of [KLTl], and proven in [KLT2]-[KLT3], 
to be isomorphic to HF°{M5) ® H^.{S^)®^ . Each of the three isomorphisms above 
preserve the Aj(M) -module structure and the fundamental exact sequences on both 
sides. □ 



1.3 Some notations and conventions 

Throughout the remainder of this paper, section numbers, equation numbers, and other 
references from [KLT1]-[KLT4] are distinguished from those in this paper by the use 
of the appropriate Roman numeral as a prefix. For example, 'Section ILL refers to 
Section 1 in [KLT2]. In addition, the following conventions are used: 

• As in [KLT1]-[KLT4], we use cq to denote a constant in (1, oo) whose value is 
independent of all relevant parameters. The value of cq can increase between 
subsequent appearances. 
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• As in [KLT1]-[KLT4], we denote by x a fixed, non-increasing function on R 
tliat equals 1 on a neigliborliood of (—00, 0] and equals on a neigliborliood of 
[l,oo). 

• When left unspecified, the modules, chain complexes and homologies in this 
article are over the coefficient ring K, which can be taken to be Z, as was done 
in [KLT1]-[KLT4]. Using a separate notion serves to distinguish different roles 
the abelian group Z in this article, e.g. as the group of deck transformations 
versus the coefficient ring of the chain complexes. 

• The term "module" in this article refers to either a left module or a right module. 
Thus, both the monopole Floer homology and monopole Floer cohomology are 
said to have a module structure over the ring H*{BS^). Note in contrast that in 
[KM], a "module" refers specifically to a left module. Moreover, what appears 
as in [KM] is denoted by U in this article for simplicity, since we focus on 
Floer homology as opposed to cohomology. 

• The definition of Floer complexes in this article often depends on several pa- 
rameters, yet there are chain homotopies relating the Floer complexes with the 
values of some of the parameters changed. In the interest of simplicity, these 
parameters are usually left unspecified in our notation for the Floer complexes 
unless necessary. 

• Due to geometric motivations (cf. [GKM]), we view H^{S^) and H*{BS^) both 
as free commutative differential graded algebras with zero differential and a 
single generator, where the odd generator y for Hi{S^) has degree 1, while the 
even generator u for H*{BS^) has degree —2. In this section commutativity and 
the commutator [•, •] are meant in the graded sense. In particular, what is called 
an "anti-chain map" in [KM] is in our terminology an odd chain map. 



Acknowledgments. The authors are supported in part by grants from the National 
Science Foundation. The first author is supported by a National Science Foundation 
Postdoctoral Research Fellowship under Award No. DMS- 1103795. The second 
author thanks Harvard University for hosting her during multiple visits through the 
long course of working on this project. She also wish to thank T. Mrowka and P. 
Ozsvath for suggesting the general form of the connected sum formula. Proposition 
6.2 below. A similar statement under different assumptions, via a different and more 
involved route of proof, is to appear in [BMO]. 
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2 Elements of Seiberg-Witten Floer theory 

This subsection reviews some backgrounds on Seiberg-Witten-FIoer theory, with the 
book [KM] as the definitive reference. By way of this, we introduce some notation and 
terminlogy used in the rest of this article, some of which differ from those in [KM]. 
We focus mostly on the special cases involved in the proof of Theorem 1.1, leaving the 
general details for the reader to consult [KM]. Many notions here have analogs in, e.g. 
[KLT4], [LT], which work with similar settings. 

2.1 Seiberg-Witten equations on 3-manifolds 

Let M be a closed, oriented, Riemannian 3-manifold. Fix a Spin'^ -structure s on M and 
let S denote its associated spinor bundle. We call a pair, (A, ^'), consisting of a Her- 
mitian connection on det (S) and a section of S a (Seiberg-Witten) configuration. The 
gauge group C°°{M; U{1)) acts on the space of configurations in the following fashion: 
Let u : M ^ UW- Then u sends a configuration, (A, ^I*), to (A — 2u~^du, u"^). Two 
solutions obtained one from the other in this manner are said to be gauge equivalent. 
Note that this C°°(M; U{1)) action is free except at pairs of the form (A, = 0); 
these are called reducible configurations. Configurations which are not reducible is 
irreducible. 

In the most general form, the 3-dimensional Seiberg-Witten equations ask that a con- 
figuration (A, ^f) obey 



where denotes the Hodge dual of the curvature form of A, D denotes the Dirac 
operator, and the quadratic term '^'^t'^ is as in Section 1.2 of [LT]. is a closed 
2-form, and the pair (T, (3) is a small perturbation arising as the formal gradient of a 
gauge-invariant function of (A, '^). This is called a tame perturbation in [KM], and is 
in general needed to guarantee the transversality properties necessary for the definition 
of Seiberg-Witten-Floer homology. See Chapters 10 and 11 in [KM]. In the simplest 
case, (T, ©) may be taken to be of the form 



(2.1) 



Ba - + /tz7 - 1 = and 

D^^ -6=0, 



(2.2) 



(T, 6) = (2/ * dn, 0) 



for a smooth 1-form /i taken from a Banach space called in [KLT4]. This may be 
assumed to be a subspace of the Banach space of tame perturbations in Chapter 11.6 
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in [KM], and hence inherits the so-called "P-nomi" from [KM]. This norm bounds 
the norms of the derivatives of /i to any given order. 

Irreducible solutions to (2.1) may exist only when the cohomology class [tu] = 
27rci(det S). In this case the Seiberg-Witten equations (2.1) is said to have bal- 
anced perturbation, while it is said to have exact perturbation when [zu] = 0. The 
cases when [ro] = 2rci(det S) is said to be monotone: when r > vr it is said to be 
negative monotone, and when r < vr it is said to be positive monotone. Note that when 
ci(det S) is torsion, the notation of balanced, exact, and positive or negative monotone 
perturbations are equivalent. We work in the negative monotone case with nontorsion 
ci(det S) for most part of this paper where all Seiberg-Witten solutions are irreducible. 
Note in contrast that in the closely related series of articles [T1]-[T5], w is taken to be 
da for a contact 1-form a, which is an exact perturbation. 

This said, unless otherwise specified, from now on we set 



for a closed 2-form w in the cohomology class of ci(det S) and a real number r > vr. 
When ci(det S) is torsion, we always set w = 0. Otherwise, the particulars of w for 
the proof of our main theorem 1.1 are described in Section 3.2. 

To make contact with the notation in [KLT4], write 



with K ^ M being a fixed complex line bundle. Fix a smooth connection, Ak, on 
^ . Where w is nonvanishing (such as over the stable Hamiltonian manifold Y in 
[KLT4]), is typically given by Ker(*w) C TM and E the /|w| -eigen-bundle of 
the Clifford action by w . More constraints on the choice of K and Ak will be specified 
along the way through the rest of this article. 

With Ak chosen, let A denote the connection on the S-summand corresponding to 
A, and write ^ = ^/ixip. In this case, perturbations of the form (2.2) suffice for 
our purpose. Since the Riemannian metric and a connection on E determine a Spin'^ 
connection on S, we often consider the equivalent equations for (A, ip) of the form 



where = D , is the Hodge star of the curvature 2-form of A and B^^^ denotes 
the Hodge star of the curvature 2-form for the connection, Ak . 



(2.3) 



tz7 = 2rw 



det{E>) = E^ (g) K 



-1 



(2.4) 
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Given a Hermitian line bundle V — )• M, we use Conn(V) to denote the space of 
Hemiitian connections on V. The equations in (2.1) are the variational equations of 
the functional o of (A, -0) G Conn(£') x C°°(M; §), given by 

(2.5) a = ^cs - rw + + r / V^^'aV', 

where the notation is as follows: The functions cs and w are defined using a chosen 
reference connection on E. Let Ae denote the latter. With A written as 

A =A£ + aA, 

then w and cs are given by 

(2.6) w = i I SaAw and c5 = - [ aAAJaA-2 f aA /\ {Fae + 1:Fak) ■ 

Jm Jm Jyz 2 

What is denoted by is the integral over M of ifi A Fa- The functionals a, w and 
cs in general is not invariant under the C°°{M; S) action on Conn (det S) x C°°{M; S), 
however their differentials descend to the orbit space. These differentials are henceforth 
denoted by da, d{c5), • • •, etc. 

To define the Seiberg-Witten Floer homology in general, [KM] takes a real blow-up of 
the space Conn (det S) x C°°{M; S) along the set of reducibles (Cf. Chapter 6 of [KM]). 
This blown-up space is denoted as C^{M, s) therein and has a free C°°{M, ?7(1)) -action. 
The functional a extends to and the resulting variational equation of aie then used 
to define the Seiberg-Witten equations. 

A solution c to the Seiberg-Witten equations or its corresponding gauge equivalence 
class [c] G C'^(M,s)/C°°(M, U{1)) is said to be non-degenerate when certain differen- 
tial operator 2,^ has trivial kernel. The explicit form of this operator is given for irre- 
ducible solutions of (2. 1) in (7.30) below. In general, this notion of nodegeneracy arises 
from the interpretation of [c] as a zero of the 1-form da on C'^(M,s)/C°°(M, U{1)). 
With the metric and vj fixed, a choice of (T, 6) , (or in the case of (2.4)), of fi) such that 
all solutions to (2.1) or (2.4) are non-degenerate is said in what follows to be suitable. 
In the negative monotone case with nontorsion ci(det S), a suitable choice for /i can 
be found with P-norm bounded by any given positive number. (Cf. e.g. (1.18) in 
[KLT4] and references therein). Otherwise, especially when reducible solutions exist, a 
suitable pair (T, 6) is typically of more general form than that of (2.2). Nondegenerate 
gauge-equivalence classes of reducible Seiberg-Witten solutions are further classified 
into the "stable" and "unstable" types in [KM]. 
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2.2 Seiberg-Witten equations on 4-dimensional cobordisms 



(2.7) 



Let F_ , y+ be closed oriented 3-manifolds. In this paper X will denote a simple 
cobordism from F_ to 7+ of the following sort: X is an oriented complete 4-manifold 
equipped with the extra structure listed below. 

• There is a proper function 5: X — )• M with non-degenerate critical 
points with at most one single critical value, 0. 

• There exists an orientation preserving diffeomorphism between the s < 
part of X and (— oo,0) x Y that identifies s with the Eulidean 
coordinate on the (—00, 0) factor. 

• There exists an orientation preserving diffeomorphism between the s > 
part of X and (0, 00) x that identifies s with the Eulidean coordinate 
on the (0, 00) factor. 

• There is an even class in H^{X; Z) that restricts to the s < and s > 
parts of X as the respective F_ and 7+ versions of ci(det(S)). 

The diffeomorphism in the second bullet of (2.7) is used, often implicitly, to identify 
the s < part of X with (— cxd, 0) x y_ ; and the diffeomorphism in the third bullet of 
(2.7) is likewise used to identify the s > part with (0, c«) x 7+ . Fix a class satisfying 
the last bullet of (2.7) and denote it also by ci(det(S)). 

Assume that the Riemannian metric on X satisfies the following: 

• There exists L > 100 such that the metric on the s < —L and s > L 
parts of X are identified by the embeddings in the second and third 
bullets of (2.7) with the respective product metrics on (—00, — L] x F_ 
and [L, 00) x F+ . 

• The metric pulls back from the 1^1 G [L — 8,L] part of X via the 
embeddings from the second and third bullets of (2.7) as the quadratic 
form ds^ + g with g being an 5' -dependent metric on either F_ or 7+ 
as the case may be. 

The chosen metric on X is used to write T*X as A"*" © A~ with A+ denoting 
the bundle of self-dual 2-forms and with A^ denoting the corresponding bundle of 
anti-self dual 2-forms. A given 2-form ro is written with respect to this splitting as 
tt) = rD+ + tt)~ . 

Use the metric to define the notion of a Spin"^ -structure on X. It follows from the last 
bullet in (2.7) that there is a Spin' structure that restricts to the s < —2 and s >2 parts 



(2.8) 
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of X as the given Spin^ structures from F_ and 7+ , and has its first Chem class equal 
to ci(det(S)). Fix such a Spin'^ structure and use and to denote the respective 
bundles of self-dual and anti-self dual spinors. 

The Seiberg-Witten equations on X are equations for a pair (A, ^) with A being a 
Hermitian connection on the line bundle det(S+) and with ^' being a section of S+. 
The relevant version reads 

(2.9) F+ - (^V^ - iwx) - T+ = and - ©+ = 0, 

where the notation uses Fa to denote the curvature 2-form of A, and it uses to 
denote the bilinear map from S+ to /A+ that is defined using the Clifford multiplication. 
Meanwhile, P+: r(S+) r(S") and : r(S") r(S+) are the 4-dimensional 
Dirac operators on X defined by the metric and the chosen connection A. What is 
denoted by wx is a self-dual 2-form satisfying the following list for some L' > L: 

The pull-back of wx from the s < —L' part of X via the embedding 
from the second bullet of (2.7) is twice the self dual part of a closed 
2-form Ci7_ on y_ . 

The pull-back of wx from the s > L' part of X via the embedding from 
the third bullet of (2.7) is twice the self dual part of a closed 2-form tu+ 
on Y+. 



(2.10) < 



The pair (T+, 6+) is the 4-dimensional analog of (T, 6) in (2. 1); see (24.2) in [KM]. 

An important special case is when (2.9) is defined on a product cobordism. By this we 
mean that X = M x M for a closed oriented Spin' 3-manifold M, with the function 
s as the Euclidean coordinate of the M factor; the Riemannian metric on X is the 
product of the affine metric on M and the Riemannian metric on M, and both wx and 
(T^, S^) are invariant under the natural M-action on M x M. Thus, the conditions in 
the first bullet of (2.8) and in (2.10) may be paraphrased as saying that the s^^{L' , oo) 
and s~^{—oo, —L'] part of the Seiberg-Witten equations on X are those of product 
cobordisms. As explained in [KM], Clifford action by ds over product cobordisms 
may be used to identify S+ ~ S~ . Meanwhile, both are the pull-back of a spinor 
bundle S over M. In this way, (2.9) may be re- written as a gradient flow equation of 
the action functional a, cf. (IV. 1.20). 

A solution d = (A, ^') to (2.9) is said to be an instanton if the constant s < —L pull- 
backs converge as 5 — — oo to a pair that can be written as ( A_ , ^ _ ) , with ( A_ , _ ) 
being a solution to (2.1) on F_ ; and if the constant s > L pull-backs converge as 
— )• cxD to a pair (A+, ^'+), with (A+, "^^) being a solution to (2.1) on 7+. If d is an 
instanton then the convention in what follows will be to say that the respective s — — oo 
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and 5 — )• oo limits of c) are (A_, ^'_) and (A_|_, ^'+). As in the 3-dimensional case, 
[KM] define a real "blow-up" of the space Conn (det S+) x C°^(X, S+), this denoted 
by C^iX). The 4-dimensional Seiberg-Witten equations (2.9) may be generalized 
to elements in C"{X), and hence also the notion of an instanton. An (generalized) 
instanton has its s — )• —oo and s ^ oo limits in C{Y^) and C"{Yj^) respectively, in 
the sense explained in p.29 in [KM]. An instanton (A, ^) is said to be reducible when 
^ = ; otherwise it is irreducible. 

The perturbation (T"'",S+) is introduced in (2.9) so that a certain operator that is 
associated to any given instanton solutions to (2.9) is Fredholm with trivial cokemel. 
Cf. Chapter 24.3 of [KM] in general and Equation (1.21) in [KLT4] for a special 
case closely related to this article. Instanton solutions with this property are said to 
be non-degenerate. We call perturbation term suitable when all instanton solutions 
to the corresponding version of (2.9) are non-degenerate. A suitable perturbation can 
be found for (2.9) with norm bounded by any given positive number. The relevant 
norm is also called the "P-norm. As in the case with elements in il, the "P-norm of a 
perturbation term bounds the norms of its derivatives to all orders. 

Just as in the 3-dimensional case, in the case of 4-dimensional cobordisms we consider 
wx and pairs (T"*", 6+) of the following form: 

wx = 2rwx and (T+, 6+) = (/«+, 0). 

Here, to^ is a 2-form of the form d{x^{L + s)/^i_ + x(^ ~ s)l^+) for some 1 -forms , 
on F_ , respectively. However, in the case of a product cobordism X = M x M, 
we take ro^ = d^- = dfi+. Meanwhile, wx is a self-dual 2-form constrained by 
the properties listed in (2.11) below, among others. These constraints involve another 
constant denoted by L^r below. The latter is no smaller than L + 4 . The constraints 
use XtoT to denote the union of the components of the 1^1 > part of X where ci(det S) 
is torsion. 

• The pull-back of wx to each constant s slice of X is a closed 2-form 
whose de Rham cohomology class is that of ci(det (S)) . 

• The embedding from the first bullet of (2. 10) pulls back wx from the 
(2 11) < ^ ~^ of X — Xtox as twice the self dual part of the F_ version 

of the 2-form w. The embedding from the second bullet of (2.10) pulls 
back Wx from the s > L part of X — Xfoi as twice the self dual part of 
the Y- version of the 2-form w . The 2-form wx is identically zero on 
any component of the 1^1 > L^r part of Xfor- 

Similarly to the 3-dimensional case, the 4-dimensional Seiberg-Witten equations may 
be rewritten in terms of the pair {A,ip) G Conn(£') x C°°(S^) that is obtained from 
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the pair (A, ^) G Conn(£') x C°°(S+) via the same formulae as those in the previous 
subsection. This requires an extension of K and from the ends s^^[L', oo) U 
oo, —L']. Constraints on such choices will be introduced in subsequent sections 
as needs arise; typically where wx is non- vanishing, E is chosen to be the /|ci7x|- 
eigenbundle under the Clifford action of wx on . 

2.3 The monopole Floer chain complex 

Fix a closed, oriented, connected Riemannian 3 -manifold M and a Spin'^ structure s 
on it. Suppose for now that s has non-torsion first Chem class, and w, (T, S) are 
as in (2.3) and (2.2) respectively, with r > vr. Fix also a complex Hermitian line 
bundle K ^ M as specified in Section 2.1 above. The spectral flow function on 
Conn (E) x C°°{M; §) is defined initially on the complement of a certain codimension 
1 subvariety just as in Section le in [KLT4] using a chosen Hermitian connection on E 
and a suitably generic section of S. As such it is locally constant and integer- valued. 
The definition can be extended to the whole of Conn (E) x C°^(M; S) as explained in 
Sections 7.6 and 7.8 below. This spectral flow function is denoted by f^. It suffices 
for now to know only that this extended function has integer values and that the 
functions 

cs^ := cs — 47r^fv and := a + 27r(r — 7r)f.5 

are invariant under the action of C°°(M;S) on Conn(£') x C°°(7;§) that has a u £ 
C°°(M;S) sending (A,^') to (A — u~^du,uip). By way of comparison, a, f,,, and cs 
are not invariant under this action. 

Denote by j- the set of gauge-equivalence classes of solutions to the corresponding 
(2.4). (This was denoted by a slightly different notation, Zsw,r, in [KLT4]). It is well- 
known that in this case, for a generic choice of r, /i, this set Z^^t consists of finitely 
many, nondegenerate irreducible elements. (Cf. e.g. (IV. 1.18) and references therein, 
ignoring the "holonomy nondegenerate" condition there for the moment). Assume 
this to be the case. Consider next the 4-dimensional Seiberg-Witten equations on the 
product cobordism M x M, with wx = 2w+, and /i_ = /u+ = ^. Here, w is used 
to denote the pull-back of the 2-form w on M under the projection of M x M to its 
second factor. Given an instanton d on this product cobordism with s ^ —oo and 
5 — )■ oo limits given respectively by representatives of c_ , c+ in Z^.^^ . The differential 
operator in (IV.1.21) has a Fredholm extension, whose index we denote by i^. By 
[APS], in this case 



(2.12) 



id = f.v(C+) - fs(C-). 
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Let A^i:(c_,c+) denote the space of such instantons with i^i = k. These spaces 
are ^-dimensional manifolds with a free M-action when the perturbation term in the 
Seiberg-Witten equations is suitable and ^ > 0. In particular, the monotonicity 
assumption guarantees that 7Wi(c_, c+)/M consists of finitely many elements. With a 
coherent orientation chosen (this amounts to choices of preferred elements of A(c) for 
all c G Zw,r in the language of [KM]), each element in A^i(c_, c+)/M is assigned a 
sign. 

Fix a ring K, which can be taken to be Z for the rest of this article. The chain module 
for the monopole (or alternatively, Seiberg-Witten) Floer chain group is the free K- 
module generated by ^^.,1- , denoted by ]fC(Z„. r) below. The spectral flow function 
descends to define a relative Z/c^Z -grading on this module, where Cg G 2Z is the 
divisibility of the first Chern class of the Spin"^ structure s . The differential d^^r of ths 
monopole Floer complex in this situation is the endomorphism of ]K(Z^^. r) given by 
the rule 

(2.13) Yl sign(t))c2. 

c2e^.,M i)eXi(ci,c2)/K 

The afore-mentioned properties of Z^^^ and A^i(ci, C2)/M for suitable monotone 
perturbations guarantee that this homomorphism is well-defined, and it is of degree 1 
according to (2.12). A typical gluing argument shows that 9^ j. = 0. The homology of 
the above monopole Floer complex is the monopole Floer homology, or alternatively, 
the Seiberg-Witten-Floer homology. This is denoted as HM^{M, s, c_) below. 

As final remarks to this subsection, note that in [KM] there is an equivalent, geometric 
version of grading for the monopole Floer complexes in terms of homotopy classes of 
oriented 2-plane fields. This is briefly described in Part 1 of Section 6.1 below, and 
denoted by JI(M) therein. A very brief description of this in the special cases relevant to 
this article will appear in Part 1 of Section 6.1. Meanwhile, the signs sign(D) assigned 
to the rules in [KM] depend on a choice of homology orientation of M. See Definition 
22.5.2 in [KM]. 

2.4 A| -module structure of monopole Floer complexes 

As already mentioned in Section 1, there is an Aj -module structure on the monopole 
Floer homology. This subsection describes the underlying chain maps. 

Part 1: The generators of A| as an algebra, the degree —2 element U and elements 
of a basis {t,}, for H\{M; Z)/Tors, are induced from chain maps from the underlying 
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monopole Floer complex to itself, which we denote by the same notation, U and t,- . 

These are all defined by considering higher dimensional Mj^. Nevertheless, there 
are many possible ways of defining the chain map U or chain maps t, . It turns out 
that they are all chain-homotopic, and we use the same notation for any one of these 
possible definitions indescriminantly unless absolutely necessary. In the monotone, 
non-balanced cases, certain possible definitions of these chain maps are given in Part 
7 of Section IV. I.e. The definitions therein depend on the choice of a point p ^ M 
for the U -map, and choices of embedded circles 7,- C M with homology class mod 
torsion [7,] = t,- for the t, maps. 

Part 2: For the convenience of later discussion, it is useful to note that the p- 
dependent U-map given in Part 7 of Section IV.l.c has the following alternative 
description: Due to the free M-action on Al2(ci, C2) and the compactness properties 
of Seiberg-Witten moduli spaces, the latter may be written as M x J\f\(ci, C2) for a 
compact 1-manifold A^iCci, C2). Trivialize E\jfixM by identifying it with the pull-back 
of the bundle £" — > M via the projection M x M — > M, and let holp{A, ijj) denote the 
holonomy of A along R x {p} C M x M with respect to this trivialization. Then hol^ 
defines a map from A/i(ci, C2) = 7W2(ci, C2)/M to . Let u(ci, C2) denote the degree 
of this map. Then (c2, Uci) = u(ci , C2). This definition of U-mwp appUes both in the 
non-balanced case and balanced case. 

To relate this definition with the one given in Section IV. 1 .c in the non-balanced case, 
recall that in that article M-2,pici, C2) C 7W2(ci5 C2) denotes the subset of instantons 
D = (A, (a, /?)) with a{0,p) = 0. In Section IV.l.c, (c2, Uci) is taken to be the signed 
count of elements in M.2,p(ci , C2) . The latter is the zero set of the map h : Miici , C2) 
E\{o,p) — C given by taking the value of a at the point (0,p) G M x M. Write Ci = 
(A_, (a_, and C2 = /3_|_)). The monotone, non-balanced assumption 

together with the constraint Zo = 2 implies that neither a_ nor a+ may be identically 
zero. One may then choose p so that both a-(p) 7^ and a+(p) / 0. Due to 
the uniform L°° -bound on Seiberg-Witten solutions, the afore-mentioned map h takes 
value in a compact region in C, and it sends one end of A^2(ci, C2) ~ M x A/i(ci, C2), 
that of {—00} X M\{c\ , C2), to the same point a-(p) G C, while sending the other end, 
{00} X A^iCci, C2), to a circle centered at passing through Denote this circle 

by 5+ . Thus, h extends to define a map from 

M := ({-00} xM(ci,C2)UA^2(ci,C2)U{oo} xM(ci,C2))/((-oo,t)) ~ {-00, d')) 

to C, denoted by the same notation h. Note that Ai is homeomorphic to finite 
copies of (oriented) 2-disks, and h sends dM. to 5+ C C — {0}. Consequently, 
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h~^{0) = A^2,p(cii C2) has a well-defined Euler characteristic. The latter number is 
the degree of the map h\Qj^ , which is precisely the degree of the holonomy map holp, 
namely u(ci, C2). 

2.5 Monopole Floer complexes for balanced perturbations 

What follows next is a brief review of the more general situation, that applies to the 
balanced case. For details see Chapters VI and VIII in [KM]. As already mentioned 
in Section 2.1, [KM] considered the extension of (2.4) to . The set of gauge 
equivalence classes of solutions to this extended Seiberg-Witten equation is denoted 
by £. Suppose that the perturbation to the Seiberg-Witten equation is suitable. The 
subsets of irreducible, unstable reducible, and stable reducible elements are respectively 
denoted by C", C*. (In the nonbalanced situation previously considered, £ = 
= 2^r,n )- The first three flavors of monopole Floer homology as defined in [KM] 
use different combinations of €" , C'* to generate the chain groups: Set 

C" = KiC"), C" = K{t'), C = ]K(CO, and let 

c = c" ® c, c = ce c", c = c e c 

Meanwhile, the operator in (IV.I.21) has a Fredholm generalization for paths d{s) in 
Conn (E) x C°°(M, S) with s — )• 00 or — )• —00 limits that are nondegenerate elements 
in . (See Sections 14.4 and 22.3 in [KM]). The index of this operator is also denoted 
by below; and it may be used to generalize the spectral flow function to the set of 
nondegenerate elements in C^. This in turn defines a relative Z/q -grading, gr, on the 
modules C" , C", C\ The chain modules C, C, C are also Z/c^ -graded according to 
the following rule: 

C = ®Cj, C = 0C„ C = 0q, where 

j j j 

L-y L-y ty <-j , <-y <-j tP L-y^ J , L-y j ^ j • 

Note that the C chain module above is graded by a modified grading gr, related to 
gr via Equation (22.15) in [KM]. To define the differentials, define homomorphisms 
via rules similar to (2. 13) by counting irreducible instantons with = 1 
whose s ^ —00 and s ^ 00 limits are in and respectively; see [KM] Equation 
(22.8) for the precise formulae. Here, ft and t] may stand for one of the labels u, 
o, s; however, due to the way , , (i° are defined, only the homomorphisms d" , 
9° , d", d" are nontrivial. Meanwhile, there are homomorphisms : ^ C\ and 
with (j and \\ denoting either the label u or s, by counting reducible instantons whose 
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5 — )• — oo and s ^ oo limits are in and (t^ respectively, with gr differ by —1. 
If the Spin^ -structure and [w] satisfy monotonicity condition, then the differentials 
for the complexes, d: C— C, d: C— C, d: C— >• Care defined in terms of 
these homomorphisms via Equation (22.7) and Definition 22.1.3 in [KM]. To give an 
example, B: C° C" C° C" is written in block form as: 

S _ QUQS ■ 

The gluing theorems in [KM] show that 9^, , are indeed all 0. When the 
perturbation is balanced, such as in the statement of Theorem 1.1, the homology of 
these chain complexes (C*, 5=,,), namely the corresponding monopole Floer homology, 
is denoted HM^ (M,s,Cfo) for o = A, — , V. 

The aforementioned homomorphisms , are also used to define chain maps (de- 
noted /: C ^ C, j: C ^ C, p: C — ^ C in [KM]) that do not define a short exact 
sequence, but their induced maps on homologies do, this being the first of the funda- 
mental exact sequences referred to in Theorem 1.1. See Proposition 22.2.1 in [KM]. 

In the most general case, one typically needs to work with Floer homology with local 
coefficients which satisfy certain completeness conditions depending on the choice 
of 5 and [w]. See Definition 30.2.2 in [KM]. We call a local system T satisfying 
this completeness condition (s, [w])-complete (as opposed to "c-complete" in [KM]). 
There is also a more stringent notion of completeness which depends only on the 
cohomology class [da] due original to Novikov. This sort of local system is said 
to be "strongly c-complete" in [KM]; see Definition 30.2.4 therein. We call such F 
strongly (s, [w]) -complete instead. We shall not encounter such local systems except 
in Proposition 6.2 (b) below, which is not directly relevant to the proof of Theorem 1.1. 
The interested reader is therefore referred to [KM] for the definition of Floer homology 
with local coefficients. A brief summary in alternative language may also be found in 
the last section of [LT]. The notation 

C^{M,5,[w];r), o = A,-,V, 

is used to denote the monopople Floer complex corresponding to (2.9) with an (s, [w])- 
complete local coefficients F, and HM^: (M, 5, [tu]; F) for the corresponding monopole 
Floer homology. In particular, when [zu] = 27rci(det§), C*(M,s, [tu]; F) and 
HM^ {M,5, [tz7];F) are also respectively denoted by C* (M,s,Cfo;F) and//M* (M,s,Cfo;F). 

The following (admittedly sloppy) convention will be adopted for the rest of this 
article: Since the Floer complexes (C, d) = (C, d) = {C", d^) when the perturbation 



(2.14) 



d" 
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is non-balanced, we use CM or (CM, d) to denote the one complex. When we wish 
to emphasize the Spin'' manifold and/or cohomology class of perturbation used to 
define the monopole Floer complex, these data are added to the above expression in 
pai-entheses such as CM^{M, s, [ro]) or ( CM^{M, s), 9*(M, s)) . 

2.6 Cobordism-induced chain maps between monopole Floer complexes 

Instantons on cobordisms X described in Section 2.2 above are used to define chain 
maps between the monopole Floer complexes. Details of the construction of these maps 
are given in Chapter VII of [KM] for cobordisms X between connected 3-manifolds 
F_ and 7+, even though properties of moduli spaces of Seiberg-Witten instantons 
on more general X, where F_ may be disconnected, are also established therein. In 
particular, taking X to be a product M x M, this construction is used to define chain 
maps from C back to itself, o = A, — , V, that induce the Aj -module structure on the 
corresponding Floer homology. These chain maps, which generalized the maps U , t,- 
in the non-balanced case, shall be denoted hy U : CO and t,- : CO. As an example 
of their explicit formulae, tj : C" ® C" — )• C © C" is given in block form as: 

Another application of these cobordism-induced chain maps is to define chain homo- 
topies of A j -modules between monopole Floer complexes C associated to different 
metrics and (T, ©). See e.g. the proof for Corollary 23.1.6 in [KM] and its variants. 
According to the conventions set forth in Section 1.3, this justifies our notation for the 
monopole Floer complex, C(M, s, [ci7];r), introduced in the previous subsection. In 
fact, this type of arguments show that C with positively proportional "period class" 
([KM] p. 591) are chain homotopic to each other. (See Theorem 31.4.1 in [KM]). This 
justifies using the notation CM(M,s,c_) for any negatively monotone perturbation, 
according to our convention. 

The rest of this subsection is divided into two parts. The first part consists of a brief 
summary of the construction to the afore-mentioned cobordism-induced maps; the 
second part contains a simple generalization of [KM]'s construction to accomodate our 
needs in Section 6. 

Part 1: Fix a Spin"^ structure Sx on X which restricts to the s < —2 and s > 2 part 
of X respectively as Spin' structures s_ on F_ and s+ on . Fix also a self-dual 
two form wx on X satisfying (2.10) and a suitable pair (T"'',©^). Let c^x denote 
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the divisibility of ci(sx). This number divides both Cs_ and Cs_^ . Consider instantons 
defined from (2.9) with a fixed representative of c_ as its s — — oo limit and an 
element in the gauge orbit of c+ as its 5 — )^ oo limit. The index of the Fredholm 
operator that entered the definition of nondegeneracy for instantons is denoted by «g . 
This generalizes the index in the case of product cobordisms described in the previous 
subsection; see again Chapter 24 of [KM]. 

Let AikiX; c_, 0+) denote the space of such instantons with = k. These spaces are 
to be oriented according to the rules specified in [KM]. All these spaces are in the 
orbit space of C^{X) under the gauge action. Let U denotes a covering of the latter 
space satisfying certain transversality condition associated to |J^<j,7Wd(X; c_, c+) 
(Cf. Chapter 21 in [KM]); and let u € C'^{U; K) be a Cech cochain associated to U. 
For each fixed Spin'^ -structure, introduce homomorphisms m^^{u,5x)' C^(y_,s_) — 
C^(7+,s+) for jj = o, M, \\ = o,s, by the rule 



(2.15) C» 9 c_ ^ (u,X^(X;c_,c+))c+. 

The numbers ( u,A4kiX; c_, c+)) can be defined only if M-tiX; c_, c+) has certain 
compactness properties. As with d^, these are present if Sx or zux satisfy certain 
constraints, or if local coefficients are used. Lemma 25.3.1 in [KM] guarantees that 
the constraints for the former case are met when 

wx = 2rwx for r / and a wx satisfying (2.1 1), 

(2.16) , 

and when Xtor / s'^M. - {0}). 

A companion homomorphism to , denoted , is defined using moduli spaces of 
reducible instantons in place of J\4i^{X; c_, c+) when the labels [J, t] are either u ox s. 
This is the analog of the homomorphism from the previous subsection. Once 

in place, m^, m^, d^{Y±^5±) can be assembled according to the formulae in (25.5) 
and Definition 25.3.3 in [KM] into homomorphisms m{u\{X,5x)'- C*(F_,s_) — )■ 
C*(F+,s+) for o = V,-, A. Forexampe, for uG ^iU), m[u\: C^(y_) C"(F_) ^ 
C'\Y+) e C"(y+) is given in block form as: 

<[w] _ <["] 
{-\fmlXu\d", - a>i°[u] {-\fml[u\ + {-ifmid'^ - dim'^[u] ' 

The gluing theorems in Section 24.7 of [KM] show that these are chain maps when 
both C^:{Y^ , s_) and C*(y+, s+) are regarded as chain complexes with relative l^/cg^ - 
grading. 
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To have the maps between Floer homologies induced by these chain maps to be behave 
well when composing cobordisms (exemplified by Proposition 23.2.2 in [KM]), one 
work with the assembled maps 

m[«](X) = ^m[u](X,Sx): C*(F-,s_) ^ C*(F+,s+), o = v,-,A, 

SX S- s+ 

where the direct sum is over the set of all Spin'' structures on Y± , and Sx runs 
thi^ough all Spin'^ structures on X . As explained in Remark 24. 6. 6 in [KM] , there can be 
infinitely many Sx to sum over for a fixed pair of s_ , 5+ . This necessitates the replace- 
ment of the chain complexes C=k(F-_,s_), C^:{Y^,5+) in the preceding expression by 
their "grading-completed" variants, C.(F_,s_), C.(F+,s+) (Cf. Definition 3.1.3 and 
paragraphs around (30.1) in [KM]). The cobordisms relevant to our proof of Theorem 
1.1 however have H^iX, F_) = 0, and this is why we use of the pre-completion Floer 
complexes C* as the domain and target of m[u]. 

As this article involves only minimal reference to Floer homologies with local coeffi- 
cients, we shall skip details of general cobordism-induced maps between Floer com- 
plexes with local coefficients. It suffices to say here that they depend on {X,5x), the 
2-form zux used in the Seiberg-Witten equations (2.9), and a so-called "X-morphism" 
Fx between local systems r_ on B^iY^) and r+ on B''iY+). ([KM] Definition 
23.3.1). In general the local systems must satisfy certain completeness conditions, and 
Tx depends on the relative homotopy class of c) G A^(X, c_, c+) C B'^{X, c_, c+) in 
(2.15). Namely, the connected component that £) belongs to in the space consisting of 
(A, ^) on X with s — )• — oo on a representative of C- G B'^iY-) and s — )• oo limit in 
the orbit of c+ . We denote this class by [£)] . 

More details will be given on a case-by-case basis as occasions arise. See also Section 
25.3 in [KM] contains some discussion on the case with wx = 0. 

Part 2: The proof of Theorem 1 . 1 also requires chain maps associated to more general 
cobordisms. For this purpose, it suffices to consider the m variant of the chain map for 
cobordisms X satisfying the following constraint: 

At most one of F_ or is disconnected, in which case it consists of 
(2.17) two components. Moreover, at most one end of X is associated 
with balanced perturbation. 



22 



Cagatay Kutluhan, Yi-Jen Lee and Clifford Henry Taubes 



Assume that one of F_, is of the form Fy = Fi U F2 for connected Fi and 
F2 , while the other is connected. Take F_ = F^ for example, since the case where 
F+ = Fu is entirely parallel. Given the self-dual 2-form wx described in (2.10), 
We shall always take F2 to be the only end of X possibly associated with a balanced 
perturbation. Thus, (£(Fu) = ^(Fi) x e:(F2) = ft"" U U with tt"" , C"", 
(t"' denoting (fiYi) x e:"(F2), (fiYi) x e:"(F2), ^"{Yi) x e:'(F2) respectively. Let 
C^Yu) = K{e'") = CM(Fi) (g) C''(F2), C°"(Fu) = = CM(Fi) ® C"(F2), 

C'iYu) = Kid"') = CM{Yi) (g) a{Y2). 

Take (C(Fu), dy^) to be the product complex of (CM(Fi), a(Fi)) and (C(F2), 5(F2)). 
There is a degree —2 chain map L^y^i • (C(Fu), c^Flj) — (CCFy), dy^) given by 

(2.18) = &r, 

In these cases we have the analogs of m? in [KM], this being the homomorphisms 



m 



CM(Fi) C\Y2) C\Y+) (or in the case where Fy = F+, : Ctt(F_) 



CM(Fi) C'i(F2)), with jj standing for o or m; and with the label [\ standing for o or s. 

As the condition (2.17) imphes that C(F#) = CM(F#), C(Fu) = C'^'' C" , the maps 
m = 0, m[«] : C"" C^" ^ CM(F#) and : CM(F#) ^ C'^« C" respectively 
take the following simple form: 



(2.19) [ 



-(1 a^(F2)) o <, 



Lastly, parallel to the final remarks in Section 2.3, we note that a cobordism X de- 
termines a relation ~x between the grading sets JI(F_) and J(F+) mentioned in 2.3. 
The algebra A^{X) := f\* {H i{X) / Tors) K[U] acts on Hom(C(F_), C(F+)) and 
interwines with the A.|-(F_) -action on C(F_) and Aj(F+)-action on C'(F+). (Cf. 
p.76 of [KM]). There is also a notion of homology orientation for cobordisms which 
determines the orientations of the moduli spaces in (2.15). See Definition 3.4.1 in 
[KM]. Generalization of these notions in the situation described in Part 2 above will 
be addressed minimally in Section 6.1. 



3 Filtered monopole Floer homologies 

The algebraic recipe for Ozsvath-Szabo's definition of the four flavors of Heegaard 
Floer homologies, labeled by the superscripts — , 00, + , A, was summarized abstractly 
in section 4 of [L]. In this section, we explain how the same recipe may be applied 
in the Seiberg-Witten context to define analogs of Ozsvath-Szabo's Floer homologies. 
These intermediate Floer homologies play a pivotal role in the proof of Theorem 1.1. 
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3.1 Motivation and sketches of construction 

The afore-mentioned recipe hinges on the existence of certain filtration on a Floer 
chain complex with local coefficients in the group ring = K[?7, ?7^'], with 

U corresponding to the generator 1 G Z. This Floer complex with local cofficients 
constitutes the oo -flavor of the Ozsvath-Szabo construction, while the "filtration" refers 
to the filtration of the coefficient ring K[J7, U^"^] by submodules 

• • • UKim C C [/-ilEC[[/] C • • • C MU, U-^l 

If the differential of the oo -flavor of the Floer complex preserves this filtration, then 
it induces a filtration on the oo -flavor Floer complex by K[?7]-subcomplexes, which 
are all isomorphic via multiplication by powers of U . This defines the —-flavor 
Floer complex. With these two basic flavors in place, the +- and the A -flavors are 
defined so that they fit into short exact sequences (see (3.16) below) inducing what 
are called the fundamental exact sequences of corresponding Floer homologies. In 
[L], the existence of such filtration is attributed to the existence of what was termed a 
"semi-positive 1-cocycle". The 1-cocycle used here refers to the cocycle that defines 
the local system on the oo -flavor of Floer complex. The "semi-positivity" condition 
serves to guai^antee that the differential is filtration-preserving. Note that the oo -flavor 
of Floer homology depends only on the cohomology class of this cocycle. The other 
three flavors of Ozsvath-Szabo's construction depend on the choice the cocycle that 
defines the semi-positivity condition. 

Section 4.2 of [L] provides some examples where this recipe may be applied. Section 
6 of the same article sketched how such semi-positive 1-cocycles might arise in certain 
versions of Seiberg-Witten Floer theory associated to equations of the form of (2.4). In 
particular, choosing the metric and 2-form w in (2.4) to reflect the data that go into the 
definition of Heegaard Floer homology provides a bridge to relate the Heegaard and 
Seiberg-Witten Floer homologies. 

To elaborate, the local system underlying the Seiberg-Witten analog of Ozsvath-Szabo 
construction is closely related to what was denoted in [KM] (Cf. Example in the 
end of their Section 22.6), where is a singular 1-cycle in a certain 3-manifold M. Use 
[(A, ^)] G B'^ to denote the gauge equivalence of (A, ^'). In [KM], this local system 
associates to each point on B'^ the "fiber" M, and to each path {[(A(r), ^'(t))]}t- from 
[(A_, ^'_)] to [(A+, ^'+)], an isomorphism C End(M) between the fibers over the 
end points. The latter isomorphism is given by multiplication by the real number 

(3.1) It It, 
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Note that the exponent is the difference of the holonomy of A_ along the cycle 
r] C M from that of A^, and it defines a real 1-cocycle in B'^ . Meanwhile, as only 
points in £ C iS'^ and paths constituting the sets 7Wi(c_,c+), c_, c+ € C enter the 
definition of a monople Floer complex, it suffices to consider the holonomy difference 
of paths corresponding to elements in 7Wi(c_, c+). The observation leading to [L]'s 
construction of filtered monopole Floer homologies (in the sense of Ozsvath-Szabo) is 
the following: 

for monopole Floer complexes associated to certain zu in the form of 
(3.2) (2.3) with large r and certain choice of r], the value of the afore-mentioned 
holonomy difference is very close to a non-negative integer. 

Associating to each element in 7Wi(c_, c+) its corresponding integer, one has a (par- 
tially defined) integer 1-cocycle on B'^ with which one may define a Floer complex 
with more refined local coefficients than F^. We denote the latter local system by 
A^. It replaces the fibers M over € of F^ by the group ring K[Z] = ]K[?7, U^^]; and 
it replaces the isomorphism induced by an element d in 7Wi(c_, c+) between these 
fibers, namely (3.1), by U" where n denotes the afore-mentioned non-negative integer 
associated to d. The fact that « > in all cases has the following consequence: 
Use the corresponding monopole Floer complex with local coefficients, A^, as the 

00 - flavor Floer complex. There is filtration on this chain complex, CM^jM; A^), by 
subcomplexes of K[U] -modules. This can be used to define the other three flavors of 
Floer complexes. 

The program described in [L] assumes various plausible conjectures and assertions that 
come from an extension of the geometric picture in the last author's work relating the 
Seiberg-Witten and Gromov invariant for closed 4-manifolds (Cf. [T], [Tal]). A proof 
of these conjectures constitute a major part of the technical hurdle for implementing 
the program in [L]. The difficulties arise because the 2-form vu in [L] must have zeros. 

In this series of articles [KLT1]-[KLT4], the road block to the approach in [L] is 
circumvented by a modification of [L]'s outUne. Very roughly, the manifold M in [L] 
is replaced by the manifold denoted by Y in [KLT2]. This is obtained from M_ by 
adding further 1 -handles along the zeros of w on M. The 2-form w extends into Y 
as a no- where vanishing closed 2-form, which we also denote by w . Over the middle 
of the added 1 -handle, this w approximates da for a certain contact form a, and as 
the special 1-cycle r] (denoted 7 therein) lies away from the zeros of w on M, this 

1- cycle also embeds in Y. This was denoted by 7^^"^ in [KLT1]-[KLT4]. The technical 
challenge in this new approach involves, among other things, the analog of (3.2) for the 
monopole Floer complex associated to Y , w, and r] = 7^"^ Some of these technical 



HF — HM V : Seiberg-Witten-Floer homology and handle additions 



25 



issues are dealt with in [KLT4]. Those that remain are dealt with in Section 7-9 of this 
article. 

In Section 3.2 below, we specify the class of 3-manifolds, denoted Yz therein, together 
with the 2-form w on it and the 1-cycle r/ for which statements of the kind (3.2) hold. 
Section 3.3 describes the sort of cobordisms X for which the companion statements 
hold. The remaining subsections give precise statements of the desired positivity 
results. The conditions on Yz and X are introduced more for technical convenience 
rather than essential reasons, and the statements in Sections 3.4-3.7 may conceivably 
hold for more general 3-manifolds and 4-dimensional cobordisms. 

3.2 The 3-manifold Yz 

Let Z denote a given connected, oriented closed 3-manifold; and let Yz denote the 
manifold that is obtained from Z by attaching a 1 -handle at a chosen pair of points, 
denoted {po,P3) below. In the proof of the main theorem 1.1, Z is taken to be either 
, the manifold M in the statement of Theorem 1 . 1 , or a manifold that is obtained 
from M by attaching some number of 1-handles. Although Yz is diffeomorphic to 
the connected sum of Z and x 5^ , it is viewed for the most part as Zs U Tio with 
Ho the attached 1 -handle and with Zs being the complement of a pair of coordinate 
balls about the chosen points po and in Z. The manifold Yz has a distinguished 
embedded loop that crosses the handle T-Lq once. This loop is denoted by 7 . The three 
parts of this subsection say more about the geometry of Yz near T-Lq , near 7 , and in 
general. 

Part 1: The geometry of Yz near Hq is just like that given in Section II. la. By way 
of a reminder, the description of the geometry requires the a priori specification of 
constants (5* G (0,1) and R > — 100 In 5* . Also needed are coordinate charts centered 
on Po and pi, . The latter are used to identify respective neighborhoods of these points 
with balls of radius 105* in M^. The pull-back of the standard spherical coordinates 
on gives spherical coordinate functions on the neighborhood of po , these denoted 
by (r+, (0+, 4>+)). There are corresponding coordinate functions for the neighborhood 
of 773; these are denoted in what follows by (r_, (0_, </>_)). 

The handle Hq is diffeomorphic to the product of an interval with 5^ . The interval 
factor is written as [—R — 7 In 5* , /? + 7 In 5*] and u is used to denote the Euclidean 
coordinate for this interval. The spherical coordinates for the 5^ factor are written as 
i9,(/}). The handle T-Lo is attached to the coordinate balls centered on po and pi, as 
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follows: Delete the r_|_ < e (75*) part the coordinate ball centered on po and the 
corresponding part of the coordinate ball centered on . Having done so, identify 
Tio with the respective r+ G [e"2^(7(5*)"^ and r_ € 7(5J parts of 

these coordinate balls with T-Lq by writing 

{r+=e-''+",ie+ = e,<P+ = ^)) and 

The handle T-Lq has a distinguished closed 2-form, this being ^ sin OdOdcj). This 2-form 
is nowhere zero on the constant u cross-sectional spheres and thus orients these spheres. 
Granted this orientation, then ^ sin OdOdcp has integral 2 over constant u sphere. 

Part 2: The loop 7 intersects T-Lq as the 6* = arc. Thus it has geometric intersection 
number 1 with each u = constant sphere. This loop is oriented so that the corresponding 
algebraic intersection number is + 1 . A tubular neighborhood of 7 is specified with 
a diffeomorphism to the product of and a disk about the origin in C. The latter 
is denoted by and its complex coordinate is denoted by z. The diffeomorphism 
identifies the z = circle in xD with 7. The circle is written in what follows 
as M/(£-yZ) with > being a chosen constant. The affine coordinate for 
is denoted by t. The product structure on such a neighborhood is constrained where it 
intersects Hq by the requirement that the Hq coordinate u on the intersection depend 
only on t. A neighborhood with these coordinates is fixed once and for all; it is denoted 
by Uy. 

Part 3: Use the Mayer- Vietoris principle to write the second homology of Yz as 
(3.4) H2(Yz; Z) = H2{Z; Z) © H2{no; Z). 

The convention in what follows is to take the generator of H2{'Ho; Z) to be the class of 
any cross-sectional sphere with the orientation given by the 2-form sin OdOdcj). Fix a 
class in H^{Yz', Z) which has even pairing with the classes in H2(Yz; Z) and pairing 2 
with the generator of the H2{'Hq; Z) summand in (3.4). This class is denoted in what 
follows by ci(det (S)), and it is necessarily non-torsion by the above assumption. 

There is a corresponding, closed 2-form on Yz whose de Rham cohomology class is 
that of ci(det(S)). In particular, there are forms w of this sort satisfying the following 
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additional constraints: 



(3.5) 



• Tlie form restricts to "Ho as ^ sin OdOdc/); 

• The form restricts to U.y as ^g{\z\)dz A dz with g denoting a strictly 
positive function. 

• There is a closed 1-form on Yz, typically denoted by v below, with the 
following properties: 

a) It has non-negative wedge product with w. 

b) It restricts to Uj as dt, and restricts to T-Lo as h(m) du with h(m) > 
for all u . 

Fix such a 2-form as the perturbation form w in (2.4). 

The metric on Yz is chosen to satisfy the following constraints: 

I The metric appears on T-Lq as the product metric of an -independent 
metric on the interval [—R — ln(75*), R + ln(75*)] and the round metric 
d6'^ + sin^ Odcf^ on the 5^ factor. Meanwhile, the curvature 2-form of 
(3.6) { Ak on Tio is ^ sin Odddcj). 

I The metric appears on U-y as df' + g(|z|)(iz ® dz with g being the 
function in the second bullet of (3.5). Meanwhile, Ak has holonomy 1 
on 7 and its curvature 2-form on U-y is iw . 

Many of the lemmas and propositions in the rest of this section depend implicitly on 
the radius of and on the injectivity radius of the Riemannian metric. They also 
depend implicitly on the norms of w , the curvature of Ak , the Riemannian curvature, 
and the norms of their derivatives up to some order less than 10. 

There are suitable choices for /x with positive but small as desired V -norm that vanish 
on T-Lq U U-y . This last property is not a direct consequence of an explicit assertion in 
[KM] but it follows nonetheless from their constructions. 

The connection Ae is chosen constrained only to the extent that it is flat on T-Lq and is 
flat with holonomy 1 on . 

The function on Conn {E) x C°°(Fz; S) of central concern in what follows is the analog 
here of the function that is defined in (IV. 1.1 6). This function is denoted by X. The 
definition requires the a priori choice of a smooth function p : [0, oo) — )• [0, oo) which 
is non-decreasing, obeys p{x) = for .x < and p{x) = 1 for .x > ^ . As in [KLT4], 
it proves convenient to choose p so that its derivative, p' , is bounded by 2^*^(1 — py'^'^ . 
The definition of X uses the fact that w is nowhere zero on Ur^ . In particular, Clifford 
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multiplication by *w on Uy splits S over Uy as the direct sum of eigenbundles. This 
spUtting is S = E(B K"^ with the convention being that *w acts as +i\w\ on E. A 
given section -0 of S is written with respect to this splitting over Uy as a pair denoted 

by \w\^/^{a,^). 

Granted this notation, use p with a given pair c = (A, ip) G ConnCf) x C°°(}z;S) to 
define the connection 



The following lemma supplies a fundamental observation about X. 

Lemma 3.1 If the conditions in (3.5), (3.6) hold, then there exists k > vr with the 
following significance: Fix r > k and a 1-form /z G $7 with V-norm less than 1. The 
function X has only integer values on the solutions to the corresponding (r, ij,) -version 
of (2.4). 

This lemma is proved in § 7.3. 



3.3 4-dimensional cobordisms 

This subsection describes in general terms the sorts of cobordisms that are considered. 

To start, let Z and Z+ denote two versions of the manifold Z and let F_ and F+ 
denote the respective Z = Z and Z = Z^ versions of Yz . There is no need to assume 
that either F_ or 7+ is connected, but if not, then the handle Hq is attached to the 
same connected component. Use 7_ to denote the F_ version of the curve 7 and use 
7+ to denote the 7+ version. The corresponding versions of are denoted in what 
follows by U- and . 



(3.7) 



A = A — p(|a|^)|a| ^(aVAce — aV^a), 



on £"1 u . The value of X = x^ on c is 



(3.8) 




Of interest here is a smooth, oriented, 4-dimensional manifold X with the properties 
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listed below, in addition to those in (2.7): 

• There exists an embedding of M x [—R — \n{15^:),R + ln(75=K)] x 
into X that pulls back s as the Euclidean coordinate on the M -factor. 
Moreover, the composition of this embedding with the diffeomorphism 
in the second bullet identifies the s < part with (— cxd,0) x T-Lq in 
(— cx), 0) X F_ ; and the composition with the diffeomorphism from the 
third bullet identifies the 5 > part with (0, oo) x 1-Ln in (0, oo) x Y+ . 

(3.9) { 

• There exists an embedding of M x 5' into X that pulls back s as the 
Euclidean coordinate on the M -factor. Moreover, the composition of 
this embedding with the diffeomorphism in the second bullet identifies 
the s <Q part of M x 5^ with (— cxd, 0) x 7_ ; and the composition with 
the diffeomorphism from the third bullet identifies the s > part of 
M X 5' with (0,oo) X 7+. 

The image in X of the embedding of M x [-R - ln(7(5*),/? + ln(7(5*)] x from the 
first bullet above is denoted by Uq . 

The notation used in the next constraint has C denoting the image in X of M x 5^ as 
described by the second bullet of (3.9). This constraint requires that the 7_ and 7+ 
versions of are equal. 



(3.10) { 



There exists £^ > and a diffeomorphism of a neighborhood of C to 
the product of M x M/(^^Z) with a disk about the origin in C. This 
disk is denoted by D . 

The diffeomorphism identifies the Euclidean coordinate on M x 
R/{L,Z) X D with s. 

The respective 5^ < and s > parts of the neighborhood are in 
(—00, 0) X U- and in (0, 00) x U-^-. Moreover, the diffeomorphism on 
these parts of the neighborhood respects the respective splittings of U- 

and U+ as (-00, 0) x R/{£^Z) x D and (0,oo) x R/ii^Z) x D. 



By way of an explanation, a diffeomorphism of this sort exists if the co-normal bundle 
to C in Z has a nowhere zero section that restricts to the s < part of X as the real 
part of the C -valued 1-form dz. along 7_ and restricts to the s > part of X as the 
real part of the C-valued 1-form dz along 7+. The tubular neighborhood in (3.10) is 
denoted in what follows as Uc- The diffeomorphism in (3.10) is used, often implicitly, 
to identify Uc with M x R/{i^Z) x D. 
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In addition to those listed in (2. 11), the 2-fonn wx to use in the Seiberg-Witten equations 
is required to satisfy the following additional constraint: 

The pull-back of wx to Uq via the embedding from the fourth bullet 

of (3.9) is twice the self dual part of ^ sin OdOdc/) 
(3.11) 2 

and its pull-back to Uc via the embedding in (3. 10) 

is twice the self dual part of — g{\z\)dz A dz- 

Meanwhile, the metric on X is required to satisfy the following constraints in addition 
to those in (2.8): 



• The metric pulls back from Uq via the embedding of the first bullet of 
(3.9) as the product metric defined by the Euclidean metric on the M- 
factor and an M-independent product metric on the [— /? — ln(7(5*), R + 

{ ln(75*)] X factor. 

• The metric pulls back from Uc via the embedding in (3.10) as the 
product metric given by the quadratic form ds^ + df- + g{\z\) dz ^ dz- 

Extensions to Uc and Uq of the y_ and F_|_ versions of the line bundles K and E and 
their connections Ak and Ae are needed for what follows. There is no obstruction 
to making these extensions. Even so, it is necessary to constrain Ak and Ae on F_ 
and F+ so that extended versions of Ak and Ae on Uc U Uq exist with the curvature 
of the extended version of Ak pulling back via the embeddings from the first bullet 
of (3.9) and (3.10) as sinOdOdcj) and g{\z\)dz A dz. Meanwhile, the pull-backs of 
the curvature of Ae via these embeddings is zero. Extensions with this property are 
assumed implicitly. 

The definitions in [KM] are sufficiently flexible so as to allow for the following: For 
any given r > vr , there are suitable perturbation terms for (2.9) with positive but 
as-small-as desired "P-norm that vanish on Uc and on the image of M x Hq via the 
embedding map from the first bullet of (3.9). 

With regards to notation and conventions, the propositions and lemmas that follow refer 
only to (2.9). Even so, all assertions still hold for the versions with an extra perturbation 
term if the perturbation term has "P-norm bounded by or has small, r-independent 
7^ -norm and vanishes on Uc and on the image of M x T-Lq via the embedding from the 
first bullet of (3.9). Proofs of the propositions and lemmas will likewise refer only to 
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(2.9). The modifications that are needed to deal with the extra perturbation terms are 
straightforward and so left to the reader. 

The second set of constraints require the choice of constants c > 1 and r > 1 . By way 
of notation, one of the upcoming constraints uses the embeddings from the second and 
third bullets of (2.7) to write wx on the \s\ e [L — 4, L] part of X as, wx = ds f\ *w* + 
with w^, denoting a closed, 5' -dependent 2-form on 7_ or 7+, and with * here denoting 
the Hodge star for the metric g in the second bullet of (2.8). 



(3.13) { 



1) The constant L in (2.8) is less than c. The constant Ltor in (2.11) is 
equal to cln r. 

2) The norm of the Riemannian curvature tensor and those of its covariant 
derivatives up to order 10 are less than r'/"^ on the s G [— L,L] part of 
X. 

a) The injectivity radius is larger than r"'/*^ on the s G [— L,L] part 
of X. 

b) The metric volume of the 5 -inverse image in X of any unit interval 
is bounded by c. 

3) The metric g from (2.8)'s second bullet obeys |^g| < r'/''. 

4) The norm of wx is bounded by c. The norms of its covariant derivatives 
to order 10 are bounded by r^/'^ on the s G [— L,L] part of X. 

a) The 2-form wx is closed on the |5'| < L — 4 part of X. 

b) Use the embeddings from the second and third bullets of (2.7) 
to write wx on the \s\ G [L — 4,L] parts of X — X^r as wx = 



ds A *w=K + w* . Then 



as 



db where 6 is a smooth, s- 



dependent 1-form on the relevant components of F_ or 7+ with 



U|2 < ;.-lA. 



4 < 



< 



Hx-x,o,)r\\s\-H[L~-A,L\) 

c) The 2-form wx is closed on the components of the L 

Ltor -4 part of X,o,. 

d) Use the embeddings from the second and third bullets of (2.7) 
to write wx on the \s\ G [L^r — 4, Ltor] parts of Xtor as wx = 
ds A *w^: + w*. Then ^w^, = dB where ^ is a smooth, s- 
dependent 1-form on the relevant components of 7_ or 7+ with 



X,o,n\s\-H[L,or-A,L,o,]} 



< r 
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5) There is a smooth, closed 1-form on X, denoted by vx below, with 
norm bounded by c and such that: 

a) The pull-back of vx to (—00, — L] x Y and to [L, 00) x 7+ via 
the embeddings from the second and third bullets of (2.7) is an 

(3.13) I ^-independent 1-form on F_ and 7+. 

b) The pull back of vx to Uc via the embedding from (3.10) is dt 
and its pull-back to Uq via the embedding from the first bullet of 
(3.9) is ll{u)du with H(-) > c'K 

c) *{ds A fx A wx) > —r^^l" on the \s\ G [L — 4, 00) part of X. 

Definition 3.2 The metric and wx on X are said to be (c, r) -compatible when one of 
the following conditions are met: 

• The space X = M x F2 ; the metric has the form ds + g with g being an 
5 -independent metric on Yz\ and the 2-form wx is the -independent 
form ds l\-^w ^ w. Moreover, there exists a closed 1-form on Yz, 

(3.14) \ denoted by v below, that restricts to IJ^ as dt, and restricts to 'Kq as 
H{u)du with H(-) > and is such that v Aw > — r^'/^ 

The metric and wx obey the constraints in (2.8), (2.11), (3.11), (3.12) 
and (3.13). 

By way of a look ahead, the notion of (c, r) -compatibility is invoked below with r 
given by the constant r in (2.9). 



3.4 Positivity on cobordisms 

An analog of the connection that is defined in (3.7) plays a role in what follows. This 
connection is denoted in what follows by A . To define it, keep in mind that wx / 
on Uc and so Clifford multiplication by on §+ over Uc or (—00, —2] x T-Lq 
or [2, 00) X Tio splits as a direct sum of eigenbundles, this written as S"*" = 
£■©(£■ (g) K~^) with it understood that wx acts as multiplication by i\wx\ on the left 
most summand. A section, ^, of S is written with respect to this splitting over Uc as 
V' = |>^xr^^(o, /3)- Meanwhile, A is written as Ak + 2A with A being a connection 
on E. Granted this notation, write A using the formula in (3.7) with it understood that 
the covariant derivatives of a that appear have non-zero pairing with the vector field 
^ . The curvature 2-form of A is related to the curvature of A by the rule 

(3.15) F^ = il-p)FA + pVAaAVAa- 
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With a look ahead at the upcoming propositions, note that the integral of iF^ over 
C is well defined when (A, V') is an instanton solution to (2.9). This is proved using 
integration by parts to express the integral of IF^ as the difference between integrals 
of the /E -valued 1-form A — Ae over respective 5^1 and s ^ — 1 slices of C. 

The first proposition below concerns the integral of IF^ on C when X, its metric, and 
the 2-forms wx and ro^ define the product cobordism. 

Proposition 3.3 Assume that X, the metric, and wx can be used to define a product 
cobordism once /x is chosen. Assume in addition that Yz has a closed 1-form, fo, 
such that fo A w > 0, whose restriction to Uy is dt and whose restriction to T-Lq is 
H du with H being a strictly positive function of u . Given c > 1 , there exists k > it 
with the following significance: Fix i > k and ^ £ Q with either V -norm bounded 

2 

by or with V-norm bounded by 1 but vanishing on M x (T-Lq U U^). Let c_ and 
c+ denote solutions to the {r , fx) -version of (2.4) on Yz with o(c_) — a(c+) < r^~^/^ . 
Suppose that D = (A, ■0) is an instanton solution to the corresponding version of (2.9) 
on X with s — )• — oo limit c_ and s — )• oo limit c+ . Then i ff^F^ > 0. 

Proposition 3.3 is a special case of the next proposition which concerns the integral of 
iF^ on C when the relevant data does not necessarily define the product cobordism. 

Proposition 3.4 Assume that X and wx obey the conditions in Sections 3.3, and that 
the metric on X obeys (2.8) and (3.12). Then there exists k > it such that given any 
c > K, there exists Kc with the following property: Fix r > and assume that the 
metric and wx are (c, r = r) -compatible data. Fix /i_ and /i+ from the respective Y - 
and Yj^ -versions of il with either V-norm less than or with V-norm less than 
1 but vanishing on the respective Y - and 7+ -versions of T-Lq U . Let c_ and Cj^ 
denote solutions to the (r, fi^)-version of (2.4) on y_ and (r, -version of (2.4) on 
y+ with o(c_) — a(c+) < r^^'/'^. Ifd = (A,tp) is an instanton solution to (2.9) with 
s — )• — oo limit c_ and s ^ oo limit c+ , then i j^F/^ > . 

Proposition 3.4 is proved in Section 8.2. 

3.5 The bound for a(c ) — o(c+) in Proposition 3.4 

Proposition 3.4 concerns only those instanton solutions to (2.9) that obey the added 
constraint o(c_) — a(c+) < r^~^/^ The two propositions that are stated momentarily 
are used to guarantee that this constraint is met in the cases that are relevant to the body 
of this paper. What follows sets the stage for the first proposition. 
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Definition 3.5 Fix c > 1 . The metric on Yz and the 2-fomi w are said to define 
c-tight data when there exists a positive, c-dependent constant with the following 
significance: Use the metric, the 2-form w, a choice of r greater than this constant and 
a chosen 1-form from Q. with "P-norm less than 1 to define (2.4). If c is a solution, 
then \aKc)\ < x^'^l'. 

Proposition 3.6 Let Yz denote a compact, oriented Riemannian 3-manifold with a 
ctiosen Riemannian metric and a Spin'^ -structure witti non-torsion first Ctiem class. 
Let w denote a harmonic 2-form on Yz whose de Rham class is this first Chern class. 
Assume that w has non-degenerate zeros on any component of Yz where it is not 
identically zero. Then the metric and w define a c-tight data set if c is sufficiently 
large. 

This proposition is proved in Section 7.8. 

This notion of being c-tight is used in the second of the promised propositions. To 
set the stage for this one, suppose that X is a cobordism of the sort that is described 
in Section 3.3. Fix a metric on X and the auxiliary data as described in (2.8), (2.11), 
(3. 11), and let d = (A, ip) denote an instanton solution to a given r > vr version of (2.9). 
Use c_ and c+ to denote the respective s ^ —oo and s — )• oo limits of d. Associated 
to c) is a certain first order, elliptic differential operator, this being the operator that is 
depicted in (IV. 1.21) when X is the product cobordism. The operator in the general 
case is written using slightly different notation in (2.61) of [T3]. This operator has a 
natural Fredholm incarnation when the respective Y^ version of f.v is constant on a 
neighborhood of c_ and the 7+ version is constant on a neighborhood of c+ . Use 
to denote the corresponding Fredholm index. By way of a relevant example, is 
equal to f.v(c+) — fi(c_) when X and the associated data define the product cobordism. 
Section 8.7 associates an integer, to d which is defined without preconditions on 
c_ and c+ . The latter is equal to the maximum of and in the case when ^^ can be 
defined. 

Proposition 3.7 Assume that X obeys the conditions in Sections 2.2 and 3.3, that 
the metric on X obeys (2.8) and (3.12) for a given L > 100, and that wx obeys the 
conditions in (2.10) and (2.11) for a given > L + 4. Then there exists n > it such 
that for any given c > k, there exists with the following significance: Suppose 
that the respective pairs of metric and version of w on F_ and F+ define c-tight data. 
Fix I > Kc and fix fi^ and fi^ from the respective F_ and 7+ versions of Q with 
V-norm less than 1 so as to define (2.9) on X . Let d denote an instanton solution to 
these equations with < c. Use c_ and c_|_ to denote the respective s — )• — oo and 
* — )■ oo limits ofd. Then o(c_) — a(c+) < r^~'/'. 
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This proposition is proved in Section 8.7. 

3.6 The cases when Yz is from {M U (5^ x 5^), Y}, {Yu}k=Q,...,G, or {Yu U 

{S' X S2)},=o,...,G-l 

The body of this article is concerned with 2g + 3 specific versions of Yz , these being as 
follows: The first manifold of interest is M and x and the second is the manifold 
Y form Section II.l. The next g + 1 manifolds are labeled as {Yk}k=o,...G with a given 
k G {0, ...,g} version being the manifold that is obtained from M by attaching the 
handle T-Lq as directed in Part 2 of Section II. la and attaching k of the handles from the 
set {"HplpeA as directed in Part 1 of Section II. la. Note in this regard that Y and Yq 
are the same manifold, but they are distinguished by certain geometric data. The last g 
manifolds of interest are the disjoint unions of the various /: G {0, G — 1} versions 
of Yk and x . 

Part 1: Let Yz denote the disjoint union of M and x . To see about the 
constraints in Sections 3.2, take Z to be the disjoint union of M and . The handle 
Hq is attached to so as to obtain x S^. Write as M/(27rZ) and let t denote 
the corresponding affine coordinate. Use the spherical coordinates {6,(p) for 5^. The 
loop 7 is the 6 = circle in X S^. 

To see about w and the metric, consider first their appearance on x S^. Take the 
2-form w on X to be sin 6 dO dcj) and the metric to be ndf + dO'^ + sin^ 6d(/)^ 
with H denoting a positive constant. If the first Chern class of det (§|m) is torsion, take 
w = on M and take any smooth metric. If the first Chern class of det(S|M) is not 
torsion, take a metric on M such that the associated harmonic 2-form with de Rham 
cohomology class that of ci(det has non- degenerate zeros. Take w in this case 

to be this same harmonic 2-form. By way of a parenthetiral remark, a sufficiently 
generic metric on M will have this property. See, for example, [Ho] for a proof that 
such is the case. 

The data just described obeys the conditions in Section 3.2. Use Proposition 3.6 to see 
that this data is also c -tight for a suitably large version of c. 

Part 2: Let Yz denote the manifold Y that is described in Section II.l. Suffice it 
to say for now that Y is obtained from Yq via a surgery that attaches some positive 
number of 1 -handles to the Ms part of Yq. This number is denoted by G. 
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The 2-form w is described in Section II. le. See also Part 3 of Section IV. la. Let b[ 
denote the first Betti number of M. Part 2 of Section II. Id describes a set of + 1 
closed integral curves of the kernel of w that have geometric intersection number 1 
with each u = constant 2-sphere in Hq . One of these curves intersects Hq as the 9 = 
arc. This is the curve 7^^") the notation from Part 2 of Section III. la. Use the latter 
for 7. It follows from what is said in (II. 1.5) and Part 2 of Section II. Id that the 7 has a 
tubular neighborhood with coordinates as described in Section 3.2 such that the 2-form 
w has the desired appearance. Section Il.le and (IV.1.5) describe a closed 1-form on 
Y that can be used to satisfy the requirements in the third bullet in (3.5). This 1-form 
is denoted by ■ 

A set of Riemannian metrics on Y are described in Part 5 of Section IV. la that have 
the desired form on TIq. Although not stated explicitly, a metric of the sort that is 
described in Part 5 of Section IV. la can be chosen so that it has the desired behavior 
on some small radius tubular neighborhood of 7 . Note that the set of metrics under 
consideration are obtained from the choice of an almost complex structure on the 
kernel of a 1-form a given in (IV. 1.6). These almost complex structures are taken 
from the set J'^ch that is described in Theorem II. A. 1 and Section III.lc. None of 
the conclusions in [KLT2]-[KLT4] are compromised if the almost complex structure 
from J'eci, is chosen near 7 so that the metric obeys the constraints in (3.6). To be 
sure, the chosen almost complex structure must have certain genericity properties to 
invoke the propositions and theorems in these papers. These genericity results are used 
to preclude the existence of certain pseudoholomorphic subvarieties in M x F . An 
almost complex structure giving a metric near 7 that obeys (3.6) is not generic. Even 
so, the subvarieties that must be excluded can be excluded using a suitably almost 
generic almost complex structure from the subset described in J'^ch that give a metric 
that is described by (3.6) near 7. What follows is the key observation that is used to 
prove this: The curves to be excluded have image via the projection from M x F that 
intersects the complement of small radius neighborhoods of 7 . A detailed argument 
for the existence of the desired almost complex structures from J'ech amounts to a 
relatively straightforward application of the Sard-Smale theorem along the lines used 
in the proof of Theorem 4. 1 in [HT2]. 

It follows from Lemma IV.2.5 and Proposition IV.2.7 that the metric just described 
together with w define a c -tight data set on Y for a suitably large choice for c. 

Part 3: This part of the subsection considers the case when Yz is some k E {0, g} 
version of Y^ ■ As noted previously, the manifold Y^ is obtained from M by attaching 
the handle Hq in the manner that is described in Part 2 of Section II. la and attaching k 
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of the handles from the set {^p}peA as described in Part 1 of Section II. la. Part 3 in 
Section II. la defines a subset Ms C M and the constructions of both Y and identify 
Ms as a subset of both. The curve 7^''") that was introduced above in Part 2 sits in the 
latter part of Y and so it can be viewed using this identification as a curve in Y^ . Use 
this Yk incarnation of 7^^"^ for the curve 7 . 

The proposition that follows says what is needed with regards to the 2-form w and the 
metric to use on Y^ . 

Proposition 3.8 Fix k G {0, • • • , g} . There exists a nonempty set of Riemannian 
metrics on Y^ with the following two properties: Let w denote the metric' s associated 
harmonic 2-form with de Rham cohomology class that of ci(det(S)). Then w has 
non-degenerate zeros. Moreover, the metric and w obey the conditions in Section 3.2. 

This proposition is proved in Section 9.2. 

The set of metrics in Proposition 3.8 is denoted by Met in what follows. Take the 
metric on Y^ from this set and take w to be the associated harmonic 2-form with de 
Rham cohomology class that of ci(det(S)). Proposition 3.6 asserts that the resulting 
data set is c -tight for a suitably large choice of c. 

Part 4: This part of the subsection discusses the case when Yz is the disjoint union 
some G 0, • • • , G — 1 version of Y^ and x . The metric on Fq comes from 
the Proposition 3.8's set Met , and the 2-form w on Y^ is the corresponding harmonic 
2-form with de Rham cohomology class that of ci(det (S)). Any smooth metric can be 
chosen for a given x 5^ component. The class ci(det (S)) is taken equal to zero on 
each x component and this understood, the 2-form w is identically zero on each 
such component. 

What is said in Proposition 3.6 implies that the resulting data set is c-tight for a suitably 
large choice of c. 

3.7 Cobordisms with 7+ and Y either Y,MU (S^ x S^), from {Yt}k, or 
{Yt U (51 X S^)}k 

The first proposition concerns the product cobordisms when Yz is one of the manifolds 
from the set Y, MU {S^ x S^), {Yk}k=o,...,G or {Yk U {S^ x S^)}k=Q,...,G-i- The 
subsequent propositions concern certain cobordisms of the sort described in Section 
3.3 with and Y as follows: 
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• One is Y and the other is Yq ■ 

• One is Y^ and the other is Y^^i U (S^ x S^) for some k £ {I, g}. 

• One is Fq and the other is M U {S^ x S^). 

These propositions assume impUcitly that the metric and version of w on these mani- 
folds are those supplied by the relevant part of Section 3.6. In particular, the metric and 
w on M Lies'' X S^) is described by Part 1 of Section 3.6, and this data on Y is described 
in Part 2 of Section 3.6. Meanwhile, the metric on the relevant G {0, . . . , g} version 
of Yjc is from the set Met and w is the associated harmonic 2-form with de Rham 
cohomology class that of ci(det (S)). 

Proposition 3.9 Let Yz denote either M \J (S^ x S^) or Y or some ^ e {0, . . . , g} 
version of Y^ witti ttie 2-form w and metric as described in the preceding paragraph. 
Given ^ > 0, there exists k > n with the following significance: Fix any r > k and a 

2 

1-form fi €^ Q with either V-norm less than or V -norm less than 1 but vanishing 
on T-Lq U Uy . Use this data with the metric and w to define the product cobordism 
X = X Yz as prescribed in Section 2.2. Suppose that c_ and C-^- are solutions to 
the {r, ^) -version of (2.4) on Yz with \fsi(-+) — f.v(c-)| < and suppose that d is an 
instanton solution to (2.9) on X with s — )• — oo Umit equal to c_ and 5 — )■ oo limit 
equal to C-^-. Then x(c+) > x(c_). 

Proof. This follows directly from Propositions 3.3 and 3.6 given what is said in Section 
3.6 about w and the metric. □ 

The next proposition describes cobordisms between Yq and M U (S^ x S^) of the sort 
that obey the conditions in Section 3.3. 

Proposition 3.10 Take the metric on M U (S^ x S^) and harmonic 2-form w to be 
as described in Part 1 of Section 3.6. The metric on M U (S^ x 5^) determines a 
corresponding set of metrics in the Yq version of Met . Choose a metric from this set 
and take w on Yq to be the associated harmonic 2-form with de Rham class ci (det (§)) . 
Denote one of Yq or M \J{S^ x S^) by F_ and the other by F+ . There exists a cobordism 
that obeys the conditions in Section 3.3 and the conditions in the list below. This list 
uses X to denote the cobordism manifold. 

• The function s on X has exactly one critical point. This critical point has index 
3 when Y = Yq and index 1 when Y^ =MU(S^ x S^) . 

• There is a metric on X with an associated self-dual 2-form that are (c, r)- 
compatible if L and c are sufficiently large and if r > tt. 
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This proposition is proved in Section 9.4. 

The next proposition uses C to denote the cylinder in Proposition 3. lO's cobordism that 
is described by the first bullet of (3.9). The proposition also reintroduces the notation 
in (3.15). 

Proposition 3.11 Take w and the metric on Yq and on M\J{S^ x S^) to be as described 
in Proposition 3.10. Denote one of Yq orM\J(S^ x 5^) by F_ and ttie ottier by . Take 
the cobordism space X, the metric on X, and the associated closed 2-form wx to be 
as described by Proposition 3.10. Given k >0, there exists k > it with the following 
significance: Fix r > k and 1-forms /i_ and /x+ from the F_ - and Y^-versions of 17 
with either V-norm less than e^^ or with V-norm less than 1 but vanishing on the 
F_ - and Y^ -versions of T-Lq U Uj. Let D = {A,-ip) denote an instanton solution to the 
resulting version of (2.9) with i^j^ < k. Then i f^F^ > 0. 

Proof. The proposition follows directly from Propositions 3.4, 3.7 and 3.10 given what 
is said in Section 3.6 about the respective Yq and M U (S^ x S^) metrics and versions 
of w. □ 

The next set of propositions are analogs of Propositions 3.10 and 3. 1 1 in the case when 
one of y_. and 7+ is some ^ G { 1 , • • • , g} version of Y^ and the other is Y^- 1 U(S' x S^) , 
or when one is F and the other is Yq. The propositions that follow assume that ci(det S) 
on each ^ € {0, . . . , g} version of vanishes on the cross-sectional spheres in any 
p e A version of Tip and that it has pairing 2 with the cross-sectional spheres in T-Lq . 
This class is also assumed to be zero on the x component of any k € {0, . . . ,g} 
version of Y^^i U (S^ x S^). Meanwhile, its restriction to the H2{M;'L) summand 
from the associated Mayer- Vietoris sequence for the various ^ G {0, . . . , g} versions 
of HxiYj^; Z) is assumed to be independent of k. 

Proposition 3.12 There exists, for each k € {0, . . . , g} , a subset to be denoted 
by Met(F/t) in the Y^ version of Met with the following significance: Let Met(Fo) 
denote the subset from Proposition 3.10. For each k G {1, . . . ,g}, take a metric 
from an open subset of Met(F<:_i) and a metric on x 5^ to define a metric on 
Yk-i U(5i X S^). Take w on Yic-\ U (S^ X S^) to be the associated harmonic 2-form 
with de Rham class ci(det S). The chosen metric determines a corresponding subset 
of metrics Met (Y^) C Met. Take a metric from the latter subset and take w to be the 
associated harmonic 2-form with de Rham class ci(det(S)). Take F_ to be one of Y^ 
and Yk- \ U (S^ x 5^), and take F_|_ to be the other There exists a cobordism that obeys 
the conditions in Section 3.2 and the conditions listed below. This list uses X to denote 
the cobordism manifold. 
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• The function s onX has precisely 1 critical point. This critical point has index 3 
when 7+ has the 5' x component and it has index 1 when Y_ has the x 
component. 

• There is a metric on X with an associated self-dual 2-form that are (c, r)- 
compatible if L, c and r > it . 

This proposition is proved in Section 9.5. 

The next proposition considers the case when one of Y- and 7+ is Y and the other is 
Yg. 

Proposition 3.13 Take w and the metric on Y to be as described in the opening 
paragraphs of this subsection. Take the metric on Yq from a certain non-empty subset 
of Met(FG) ^nd take w on Yq to be the associated harmonic 2-form with de Rham 
class that of ci(det(S)). Take F- to be one of Y and Yq and take F+ to be the other. 
There exists a cobordism that obeys the conditions in Section 3.2 and the conditions 
listed below. This list uses X to denote the cobordism manifold. 

• The function s on X has no critical points. 

• There is a metric on X with an associated self-dual 2-form that are (c, r)- 
compatible if L, c and r > it . 

The proof of Proposition 3.13 is in Section 9.6. 

The upcoming proposition uses C to denote the cyhnder in Proposition 3.12 and 3.13's 
cobordism that is described by the first bullet of (3.9). Notation from (3.15) is also 
used. 

Proposition 3.14 Let X denote one of the cobordism manifolds that are described in 
Propositions 3.12 and 3.13 with ci(det(S)) and the 2-form and metrics on F_ , and 
X as described therein. Given ^ > 0, there exists k > tt with the following property: 
Fix T > K and 1-forms /i_ and from the Y^- and 7+ -versions of Q with either 
V-norm less than e^^ or with V-norm less than 1 but vanishing on the F_ and F+ 
versions of Hq U Uj. Let d = (A^ijj) denote an instanton solution to the resulting 
version of (2.9) with < i. Then i j^F^ > 0. 



Proof. The proposition follows directly from Propositions 3.4, 3.7, 3.12 and 3.13 given 
what is said in Section 3.6. □ 
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3.8 Filtered Floer homologies and filtration-preserving chain maps 

This subsection is divided into two parts. In the first part, we associate to each triple 
(7z,w,7) described in Section 3.2 a system of filtered monopole Floer homologies 
HM°{Yz,rw; Ay), for o = — , oo, +, A and r > vr, in the manner described in Section 
3.1. Recall the constraint on the cohomology class [w] from Part 3 of Section 3.2. 
Together with the first bullet of (3.5), this implies that CM^(Yz,nv; A^) is associated 
with a negative-monotone, non-balanced perturbation. For reasons that will become 
clear momentarily, we use CM°{Yz, (w); A^) to denote CM^{Yz, rw; A^) for r » vr and 
similarly for its homology. (The notation (w) stands for the ray M"'"[h'] C H^{Yz;M.). 
This includes, as special cases, the triple (M, w, 7) in [L] (M is denoted by Yq in this 
article), and the triple (7, w, 7(^0)) in Section II. la. 

In the second part, a filtration-preserving chain map from CM~(y_, (w_); A^ ) to 
CM~(F_|_, (W4.); A^^) is associated to each triple {X, zux, C) described in Section 3.3. 
To explain the notation, X is a cobordism from the 3-manifold F_ to , zux is a 
self-dual 2-form on X related to w_ and w+ as prescribed by (2.10). What is denoted 
by C signifies an embedded surface in X, with ends 7_ C Y^ and 7+ C F+; see the 
second bullet of (3.9). 

Part 1: To accomplish this task, begin by introducing the (partially defined) integral 
1-cocycle on B^{Yz) defining A^. This local system associates each c G Z„^^ the 
group algebra K[Z] = J/^^]. To each 5 G A^i(c_,c+) it associates [/"(^^ G 
End(K[?7, U~^]), where n{lt) = x(c+) - x(c_). Here, X is the "modified holonomy 
function" given in (3.8). Lemma3.1 asserts that n{p) G Zfor c_, c+ G Z„^^. Following 
the recipe in Section 3.1, we then set {CM°° , d°°) to be the monopole Floer complex 
with twisted coefficients: 

a°°c_ = ^ sign(c)) i7"<^>c+ forc_G^vv,r. 

c+e2,„,roeA4i(c_,c+)/R 

The monotonicity condition guarantees that the sum here is finite. The sign(5) G {± 1} 
in the preceding expression is assigned according to the orientation convention laid out 
in [KM]. 

One may regard CM°° as a chain complex over K, generated by Z^ j- = Z„^^ x Z. 
The generating set Z„^^ lies in B'^ = C" jQ^, a Z-covering of B'^ . Here, a Q 
consists of smooth maps u: Yz ^ , with deg(M|^) = 0. Multiplication by ?7" 
then corresponds to a deck-transformation on this Z -covering, and the condition on 
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ci(det§) set forth in Part 3 of Section 3.2 then implies that deg U = —2. The grading 
set of -Zvi, r is an affine space over TLjcz^, where cz G 2Z is the gcd of the values of 
ci(detS) on Hj^L; TL) according the splitting (3.4). 



Remark 3.15 (a) Here, we use the same notation U for the map on monopole Floer 
complexes described in Part 2 of Section 2.6 and deck transformation here. This is 
because for the kind of Fz considered in this article, they turns out identical by the 
arguments for the last bullet of Proposition IV.7.6. 

(b) The way grading on a monopole Floer complex with local coefficients follow the 
way they are defined in some literature, e.g. what is called a Floer-Novikov complex 
[LI]. The book [KM] does not seem to contain an explicit discussion on the grading 
of Floer complex with local coefficients. 



Suppose that (izjW^) define c-tight data for c > 1 (cf. Definition 3.5). Take X to 
be the product cobordism M x Fz, = w + A *w, and C = M x 7 c X. Let 
3 G A^(c-, c+) be as in Proposition 3.4. In this case, i f(^F^ = 27r(x(c+) — x(c_)) 
and Proposition 3.4 asserts that one has n{d) > 0. Thus, 

CM^ = KiZ X Z^°) C CM~ 

is a subcomplex of IK[Z-''] = K[?7] -modules. One may then introduce 

CM+ = CM°° I CM- , CM = CM /U CM~ . 

The resulting short exact sequences 

CM' CM"^ CM+ and 
(3.16) _ 

CM^ CM^ -^CM-^0 

induce the fundamental exact sequences on the homologies. As the /\* //i (Fz)/ Tors - 
action on the monopole Floer complexes commute with U , the exact sequences above 
preserve the A ^ -module structure. 

In Section 3.6, the assumption that {Yz,w) is c-tight is verified for the particular 
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manifolds listed therein. In particular, 

• when Yz = Y and its assciated s , w , 7 and metric ai^e as in Part 2 of 
Section 3.6, 

HM°{Y, (w);A^) = H°(y) = H^j^ 

in the notation of [KLTl, KLT4]. 

» when Yz = Yk, k ^ {0, - ■ ■ ,g} and its assciated 5, w, 7 and metric 
are in Part 3 of Section 3.6, the corresponding HM°{Y, (w); A^) are 
intrumental in the proof for Theorem 1.1. Recalling that Yq and its 
assciated s , w , 7 and metric are respectively what was denoted by M 
s, w, 7 in [L], we observe that 



HM°{Yo,{w);A^) = UMT° 



introduced in [L]. 



Note that CM°{Yz, (w); A^), HM°{Yz, (w); A^) introduced above imphcitly depend on 
r and (T, &). According to the convention set forth in Section 1.3, this is permissible 
if there are chain homotopies between the monopole Floer complexes associated with 
different parameters preserving the A| -module structure. This is justified by combining 
the arguments proving Proposition IV. 1.4 with what is said in the upcoming Part 2. 



Part 2: We now consider chain maps induced by (non-product) cobordisms X de- 
scribed in Section 3.3. To begin, we introduce an X-morphism from A^_ to A^_|_ . 
(See Definition 23.3.1 in [KM] for "X-morphism"). This is done in a way similar to 
the definition of Tc in Equation (23.8) in [KM]. In [KM], a "cobordism" from Y to 
7+ refers to a compact 4-manifold with boundary 7+ U (— y_). This corresponds to 
the compact part of our X, denoted by Xc = s^^{[—Ltor,Ltoi]). The surface C n X^. 
plays the role of the singular 2-chain u in (23.8) of [KM]. It has boundary 7_|_ — 7_ , 
with 7+ ~ 7 ~ 7_. Given c_ G Zn._ i(F_) and c+ G Z^^._|_^r(F+), let d denote 
an element in B'^{X) with s — )• —00 limit c_ and s ^ 00 limit C-|-. Then Tc is an 
isomorphism from r^_ (c_) ~ M to F^^ (c+) ~ M given by multiplication by -^c ^'^ . 
The analog of Fc in our setting, denoted Ac below, is given by an homomorphism 
from A^_(c_) ~ K[U, U'^] to A^^(c+) ~ K[U, [/"'] for each pair c_, c+. This is 
given by multiplication with U'^^^^ , where 

(3.18) n(5) = ^ I F^ = x^^(c+) - x^_(c_), 

J c 

the right most equality being a consequence of the Stokes' theorem. This is again an 
integer according to Lemma 3. 1. With Ac in place, given u G C*(^; K) in the notation 
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of Section 2.6, we define the map 

(wx); Ac): CM°^(F_) = K[U, U-'](Z^_,,) ^ CM~(7+) = K[U, U-']{Z„^,,) 
by tiie following rule: 

2w_,r(F-) 9 C_ ^ J] J] {u,MkiX, C_, C+)) C+, 

where / runs through each connected component of A4k{X, c_, c_|_); and for every /, 
T)i is an element in the corresponding connected component. In order for the sum on 
the right hand side to be well defined, we assume that H^(X, F_) = and wx satisfies 
(2.16). 

To proceed, suppose (Y-,w-), (7+, w+) are c -tight and consider C{X, (wx); Ac)|cM-(y_)■ 
Suppose furthermore that {X,wx) satisfies the conditions in Propositions 3.4 and 3.7. 
By these propositions, the integers «(c),) in (3.18) are non-negative, implying that the 
image of C{X, (wx)', ■^c)\cm-(Y-) under m°° lies in CM~{Y^). Use 

m-[u]{X, (wx); Ac): CM-(F_) ^ CM-(F+) 

to denote this map. It is straightforward to see that both m°° and are chain maps, 
given that CM°° is a variant of monopole Floer complexes, and the non-negativity 
of the integers n{d) appearing in the formulae for d°° and m°° . These then induce 
homomorphisms between the respective homologies: 

HM,{X, (wx); Ac): HM°{Y^, (w_); A^J ^ //M°(y+, (w+); A^^) 

for o = — , c!0 . Like those in Part 1 , these maps preserve the A ^ -module structure. 

4 Some homological algebra 

As mentioned in Section 1, the purpose of this section is to review the algebraic 
background for the upcoming Proposition 5.9. The latter is used to relate the fomula for 
monopole Floer homology of a connected sum, given in Proposition 6.4 below, in terms 
of the monopole Floer homology with balanced perturbation that appears in Theorem 
1.1 and Theorem 1.4. This computation turns out to be a simplest manifestation 
of the so-called "Koszul duality", well-known in certain circles. For a sampling of 
Uterature on this subject, see e.g. [C], [Ko], [GKM]. The variant most relevant to 
this article is discussed in [GKM], which relates the ordinary chain complex of an 
5' -space, equipped with an //*(5'') -module structure capturing the 5^ -action, with 
the -equivariant chain complexes of the same space, which are naturally endowed 
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with //* (55 ) -module structures. We need however only a small portion of the full 
machinery in [GKM]. Thus, in this section we give a self-contained though elementary 
exposition of the relevant part of this story, tailored to our needs. 

4.1 Terminology and conventions 

By a modules over we mean a chain complex with a module structure over 

K[u], where u acts as a chain map of degree —2. The prime examples of such 
modules in this article are the monopole Floer complexes. In parallel, a module over 
//*(S') stands for a chain complex with a module structure over K\y], where y acts 
as a degree 1 chain map. An example that appears later is the chain complex to 
compute the monopole Floer homology of a connected sum, see (6.1) in Proposition 
6.2. Meanwhile, a graded homology module will be viewed as a chain complex with 
zero differentials. In this article, we assume that the grading group of these modules 
to be such that it has a reduction to an absolute Z/2Z -grading. In this manner, the 
notion of even and odd chain maps are well-defined, as well as the notion of graded 
commutativity. We use capital letters U, Y to denote the chain maps corresponding to 
the action of u, y. 

Definition 4.1 A morphism from one module over H*{BS^) to another is a IK -chain 
map which commutes with ?7-actions. Morphisms between //^.(S'') -modules are de- 
fined similarly, with Y replaced by U. We shall also often encounter a weaker notion: 
a p-morphism between two //*(B5^) -modules is a IK -chain map which commutes with 
U -actions up to IK -chain homotopy. 

4.2 From //* (55^) -modules to (5^) -modules 

Given a module (C, dc) over H*{BS^), we define the module Si/{C) over //*(5'^) = 
K.\y] as follows: 

(4.1) (%(C),%(5c)) ={C0K\y],dc0j + U0y), 

where the homomorphism j : K\y] — )■ K.\y] is defined by 

jia + by) = a — by for a, G IK, 

and the j -action is simply the multiplication K^^y. (j was denoted by a in [L]. Cp. 
Equation (5.1) therein). 

To see that 5(/(C) is indeed a chain complex, note that the condition Suidcf = is 
equivalent to the pair of identities 9^ = 0, and [5c, ?7] = 0. 
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Lemma 4.2 A p-morphism $ between two H*{BS^) -modules (C(i), (C(2), 5(2)) 
induces an H^{S^) -module morphism Su{^) between Su^^^{C(^l^)) and Sf/(,,(C(2)), where 
[/(I), ?7(2) denote the u-action on Qi), C(2) respectively. Furthermore, 

• ^f/C'^) is injective if ^ is injective, and it is surjective if <I> is surjective; 

• Let^' be another p-morphism of H*(BS^) -modules from (C(\),d(i)) to (C(2), 9(2))- 
Then <I> + <!>' is a p-morphism as well, and 

• Let be a p-morphism of H*{BS^) -modules from (C(2),5(2)) to (C(3), 9(3)). 
Then ^' o <i) is a p-morphism as well, and 

(4.2) Sui^ o $) = 5f;(^) o Sum. 

Proof. As a p-morphism, <I> satisfies botli 

$ 5(1) - {-\f^^^'^^d^2) ^ = and 
^ [/(I) - [/(2) ^ = 5(1) + (-!)'*'=§(*) 5(2) 
for a K-linear homomorpliism . This is equivalent to the identity 

(4.3) Sum 5f/(5(i)) - {-lf''^''^Su{d^2)) Sum = 0, 
where Sum ■ Qi) ^ ^\y] — ^ ^2) <X) IK[v] is defined as 

Sum = '^^ /^^'-'^^ + K^'^y- 

This verifies that Sui^) is a chain map. Moreover, since the j^-action on 5'(/(C(i)), 
Su(C(2)) is multiplication by 1 y, it is immediate that Su{^) commutes with the 
J -actions on both sides. The claim that Su preserves injectivity and surjectivity can be 
checked directly from the definition of Su(^) ■ 

Since the construction of Sui^) is linear, the second item in the statement of the 
Lemma is obvious. 

To verify the third bullet about the composition of p-morphisms, let 

(4.4) Sum = ^ ® /'^ + J. 
Then (4.2) is straightforward to verify, given that 

The fact that ^' o $ is a p-morphism follows directly from (4.3) and its analog for 

The first bullet may be directly verified after writing out the definition of Su{^) 
explicitly. More is said in the proof of Lemma 4.6 below. □ 
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Definition 4.3 Two //* (65^) -modules (Qi), (C(2), d(2)) aie. said tobe p-homotopic 
if there exist p-morphisms <I>: C(i) — )• C(2), ^: C(2) — )■ C(i), and Hi : C(i) — C(i), 
H2 '■ C(2) — C(2) , such that 

^' o ^. - Id(i) = [9(1), //l], $ o - Id(2) = [d(2),H2]. 

They are said to be homotopic if $, //i, //2 are morphisms. The notion of two 
//^(S'') -modules being homotopic is defined similarly. 

Lemma 4.4 Suppose two H*{BS^) -modules (Qi), (C(2), 9(2)) are p-homotopic 
via p-morphisms ^: C(i) — )• C(2), C(2) — )■ Qi) as above. Then the //*(5^)- 
modules Su{C(i)), 5'j/(C(2)) are homotopic via the maps Sui^) and Su{"^). 

Proof. By assumption, there exist H\ , H2 such that ^' satisfy: 

1- o $ - Id(i) = [9(1), //i], $ o ^ - Id(2) = [9(2), //2]. 

We need to verify the identities: 

Sui^) o Sum - Id(i) = [5f;(9(i)),%(//i)]; 

o Sum - Id(2) = [5f/(9(2)),5[/(//2)]; 

[Sum, Y] = 0; 
[Sc/C^r), Y] = 0. 

It suffices to verify the first and the third identities, since the second and the fourth are 
entirely parallel. 

To verify the first identity, use (4.2) and the fact that o <I) — Id(i) = [9(i),//i] to 
reduce it to 

5f;(Id(i)) = Id. 

This holds by taking ^ = Id(i) and /^^ = in (4.4). 

To verify the third identity, simply plug in the definition of Sui^) and Y = 1 0y. □ 



4.3 From //*(S') -modules to //*(5S^) -modules 



First, introduce the ]K[m] -modules: 

V := uK[u], 

y°° := K[u,u-^], 
(4-5) _i 



V+ := K[u,u'']/uK[u], 
:= K[u]/uK[u]. 
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These modules by definition fit into the short exact sequences: 

(4.6) ^ V- ^ V+ ^ 0, 

(4.7) ^ V- ^ V- ^ ^ 0. 



We shall frequently view these four modules as a system, and write them collectively 
as V° . The same convention applies to the various system of modules we construct 
out of these four below. 

Definition 4.5 ([J, L]) Given a module (C, dc) over H^:{S^), we define the following 
system of modules over H*{BS^) = K[u]: 

(4.8) {E°(C),EY(dc)) —{C^V", dc0l + Y0u) for o = -, oo, +, A, 
where the m -action is the multiplication 1 (g) m. 

The fact that Eyidcf = again follows directly from the definition of H^{S^)- 
modules: = 0, [Y,dc] =0, = 0. By taking tensor product of (4.6), (4.7) with 
C, one has the following corresponding short exact sequences of -modules: 

(4.9) O^EyiC)^^ EfiO^E+iO^O, 

(4.10) ^ EyiC) Ey{C) E^iO 0. 

It is also straightforward to verify that the maps in the above exact sequences commute 
with Eyidc) , and therefore they induce the following long exact sequences of H*{BS^)- 
modules associated to (C, dc): 

(4.11) y H,{Ey{C)) ^ H,{Ef{C)) ^ H,{E+(C)) ^ H^^^iEyiQ) 

(4.12) > H^iEyiO) A H^{Ey{C)) H^iE^iO) H^-i{EyiC)) 

We call (4.11), (4.12) the (resp. first and second) fundamental exact sequences for the 
(5^) -module C. For convenience of later reference, we denote the short exact se- 
quences of //*(B5^) -modules (4.9), (4. 10) by Ey(C), Ey(C) respectively. Correspond- 
ingly, the long exact sequences (4.11), (4.12) are denoted by //(Ey(C)), H(Ey{C)). It 
is straightforward to verify the assertion in the following Lemma and so we leave it to 
the reader to check that 

Lemma 4.6 A morphism (j) between two H^:{S^) -modules (C(i), c?(i)), (C(2),5(2)) 
induces a system of H* {BS^) -module morphisms 

E°{(t>): £°y^,,(C(i))^£^^^,(C(2)) 

(/) (j)0 I 
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for o = — ,oo,+,A, where Y^i^, 7(2) denote they -actions on (C(i),9(i)), (C(2),5(2)) 
respectively. Moreover: 

• E°{(j)) is injective if cj) is injective; it is surjective if (p is surjective. 

• Let (p' be another morphism of H^:{S^) -modules from (C(i), to (C(2), 9(2))- 
Then (p + 4>' is an H^{S^) -morphism as well, and 

E°i<P + cp') = E°icP) + E°i<P'). 

• Let Tp be another morphism of H^:{S^) -modules from (C(2), 5(2)) to (C(3), 9(3))- 
Then ip o (j) is an H^{S^) -morphism as well, and 

(4. 13) E^itp o(f>) = E^ip) o E°{p). 

• The system of morphisms E°{(p) combine to define morphisms of short exact 
sequences of H*(BS^) -modules 

E(,/.): Ey(C(i))^EF(C(2)) and E(,/)) : Ey(C(i)) ^ EKC(2)). 

Correspondingly, their induced maps on homologies H^{Ey{P)) combine to 
define morphisms of long exact sequences of H*(BS^) -modules 

//(Ey(0)): //(Ey(C(i))) ^ //(Ey(C(2))) and 
HiErm- //(Ey(C(i))) ^ //(Ey(C(2))). 

Proof. The proofs are straightforward; thus we shall say no more than making the 
following remarks: Both Ey and Su preserve injectivity and surjectivity due to the 
same reason, namely they can be written in polynomial form (in u and y respectively, 
which defines a filtration), where their 0-th order term takes the form of a tensor product 
of the original morphism and an automorphism. This in turn implies that both of them 
takes short exact sequences to short exact sequences. □ 

Lemma 4.7 Let Qi), C(2) denote homotopic H^:(S^) -modules. Then Ey(C(i)), 
£'y(C(2)) are homotopic H*{BS^) -modules. 

Proof. By assumption, there exist morphisms <I>: C(i) — C(2), C(2) — )■ Qi) and 
Hi : C(i) C(i), H2 : C(2) C(2) such that 

(4.14) ^o$-Id(i) = [9(1),//!], «>o^-Id(2) = [a(2),//2]. 

Lemma 4.6 claims E°{^): £^(C(i)) ^ £y(C(2)), E°{^): £"^(^2)) ^ £'y(C(i)) are 

systems of morphisms. Meanwhile, the desired identities are: 

(4.15) 

£°(^')o£°($)-Id(i) = [£y(5(i)),£°(//i)], £°($)o£°(^')-Id(2) = [£y(5(2)),£°(//2)]. 
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We shall only verify the first identity, since the second is similar. For this purpose, 
apply E° to the first identity in (4.14), then apply Lemma 4.6 and subtract the first hne 
of (4.15) to the resulting identiy. This leads to 

£°(Id(i))-Id = 

This is true because of the definition of E° and the fact that Hi is a morphism. □ 
4.4 Koszul duality 

The functors Su and E may be viewed as inverses of each other in the following 
sense. 

Proposition 4.8 (a) Let (C, dc) be an H*{BS^) -module. Then there is a system of 
isomorphisms of H*(BS^) -modules: 

(4.16) H,(E°ySu{C)) ~ H,{C ®K[„] V°). 

Moreover, these isomorphisms have the following naturaUty properties: 

(i) they are natural with respect to p-morphisms of H*{BS^) -modules, and 

(ii) they combine to define isomorphisms of long exact sequences of H*{BS^)- 
modules 

H{EySu{C)) ~ H{C 0K[u] V), and //(Ey5j/(C)) ~ //(C »k[„] V). 

Here, //(C(X'k[h] V) and H{CC!$k[u] V) respectively denote the long exact sequence 
induced by the short exact sequences of H*{BS^) -modules: 

O^C 0K[u] V- 0K[u] ^ C 0K[„] V+ ^ and 

O^C ^K[„] V- 0K[u] V- 0K[u] ^ 0. 

(b) Let {C,dc) be an H^{S^) -module. Then there is an isomorphism of H^{S^)- 
modules: 

H.iSuEy iO) ~ H,{C). 



Proof. Part (a): Written out explicitly, 

E°YSuiC) = C0K\y](S)V°, 
EySuidc) = dc'^j(^l + U(^y(^\ + \(g)y(g)u. 
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View this as a filtered complex by the total degree in the C ® 'V° factor. Then the 
El -term of the associated spectral sequence is simply 

(4.17) C(^K{y}(^V°/{{U(^y(^\ + l(^y(^u){C(^K{\}®V°)) ~C®kmV°, 

with differential d\ given by —dc- This spectral sequence degenerates at E2, and 
we have H^{EySu{C)) ~ //*(C (E)k[«] as claimed. As the m -action on EySuiC) is 
1 1 (g) M and the m -action on C is U, the quotient in (4. 17) shows that the isomorphism 
preserves the -module structure. Property (ii) also follows immediately from this 
computation. 

On the other hand, given a p-morphism $ between two H*{BS^) -modules (Qi), 9(i)), 
(C(2), 9(2)), by Lemmas 4.2 and 4.6, there is a corresponding system of morphisms 
of //* (65') -modules EySui^). The naturality property (i) follows from the fact that 
these morphisms preserve the filtration. 

Part (b): Written out explicitly, 

SuEyiO = C (g) uK[u] (g) K\y], 

SuEyidc) = dc<^l<^cr + Y(^u(^a + \0u(^y. 

Filtrate by the total degree of the factor C (g uK[u] as in the previous part. Then the 
El term is 

C(S)uK[u] R{y} / {{\ u y){C ^ uK[u] (g/?{l})) ~ C, 

on which di acts as —dc- The spectral sequence again degenerates at E2, yielding the 
claimed isomorphism H^{SuEy {C)) ~ H^{C). To see that the module structure agree, 
note that a cycle in the Ei term given by an element —z\ G C, dcZ\ = corresponds 
to a cycle in SuEyiC) of the form Zo(gl+zi(>5M(g3', where Zq G C^uKlu] satisfies 

-((F (g u)Zq) (g 1 + ((1 m)Zo) ^y- (Yzi) (g 3^ = 0. 

In other words, Zq = —(Yzi) (g u, and the cycle in SuEyiC) has the form — (Fzi) (g 
M(gl+zi(gM(g3'. The j-action 1 (g 1 (g j takes this element to — (Fzi) g) m (g 3^, 
while the element corresponding to —Yzi G C in the Ei term is — (Fzi) (g m (g j as 
well, since = 0. □ 

Remark 4.9 (a) Spelled out explicitly, (4.16) says that H^iEySuiQ) ~ //*(C), and 
//*(£'y°5'f/(C)) is the localization of H^{C) as a -module. On the other hand, 
note that since = K[u]/uK[u], E^Suidc) reduces to Suidc) (g 1, and therefore 
H,{E^Su{C))c^H,{SuiC)). 

(b) The constructions Ey , Ef^ , Ey above are directly copied from J. Jones's formulation 
of the "co-Borel", "Tate", and Borel (the usual) versions of equivariant homologies [J]. 
It is proved in [GKM] that Sy, and Ey induce isomorphisms of derived categories. 
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5 Balanced Floer homologies from monotone Floer chain 
complexes 

This section re-introduces the fourth flavor of monopole Floer homology denoted by 
HM"" in [L], now renamed HM in deference to Donaldson's notation. (Cf. p. 187 
of [D]) This definition is a natural by-product of a re-interpretation of HM^{M,5,ci,) 
in terms purely of the K[U]-module QCM, s, c^) (Corollary 5.3 in [L], re-stated as 
Proposition 5.9 below). This result enables us to appeal to the third author's = Gr" 
program, which in our context was carried out in part IV of thi s series [KLT4] . The latter 
constructed an isomorphism from an appropriate variant of ech to a negative monotone 
version of monopole Floer homology, which is in turn related to the balanced version 
via the following theorem of Kronheimer and Mrowka: 

TheoremS.l ([KM] Theorem 31.5.1) LetC^{M,s,Ch) andC^{M,5,C-.) = C*(M,s,c_) 
respectively denote the Seiberg-Witten-Floer chain complexes with balanced and neg- 
ative monotone perturbations. Then there is a chain homotopy equivalence from the 
former to the latter In particular, HM^,{M,s, Cb) — HM^,{M,s, c_) . 

To be more precise, the statement of Theorem 31.5.1 in [KM] concerns only the 
Floer homologies. However, the chain homotopy equivalence referred to above was 
constructed in its proof. 

Remark 5.2 The variant of ech relevant in this series of papers is related to the 
negative monotone version of monopole Floer homology, and therefore to //M* by the 
preceding theorem of [KM]. This is because the stable Hamiltonian structure used to 
define the relevant ech is associated to an nonexact closed 2-form. Note in contrast that 
the ordinary embedded contact homology associated to a contact structure is related 
to HM^ instead, since the relevant 2-form in this case is exact. As such, it belongs to 
the positive monotone situation, and the companion theorem to the one just cited states 
thatfflW*(M,s,Cfo) ~ //M*(M,s,c+). 

5.1 Some properties of the maps i,j,p 

In this section, unless otherwise specified, = C^{M,Cb) denotes the monopole 
Floer chain complex associated to an oriented Riemannian, Spin'^ 3-manifold with a 
balanced perturbation. Similarly, let //M* = HM^{M,Ch). 



HF — HM V : Seiberg-Witten-Floer homology and handle additions 



53 



Recall from Proposition 22.2. 1 in [KM] that HM^ , HM^ , HM^ are related by a long 
exact sequence 



(5.1) 



' -d^, ' 




" 1 " 




' 9^ 91' ' 


_ 1 -a," _ 


, j = 


. -B-l . 


, p = 


1 



which we shall call the fundamental exact sequence of monopole Floer homologies. 
The maps i, , j* , P* in the sequence above are respectively induced by maps: 

/: C ^ C, j: C^C, p: C ^ C, 

which, written in block form with respect to the decomposition 

(5.2) c = c'e C", C = C"® C, C = C" ® C" 
are given by 

(5.3) i 

It is shown in [KM] that they are respectively chain maps of degree 0, degree 0, degree 
-1. 

Lemma 5.3 The maps i, j, p are p-isomorphisms of H*{BS^) -modules. 

Proof. It is verified in [KM] that [d, U] = for the to-, from, and bar-versions 
of monopole Floer chain complexes. A straightforward though tedious computation 
using (5.3) shows that: 

iU - Ui + Kid + dKi = 0, 

(5.4) jU - Uj + Kjd + BKj = 0, 

pU-Up- Kpd + dKp = 0, 

where Ki , Kj , Kp , written in block form with respect to the same decompositions (5.2), 



are: 



Ki 








^ o 



Ki 





-m 



K„ 







□ 



As was explained in the proof of Lemma 4.2, the identities (5.4) can be rewritten as 

SuiOSuiB) - Su{9)Su{f) = 0, 
Su(j)Su{9) - Su{B)Su(j) = 0, 
Su(p)Su(B) + Su{B)Su(p) = 0, 
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where Su{i), Su(j), Suip), when written in block form with respect to the same 
decomposition (5.2), as matrices with coefficients in K[y] , are given as follows: 



-< 

1 -n" 



, Su(j) 



1 

-hi 



1 



where 

-K = di + Uiy, rtl=d: + U:y, 
K = &:j + Uiy, N: = dlj + Uly, 

these being homomorphisms of Kfj;] -modules for any pair of super- and subscripts * 
among u,s,o. 

Lemma 5.4 The induced maps from i,j,pfit into the following long exact sequences: 
(5.5) 

> H.iSuiQ) H^iSuiQ) H.iSuiQ) //.-i(%(C)) ■ ■ ■ ■ 



(5.6) 



H,{E°ySu{C)) '-4 H,{E°ySu{C)) '-4 H,{E°ySu{C)) 

— > //*_i(£'ySc/(C)) — > H^-i{EySu(C)) ■ 



The first sequence is a sequence of H^:{S^) -modules, and the second one is a sequence 
of H*{BS^) -modules. 



Proof. Part (a). The proof is based on a modification of the proof of Proposition 22.2. 1 
in [KM]. Recall from [KM] the definition of a "mapping cone of —p" (E, e): 



C©C, 



d 

p B 



The short exact sequence associated with {E,e), 0— s-C— s-f— s-C— s-O, induces a 
long exact sequence connecting the triple HM, H(E), HM, with connecting map 
[KM] shows that E is chain-homotopic to C. The following diagram summarizes the 
construction: 

C 

j 







c 



J 



c 
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where 



with 



n,: C 
n, 



J 

C = 

c = c 



) a - 

C" - 



c = 
c = 
■ c 



C'i 
-- c 



denoting projections to the s, o, u components respectively. 

In terms of these, the proof in [KM] reduces to the verification of the following 
identities: 



(5.7) 
(5.8) 
(5.9) 
(5.10) 

where 



Ik = Id, 
kl = Id +eK + Ke, 

j =jk, 
ki-l = e(Ki) + (Kl) d, 



K 












We now want to apply the preceeding constructions and identities to the 5^ -versions. 
To do so, first observe that the identities (5.4) imply that E is an H*iBS^) -module, with 
the U -map given by 

U 



Kn U 



With this defined, it is straightforward to check that i, j are //*(B5'')-morphisms. We 
can then use what was said in the previous subsection to form the (5' ) -modules and 
morphisms {Su(E),Su(e)), Su(i), Su(])- Lemma 4.2 ensures that 







SuiC) ^ 



is a short exact sequence of //* (5^) -modules. Meanwhile, the identities (5.4) can be 
used again to verify that: 

kU - Uf-k + kjd + ekj = 0, 



lUp -Ul + kie + dki = 0, 



where 



-K: 



and = [ Ki 
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This means that /, k are both p-morphisms of //* (55^) -modules. By Lemma 4.2 we 
can then form the //^(S'') -module morphisms SuQ), Suik). The analogs of (5.7), (5.8) 

(5. 1 1) SuiD Suik) = Id, Su(j) = Su(f) Suik) 

now follow readily from the naturahty property of Su described in Lemma 4.2. Mean- 
while, the analogs of (5.8), (5.10) 

Su{k)Su{l) = Id +Su(e)(K (g) j) + (K (S) j) Su(e\ 
Su(k)Su{i) - SuO) = Su{e)K + KSu{d), K:={K^ j)Su(t) 
reduce to the following identities: 

KjU, - U,Kp = 
U,Ki + KpU,=0 
UUu-U,U -Kji+jKi = 0■ 
and these can be directly verified. This proves (5.5). 

To verify (5.6), we simply apply Ey to the Sj/ -version of [KM]'s constructions and 
identities obtained above. Since we have shown that {SuiE),Suie)), Suit), Su(j), 
Su{l), Suik) are (5^) -morphisms. Lemma 4.6 imphes that {EYSu{E),EYSu{e)), 
EySuii), EySyQ), EySuil), EySyik) //*(B5') -morphisms, and the analogs of the 
identities (5.11), (5.12) follow without much ado by applying Ey to them and the 
naturality properties of Ey described in Lemma 4.6. □ 



5.2 The C* complex and localization 

Lemma 5.5 H^{Su{C)) = Q. 
Proof. To compute H^{Su{C)) , write 

Filtrate this complex by the degree in the factor C; this is done just as in the proof of 
Proposition 4.8. The Si-term is HM^,; and di is the u-map on //M*. We claim that 
this map is invertible, and therefore H^{SuiC)) vanishes. 

To see that this is indeed the case, write 

(5.13) C = Ct<»K[x,x-^], 

where Cj is the Morse complex of a Morse function on the torus of flat connections, 
which is finitely generated. Recall that a generator a for Cj (>S> K[x, x~ ' ] cor- 
responds to the m-th eigenvalue of D^, the Dirac operator with the flat connection. 
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where the eigenvalues are ordered by their value in M , and 1 = corresponds to the 
minimal positive eigenvalue. 

The index of the Ct factor defines a finite length filtration on C, with respect to which 
U can be written as "^1^=0 for some N G However, Uq = x (understood as 

multiplication), because the only possible contribution to Uq comes from the moduli 
space of instantons from a (g) x'" to a® x™^ ^ ; and this consists of the space of gradient 
flows of the quadratic function Ylim&^m\im\^ on P(Span3-.{r/m}m)- Here, 77,,, denotes 
a chosen unit-norm eigenvector of \m . This moduli space is CP^ . The fact that Uq = x 
is an invertible operator on Cj K[x,x~^] then means that U is invertible as well. □ 

It follows from the preceding Lemma and Lemma 5.4 that Su(j) induces an H^{S^)- 
module isomorphism from H^{Su{C)) to H^{Su{C)). 

Definition 5.6 (Cf. [L] Equation (5.6)) We call the following group the "total"-version 
of monopole Floer homology: 

HM, := H.iSuiQ) ~ H^iSuiQ). 

The motivation for this definition comes from the theory of -equivariant theroy; it is 
related to the equivariant versions of Floer homologies HM, HM, HM by properties 
expected of the homology of their corresponding -space. (The choice of the accent 
^ in the notation reflects the fact that this is supposed to come from the space of 
framed configurations, in accordance with the notation (5.1.1) in [DK]). In particular, 
the following lemma is a consequence of Proposition 4.8 (a) (ii) and Remarks 4.9 that 

Lemma 5.7 //M* is related to HM^ by the following long exact sequence: 
(5.14) >HM^^HM^^2^HM^^HM^^i^---. 

The following lemma is invoked in the next subsection: 

Lemma 5.8 (Localization) Let C, C, HM, HM denote the monopole Floer com- 
plexes or homologies for a balanced perturbation. Then: 

(a) The map iy, : H^iEySuiC)) — ^ H^^iEf'SuiC)) is an isomorphism. 

(b) The map induces an isomorphism of K[u, u~^] -modules: 

: HM^ ®K[ii\ m~^] HM^ ®k[u\ m"^. 
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Proof. Part (a). By Proposition 4.8, it is equivalent to consider the localization map 
H^{C) — )• //*(C C^KM However, we saw in the proof of Lemma 5.5 that 

the M-action is invertible on //*(C). 

Part (b). Tor{K[u],K[u, u~^]) = 0; so we can work at the chain level. 

H,{C ®KM IK[M, u-^]) = H^iiU^Q ®KM IK[m, u'^]) 

for any N £Z^^. There are finitely many irreducible Seiberg-Witten solutions; and 
with a balanced perturbation, the Seiberg-Witten actional functional is real-valued. 
We can therefore order these finitely many irreducibles by their values of action func- 
tional. A nonconstant Seiberg-Witten instanton always decreases the actions unless it 
is reducible; so for sufficiently large A^, Lf^C C C". 

Meanwhile, we saw in (5. 13) that C" = Cj<^ {xK[x]) and C = Cj(S> K[x~^] . We also 
sawintheproof of Lemma 5.5 that Uq =x. Therefore, C" generates C(8'k[„]]K[m, 
This understood, the assertion follows because we can restrict our attention to C" and 
the M — M component of p is the identity. □ 



5.3 Monopole Floer homologies from twisted tensor products 

The modules SuiC) and EyiC) are "twisted tensor products" (in the sense of e.g. 
[TT], [Lef]), on which H*(BS^) and H^{S^) respectively act by simple multiplications. 
On the other hand, the duality theorem Proposition 4.8 tells us the following: On the 
homological level, we can replace any H*{BS^) or -modules by such twisted 

tensor products by applying EySjj or SijEy respectively. We shall reformulate the 
monopole Floer homologies //M*, //M*, HM^ defined in [KM] accordingly. In 
addition to these three flavors of monopole Floer homologies, we will introduce a 
fourth flavor HM^ from this point of view. These four flavors of monopole Floer 
homologies will be regarded as a system and denoted collectively as HM^ below. We 
call //M* , //M* , HM^ , HM^ the from-, to, bar-, tofa/- versions of monopole Floer 
homology respectively. Just as HM^ , HM^ , HM^ are to be viewed as versions of 
equivariant homologies of the equivariant Seiberg-Witten-Floer stable homotopy type 
(represented by a pointed 5^ -space) SWF(F, c) that is introduced in [M], what we 
denoted by HM^ can be viewed as the (non-equivariant) homology of SWF(F, c) 
itself. 

We now state the main result of this subsection. 
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Proposition 5.9 ([L] Corollary 5. 3) Let C denote C(M,5,ct) and HM denote HM{M,s, 
There is a system of isomorphisms (as H*{BS^) -modules) from H^^iEySuiC)) to HM^ , 
taking the fundamental exact sequence of equivariant homologies for Su{C) to the fun- 
damental exact sequence of monopole Floer homologies. In particular, we have the 
following commutative diagram of H* (BS^) -modules: 

(5.15) 

• • ■H.iEySuiQ) H.iEfSuiQ) H,{E+Su{C)) H,.i{EySu{C)y ■ ■ 



where the vertical arrows are H*{BS ) -module-isomorphisms 



Proof of Proposition 5.9. Consider the following diagram: 



(5.16) 



EySufj) 



EySuij) 



EySuij) 



EySuip) 

■H^+iiEySuiC)) ■ 

EySu{i) 

■H^+iiEy SuiC)) ■ 

EySu(j) 

■H^+iiEySuiC)) ■ 

EySuip) 

■H,+i{E+Su{C)) ■ 

EySu(i) 



~ EySuip) 

■ H.iEySuiQ) '2 ^ H^iEfSuiQ) 



EySuip) 



EySuii) 



EySu(i) 



■ H,{EySu{C)) — '-^H.iEfSuiQ) 



EySuij) 

■H^iEySuiQ) 

EySuip) 



EySuij) 



■H,{EfSu{C)) 



EySuip) 



■ H.iEySuiQ) 2 . H,{EfSu{C)) 

EySuij) EySuii) 



EySuii) 



•H^+jiEy Su{C)) ^ H^^i{Ey SuiC)) ^ H^:+i{Ef Su{C)) ^ H^^i(Ey Su{C)) 



EySuip) 

■H,{E+Su{C)y 

EySuii) 

H,{E+Su{C)y 

EySuij) 

■H,(,E+Su{C)y 

EySuip) 

H,{E+Su{C)y 

EySuii) 



All rows and columns above are exact sequences of //*(B5^) -modules: the rows are 
fundamental exact sequences of equivariant homologies of Su{C), Su{C), Sa{C), and 
the columns are the exact sequences from (5.6). 
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By Proposition 4.8, the exact sequence in the second column is isomorphic to the 
first fundamental exact sequence of the monopole Floer homologies (5.1), namely the 
second row in (5.15). Therefore we shall henceforth replace the second column by 

• • • ^ HM^ ^ HM^ ^ HM^ HM^^i ^ • • • . 

Our goal is therefore to construct an isomorphism from the exact sequence in the first 
or fourth row to the exact sequence in the second column. 

• • ■tl*+\{EY Su{C)) //*+i(£'f?5'(/(C)) ^ H^^\{Ey Su{C))- ■ ■ 

h It 
^ EySij(p) - EySu(l) ^ 

■ ■ ■H,+iiE-Su(C))^^^H,(E-SuiC)) ""^ H.iEySuiC))- ■ ■ 

To see this, note that in the third column of (5. 16), the map 

EySuip): H^iE'^SuiQ) ^ H^iEf'SuiQ) 

is an isomorphism by the preceding Lemma and Proposition 4.8 . Therefore H^{E^SuiC)) 
is trivial. This in turn implies that the map 

6v* '■ H^,+i{EySij{C)) — )• H^,{Ey Su(C)) 

in the third row of (5. 16) is an isomorpism. For the same reasons, the map 

iv, : H,{EySu{C)) ^ H,{EfSu{C)) 

on the first and fifth rows of (5 . 1 6) is an isomorphism as well, and therefore H^{Ey Su{C)) 
is trivial too. This in turn implies that the map 

EySuij): H,{E+Su{C)) ^ H,(E+Su(C)) 

on the first and fourth columns is an isomorphism. We now take: 

^ = Id, h = iyl o EySuip), h = 5v,o {EYSu(j)r\ 

and the Proposition follows. □ 

Remark 5.10 By Theorem 5.1 and Lemmas 4.4, 4.7, the chain complex C in the 
statement of the preceding proposition may be replaced by CM{M, s, c_) (yet HM still 
stands for HM{M, 5,Cb)). 

6 Monopole Floer homology under connected sum 

We follow the (by now) traditional approach to connected sum formula for Floer 
homologies that appeared in the instanton Floer homology setting in [F, D]. Some 
setting-up is required. 
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6.1 Preparations 

Let M\,M2 be closed, oriented, connected 3-manifolds and si , S2 be spin-c structures 
on Ml , M2 respectively. Denote by My = Mi U M2 the disjoint union of Mi , M2 . Let 
5u denote the Spin'^ structure on My given by Si and S2. 

Part 1: Spin-c structures and gradings. Recall from [KM] the interpretation of 
spin-c structures and grading via oriented 2-plane fields on the 3-manifold M. Denote 
by JJ(M) the set of homotopy classes of oriented 2-plane fields on the 3-manifold M. 
According to Proposition 23. 1.8 of [KM], this may be identified with the set of gradings 
of the manifold M, as defined in [KM] p.424. There is a Z action on JI(M), defined 
by modifying a representing plane field in a ball in M ([KM], Definition 3.1.2). Its 
quotient is the set of spin-c structures over M, Spin(M) = JI(M)/Z. The orbit over 
5 G Spin (M) is the set of gradings for the spin-c structure s , which we denote by 
JI(M,s). Let Cg be the divisibility of ci(s). The stabilizer of the orbit JI(M,5) is qZ; 
therefore JJ(M, s) is atorsor under Z/c^Z. 

Let B(p\), B{p2) be respectively open balls centered at p\ £ Mi, p2 € M2, and 
ip: B(pi)\{p\} — )- B{p2)\{p2} be an orientation reversing map such that 

M# := Mi#M2 := {Mi\{pi} U M2\{p2})/ • 

As described in [KM], the Z action on is induced from the C°(y,-, 50(3))-action 
on the space of plane fields on F, . Each element in the group Z is represented by an 
even-degree element in C^{Yi,S0{3)) sending F,\B(p,) to 1 € S0{3). Since this map 
has even degree, we may choose it to send pi G to 1 as well. The orientation 
reversing map cp then defines an isomorphism: 

tj: (JI(Mi) X JJ(M2))/A^ J(M#), 

where A C Z x Z denotes the anti-diagonal. This isomorphism is equivariant with 
respect to the residual Z action on ijj : (jJ(Mi ) x J(M2)) / A and the Z action of J(M#) . 
Thus, by taking the quotient on both sides above, one has an induced isomorphism 

Ls: Spin(Mi) x Spin(M2) Spin(M#). 

Let s# = 65(5 1,52). 

Note that restrictions of lj to orbits of the Z actions give rise to isomorphisms from 
(J(Mi,Si) X JI(M2,S2))/A to JI(F,s#), both of which are affine spaces under Z/c#Z, 
where c# is the g.c.d of Cj, and Cg, . 



Remark 6.1 Note that the canonical Z /2Z-grading ([KM] § 22.4) of ij(^i , ^2) differs 
from the sum of the canonical Z/2Z grading of ^1 and ^2 by 1. 
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Part 2: The cobordism X. Let V := {X,s) denote a cobordism described in (2.7) 
and (2.8), with Y_ = M# and F+ = My . Assume that s has a unique critical point of 
index 3 with critical value 0. 

There is a unique Spin'^ structure Sx onX with ci(5x)\s-'(~c) = ci(s#) and ci(sx)|i-i(c) = 
ci(Su) for c » 0. Meanwhile, given [wj] G H^{Yi), there is a unique [w#] G H-^{M#) 
and a [tux] G H-^iX) that restricts to tui , ci72 , n7# respectively on the Mi, M2, M# 
ends of X. 

Let V := {X, —s) denote the "time-reversal" of V. Given local systems F, on B'^{Yi), 
i = 1,2, let Pu = riOr2 denote the local system on B"{Mi)^B''{M2) ~ B^iMu). As 
the cobordism V = {X,—s) corresponds to attaching a 1 -handle to My and V = {X,s) 
to attaching a 3-handle to M#, a local system Fy on B'^(Mu) determines a local system 
F# on B^{M#) and a V-morphism from Fy to F# in the sense of [KM] Definition 
23. 3.1. Conversely, a F# determines a local system Fy on S'^(Mu) and a V-morphism 
from the former to the latter. 

6.2 A connected sum formula for non-balanced perturbations 

Let V = {X, s) and V = (X, —s) be as described in Part 2 of the previous subsection, 
and suppose the two-form wx satisfies (2.10) X satisfies (2.17). Recall the definition 
of (C(Mu), Omu) and Umu this situation from the end of Section 2.6. Recall also 
the maps ml^^[u] associated to the cobordism V, and the maps m'^^[u] associated to V. 
As explained in the previous subsection, the monopole Floer chain complex C(Mu) is 
graded by (J(Mi,Si) x JI(M2,S2))/A. 

Proposition 6.2 Under the above assumptions: 

(a) Suppose that r[w#] is negative monotone, non-balanced with respect to s# . Then 
the following two (relatively) Z/c# -graded modules over 

At(M#) ~ f\*iHiiMi)/Tors) ® A* (^1(^2)/ Tors) K[u] 

are chain-homotopic: 

(6.1) C=,(M#, 5#,r[w#],r#) and %lj (C*(Mu,5u, r[w]u; Pu)) • 

(b) Suppose that [wi] is nonbalanced with respect to Si , and P, is strongly (s;, [w,])- 
complete for i = 1,2. Then the following two (relatively) Z/c# -graded modules over 
Aj(M#) are chain-homotopic: 

C.(M#,s#,[ro#],P#) and Sf/^j (C.(Mu,Su, [wy]; Pu)) • 
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Proof. Part (a): Use the short-hand Cy = C(Mu), C# = C(M#) etc in this proof. 
Write Si}^{Ci^) as the direct sum: 

(6.2) Su^{Cu) = Cu®yCu. 

With respect to this decomposition, it differential takes the following block form: 

Uu -du 



(6.3) 



Du 



Here, we take Ui and U2 used in the definition of tJu to be given by the holonomies 
along p\ and p2 respectively, as described in the beginning of Part 2 in Section 2.4. 
The proof has three steps. 



Step 1. Recall the cobordisms V, V from last subsection. Let A denote the ascending 
manifold of the unique critical point of i^; it is a path in X asymptotic to (p\,P2) G 
My = Y+. We orient it so that it begins from pi G M\ and ends at p2 G M2. 
Meanwhile, the descending manifold of this critical point will be denoted B ; it is an 
embedded 3-ball in X that intersects each s^^{c) ~ M# in a 2-sphere, Vc <C 0. Let A, 
B respectively denote the descending and ascending manifold from the unique critical 
point of —s. These are the same submanifolds in X as A, B, but equipped with the 
opposite orientation. 

Let wx be a 2-form on X satisfying (2.11). We now describe how the triple V,rwx, A 
defines a chain map V* from C(M#) to Su^^ (Cy ) , and conversely, how V , rwx , A defines 
a chain map vl from the latter to the former 

Corresponding to the decomposition (6.3), these maps have the block form 



(6.4) n 



Vl 



Here, Vt, v/, / = 0, 1, are respectively defined from Seiberg-Witten moduh spaces 
M.i(X^5x-,i^wx) described in Section 3.2 as follows: 

^^^^ Vo = m[l](V), Vi=m[uA](V), 

where 1 G C^(JA) is the constant function \, u\ = 5ho\\ G C^{U), with hoU denoting 
the holonomy along A. The explicit formulae for m[u](V), m[u](V) are given in the 
end of Section 2.6, with local coefficients incorporated, as: 

m[«](V)(c#) = 

^^•^^ Yl rx,,((u,Aiac#.(ci>c2)))ru(ci,c2)) 

(ci ,C2)6(!:(Mi)x e:(M2) ze7ro(B-(V;c#,(ci ,C2))) 
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and its analog for m[u](V). In the above expression, A^jt^^Cc*, (ci , C2)) C A^*:(c#, (ci , C2)) 
denotes the subset consisting of elements with relative homotopy class z. 

To see that the right hand side of (6.6) is well-defined under the assumptions of Part (a), 
observe the following: By the well-known compact property of spaces of 3-dimensional 
Seiberg-Witten solutions, CM (Mi) = C°(Mi), C^CMj), CM{M#) = C\M#) are all 
finitely generated over IC, while C"(M2) is finitely generated over with u 

having degree —2. Write the generating sets of these free K -modules respectively as 
<t{M,) = {ai]i, €\M2) = (J:(M#) = {ct}k, and C'CMj) = {by},,n, where 

there are finitely many indices ij,k,q, and n runs through all non-negative integers. 
Let vr"^ : B'^ ^ B denote the projection of the blown-up space. The index ^o and 
the topological energy ([KM] Definition 4.5.4) of an element D G Ai{V) depends 
only its relative homotopy class under tt'^ , and the former is controlled via ci(sx), the 
latter through [rwx] — vr[ci(sx)]. The monotonicity condition and the compactness 
property of Ai{V) under bounds on the topological energy then ensures that only 
finitely a,-, b" , b^, z appear in the sum on the right hand side of (6.6). Meanwhile, 
since gr(b^M") — gr(b^M'") = —2{n — m), the index bound = /: on the right hand 
side of (6.6) implies that for each q, only finitely many b^w" appears on the right hand 
side of (6.6). (The aforementioned compactness result follows from a straightforward 
generalization of Theorem 24.5.2 in [KM] to include nonexact perturbations). 

Meanwhile, the m(V) analog of (6.6) involves sum over £(M#) instead, which consists 
of finitely many elements. The finiteness of the relevant sum then follows from the 
monotonicity assumption alone. 



Step 2. In this step, we show that V* , Vl are well defined chain maps. This amounts 
to verifying the following identities: 

5u Vo + VQd# = 

SuVi -Vi5#-&uVo = 
(6.7) , , . 

d# vl - vldu = 0, 

To see about the signs in (6.7), note that //*(¥, My), H*{V\M#) are respectively 1 and 
dimensional. Thus the homology orientation convention of Definition 3.4.1 of [KM] 
dictates that ( [c] , mJ^*([o] , [b])) should abstractly be regarded as a homomorphism from 
A[q] a A[(,] to K a A[c] , and (([a], [b]), m"^^{t\) regarded as one from A[c] to \[a\ A \b] ■ 
They are identifiable with numbers after orientations of X[a\ , , A[c] , and H*{V ,Mu) 
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are chosen. Here, A[=k] etc denote the orientation line bundle from the critical point [*] . 
Thus, and v\ are odd maps, while V\ and are even. 

To verify (6.7), write the identities in full in terms of m"^^, m} , (fg(M\), d"{M#), 
d{M2), d'l{M2) as given by (2.14), (6.6), (6.4). These can be reduced to the identities 
in Lemma 25.3.6 in [KM] (with many vanishing terms), with these substitutions: 

• Drop the "o"'s from the double superscript or subscripts o* of m, 

• Replace the entries of d{Mu) = (1 <9{(M2) + d'^{Mi) 1)) by . 

Theorem 24.7.2 in [KM] conveniently supplies us with the general gluing theorem 
required for verifying these formulae. (We have at worst rank 1 boundary-obstruction). 



Step 3. In this step, we show that the two chain complexes in (6. 1 ) are chain-homotopy 
equivalent via V* and V* . In other words, their compositions satisfy the following 
identities: 



(6.8) 



V, o vl 



vl o Vo + vl o Vl 
VooVl VooVl 

Vl o vl Vl o vl 

Idu 
Idu 



+ 



du 
Uu 





-Bu 



A B 
C D 



To verify these identities, consider the composed cobordism W# of V with V. This 
cobordism goes from M# to M# , and contains the circle A# = A U A in its interior. 
A surgery along A# replacing a tubular neighborhood x of A# with x 
yields M x M#. On the other hand, compose in the opposite order to get the cobordism 
Wu from Mu to . There is an embedded 3-sphere C obtained by joining 
B and B. Doing a surgery along Su, namely, replace a tubular neighborhood of it, 
/ X S'u , by a disjoint union of two 3-balls Bi UB2> turns Wu into the product cobordism 
M X Mu. One may find arcs Ai C Bi , A2 C B2 so that under this surgery they joint 
with (A U A) - / X S'u to yield M x {pi ,p2} C M x My . 
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It follows from analogs of Proposition 26.1.2 in [KM] that: 



1) The map vlVo + V^Vi = m[ux,](W#) + H#] . 

2) The map VoV\ = m[ux\{Wu) + [du,A] - BUu- 
(6.9) { 3) The map VqVI = m[l](Wu) + [^u , B] . 

4) The map Vi v} = m[uxux]{Wu) - [d, C] + UuA - DUu ■ 

5) The map ViVl = m[uA](W^u) - [du,D] + &uB. 



To say more, recall the proof of Proposition 26.1.2 in [KM]. This is based on a gluing 
argument for composing cobordisms. 

Though Proposition 26.1.2 concerns only cobordisms between connected 3-manifolds 
while Statement (1) above involves gluing along My, the condition that only the M2 
component can be associated with balanced perturbations imply that the straightforward 
sort of gluing argument may be used to glue along Mi , leaving the more delicate 
analysis described in [KM] required for M2 alone. In the case discussed in [KM], 
the chain homotopy is constructed from a parametrized moduli space for manifolds 
obtained by inserting a "long neck" between the composed cobordism. See (26.2), 
(26.3). The relevant chain homotopy is defined in (26.12) and the identity it satisfies 
is proved in Lemma 26.2.2 of [KM]. The aforementioned parametrized moduli space 
is compactified so as to form a cobordism between the moduli space associated to the 
manifold with "neck length 0" and that with "neck length 00". In our context, the chain 
maps associated to the cobordism with "neck length 0" corresponds to m[u\^^{W#) , 
/7i[u;^](Wu), 'm[1](W^u), m{u\u\^{Wu), m{ux\Wu)- The moduli space associated with 
cobordism with "neck length 00" is a union of spaces of "broken trajectories". These 
give rise to the remaining terms in (6.9). To be more specific, the maps H#, A, B, C, 
D are respectively analogs of the map K in (26.12) of [KM], given by parametrized 
moduli spaces for manifolds illustrated in Figures 6.10, 6.11 below. The identities 
they satisfy, namely (6.9), are illustrated in Figures 6.12-6.16. Here, the dotted arcs 
represents the arcs over which holonomy is taken over to define the Cech 1-cocyles 
used in the maps. The slashed lines correspond to composition of maps in (6.9); 
geometrically, they corresponds to where the "trajectory" is broken and gluing takes 
place. The cobordisms with shaded regions are associated with maps defined via 
parametrized moduli spaces, where the parameter is the "neck length" L of the shaded 
region. 
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C = 5 C 



(6.16) 



CO 




Next, we study the cobordism maps m[ux^]{W#), m[ux\{Wu), }n[l]{Wu), rh[uxUx]{Wu) , 
m[ux]{Wu) in (6.9) by surgering along A# C W# and C Wu as described 
above. Then, standard gluing theorems for 4-mamfolds cut along compact, oriented 3- 
manifolds (either x or in our setting) imply that they are respectively Id#, Idy , 
0, 0, Idy. As this type of gluing theorem is well-documented in the Seiberg-Witten 
literature, and their Yang-Mills analogs are given in Theorem?. 16 and Corollary 7.21 
of [D], only brief sketches of their proofs are given below. 

(1) About m[uAj(W#): Let = W# - U{X#), U{X#) ~ x being a tubular 
neighborhood of A#. As previously explained, M x M# ~ W^^U^ixs^ ^ '^^)- 
Insert a long neck [— L, L] X X 52 with the standard metric along the embedded 

X in W# and M x M#, and choose the metric on U{X#) C W# and 
X 5^ C M X M# to have nonnegative scalar curvature. According to (2.15), 
the coefficients of m[ux^]iW#) are given by the numbers 

{ux„Mi{W#; c_, c+)) for c_, c+ G Z„^^,{M#). 

A typical gluing argument yields that when L is large enough, Aii(W#; c_ , c+) 
has the structure of a fibered product A4i{W'^; c_, c+) Xz(s^xs^) -^("^^ ^ ^^)- 
Here, Z{S^ x S^) is the moduh of solutions to (2.1) with M = x S^, ci(s) = 0, 
[zu] = 0. This consists of a circle of flat connections, parametrized by the value 
of their holonomy along x {p} . Meanwhile, the fibering map MiS^ xD^) ^ 
is a diffeomorphism. Thus, -A4i(W#; c_ , c+)) is the Euler 
characteristic of a fiber of A^i(W#; c_, c+). Meanwhile, M{D^ x S^) (with 
infinitely long neck) consists of a single flat connection sitting over the element 
in Z{S^ X S^) corresponding to zero holonomy. Thus, for sufficiently long neck, 
A^i(MxM#; c_, c+) ~ 7Wi(W#; C-,c+)x2^^i^g2)MiD'^xS^) is homeomorphic 
to a fiber of Mi{W'#; c_, c+) as wefl. Thus, (1, A^i(M x M#; c_, c+)) is simply 
the Euler characteristic of the latter. 

(2) About m[ux]iWu)- Write Wu is a connected sum of Wi ~ MxMi and W2 — Mx 
M2 at interior points. Thus, (after inserting a long neck [— L, L] x at the point 
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of connected sum), M{Wu) has the stracture of [M{W\) x M{W2)) /S^ , where 
AiiWi) is the framed moduh space, upon which there is a -action such that the 
orbit space is ^A{Wi). In the above product space, acts diagonally. The arc A 
is divided at the point of connected sum into A1UA2. Thus, (u)^, A^i(Wu; Cy, Cy)) 
is computed by 

(vr* u-^^,Mi{W[;cuc\))-{l, Mo{W!,; C2, A)) 
= (1, 7Wo(W;; ci, c'l)) • (7r*u^^,7Wi(W^; C2, 4) 
= (1, A^o(Wi; ci, c'l)) • (l,7Wo(W2; C2, 4)), 

where vr : M.{Wi) — >■ M.{Wi) is the quotient map, W'j is Wi with a point removed 
(and with a complete metric equipping it with an infinitely long neck), Cy = 
Ci (g) C2 and Cy = c'^ iS" The last Une of the above expression is (1, A^o(IK x 
My; Cy , Cy)) . and glue back two 4-balls. This gluing argument would show that 
the induced map on Floer homologies is the same as that defined from R x Fy . 

(3) About /«[l](Wy ) : The space of glued solutions have expected dimension 1 7^ 0. 

(4) About rh{u\u\\{Wu)'- Similar to (3); The space of glued solutions have expected 
dimension 1/2. 

(5) About m[uA](W^u): Similar to (2). 

Lastly, the statement concerning module structures in the proposition follows from the 
fact that the isomorphism (6.1) is defined by cobordisms V, V^, and maps between 
monopole Floer homologies defined by any given cobordism X has the structure of a 
module over /\*(//i(X)/Tors) (g) IK[?7]. (See Theorem 3.4.4 in [KM]). In our case, 

H,{X) = H,{Mu) = H,(,M#). 

Part (b): The proof for Assertion (b) of this proposition differs from part (a) only in 
the mechanism to ensure that the right hand side of (6.6) and its analog are well-defined. 
Instead of monotonicity, this is now justified by the completeness condition on the local 
coefficients, and by working with the grading-completed version of monopole Floer 
complexes C. . The relevant compactness theorem here is Theorem 24.5.2 of [KM]. □ 

Remark 6.3 (a) By Theorem 5.1 again, the monopole Floer chain complex in the 
statement of the preceding can be associated to any suitable (^T, S). 

(b) Note that when c\{5) is torsion, the following types of perturbations are all equiva- 
lent: positive monotone, negative monotone, balanced, exact. Thus, the assumption in 
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part (a) implies that ci(5#) is nontorsion. On the other hand, the assumption that [w#] 
is monotone with respect to c# in part (a) implies that both [wi] , [W2] are respectively 
monotone with respect to ci(Si), ci(S2) with the same monotonicity constant. Com- 
bined with the assumption that [w#] is nonbalanced with respect to ci(s), this implies 
that [wi] is nonbalanced with respect to ci(s,) for at least one of /= 1 or 2. We shall 
always choose Mi to be the one endowed with a nonbalanced perturbation. 

(c) Our proof follows the "standard" cobordism argument that appeared in [F] and [D] 
§7.4 in the Yang-Mills setting. Bloom-Mrowka-Ozsvath [BMO] proved a connected 
sum formula for exact perturbations using a different approach that involves surgery 
exact sequences. The use of the latter necessitates the use of the completed version of 
monopole Floer homologies HM. . 



6.3 Filtered monopole Floer homology and handle addition 



Continue to work with the same settings and notation from earlier parts of the section, 
but now specialize to the 3-manifolds and cobordisms described in Sections 3.6, 3.7. 
More specifically, the following two cases are considered: Fix an r » tt. 

1) Let Ml = F, , for / = 0, . . . , G — 1 . Equip F, with the nontorsion 
Spin'^ structure and a metric from the set Met in Proposition 3.8. Let 
wi be the corresponding harmonic 2-form w in Proposition 3.8. Let 
M2 = 5^ X 5^, S2 be the trivial Spin'^ structure, and W2 = 0. Then 
M# ~ F,_|_i, and [^#1 = ci(5#) is nontorsion. Choose the metric on 
F,-i-i to be from the set Met from Proposition 3.8. 

2) Let Ml = 5' X 5^, with the nontorsion Spin'^ -structure Si, closed 
(6.17) \ 2-form wi, and metric as described in Part 1 of Section 3.6. Let 

(M2,S2) = (M,s) be a connected Spin'' 3-manifold, with = rw2 for 
a closed 2-form W2 in the cohomlogy class ci(S2). Choose a metric on 
M with respect to which W2 is harmonic, and in the case when ci(s) is 
non-torsion, having nondegenerate zeros. (When ci(s) is torsion, W2 is 
necessarily 0). In other words. My is the Yz in Part 1 of Section 3.6. 
Thus M# ~ Yq, and [w#] = ci(s#) is nontorsion. Choose the metric on 
Yq to be from the set Met from Proposition 3.8. 

In both cases above. Mi is of the type Yz in Section 3.2; and hence contains a special 
1-cycle 7. We denote this by 71. Consequently, assuming that p\ is disjoint from 
71 , both Mu and M# inherit a 1-cycle from 71 C Mi . They are respectively denoted 
by 7u and 7#. According to Section 3.8, the filtered monopole Floer homologies 



HF — HM V : Seiberg-Witten-Floer homology and handle additions 



71 



HM°{M\, (wi); A^|) and HM°(M#, (w#); A^^) are well-defined. In parallel to what 
was done in Section 2.6, define CM°{Mu, (wy); A^^) to be the product complex of 
CM°{Mi, (wi); A^,) and C{M2,rw2). The map Uu = Umu . as given in (2.18), acts on 
CM°°(Mu) and maps CM" (My) C CM°°(Mu) into itself. The same notation is used 
to denote its induced maps on CM'^{Mu) and CM" (My). By construction, the four 
flavors CM°(Mu) are related by short exact sequences of the form (3.16). Thus by 
Lemma 4.2, the (5') -modules Su^{CM°{Mu) are related by short exact sequences 
of the same form. The long exact sequences induced are also called the fundamental 
exact sequences. 

The remainder of this subsection consists of three parts. The first part contains a filtered 
analog of Proposition 6.2. The second part analyzes the filtered connected sum formula 
from Part 1. This last part derives Theorem 1.1 from this computation. 

Part 1: A filtered variant of Proposition 6.2 states: 

Proposition 6.4 Let My , M# he as in either cases of (6. 17). Then there is a system of 
isomorphisms from HM°{M#, {w#); A^^) to H^{Suu{CM°{Mu)), o = -,oo,+,A as 
graded A|(M#) ~ A^iMu) -modules, which is natural with respect to the fundamental 
exact sequences on both sides. 

Proof. Both cases in (6.17) satisfy the conditions of Proposition 6.2 (a). Take Fi = 
A-yj , r2 = K (the constant local coefficients). Then Fy = A^^j ^iid r# = A^^ . Repeat 
the proof of Proposition 6.2 using cobordisms {X,wx) constructed from Proposition 
3.12 for Case 1) of (6.17), and Proposition 3.10 for Case 2). Like in the previous 
section, we denote this by the shorthand V when Y = M# , and by V when Y = My . 
By construction, there is a cylinder C C X ending at 7y C ^y , and 7# C F# satisfying 
the constraints in Section 3.7. According to Section 3.8, this gives us chain maps 

m°°[M](X, (wx>; Ac): CM°°(y_) CM°°(F+) and 

m-[u]{X, {wx);Ac) ■■ CM-(7_) ^ CM-(7+). 

In parallel to (6.5), let 

= m°[l](V; Ac), V°, = m°[ux]{V; Ac), 
Vl° = m°[u-x]iV; Ac), = m°[l](V; Ac) 

for o = — ,oo, and use them to define V°, V*'° as in (6.4). Keeping in mind the 
non-negativity of the integers n(d) entering the definitions of and m°° , the rest 
of the proof of Proposition 6.2 may be repeated with only cosmetic changes to see 
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that V° and vl'° induce chain homotopy equivalences between CM°{M#, A^^) 
and Sij^{CM°{Mu)), for o = — ,cxd These fit into commutative diagrams with the 
fundamental exact sequences (3.16) on both sides of V°, vl'° . This understood, the 
rest of the proposition follows from the Five Lemma. □ 

Part 2: We next analyze the homologies //*(5j/u(CM°(Mu)) in the two cases of 
(6.17) respectively. 

Case 1 ): Choose a product metric with constant curvature on M2 = x 5^ . The 
moduli space of Seiberg-Witten solutions over it is a circle of flat connections. Choose 
a real Morse function on this circle with a pair of index 1 and index critical points, and 
two gradient flow lines between them. Perform a perturbation to the Seiberg-Witten 
equations adapted to this Morse function, as described in Chapter 33 of [KM]. In this 
context C(M2) = C" = K[u2,y2], Qm^ = 0, where: 

• the unit 1 € IfC[M2,3'2] has grading [^+] in the notation of [KM], p. 57. 

• U2 has degree —2, and the ?72-map acts by multiplication by U2. 

• y2 has degree 1 and represents a generator of H\ {S^ ; Z) co-oriented with the 
moduli spaces. In particular, y\ = 0. 

Thus, 

Su^{CM°{Mu)) = CM°{M,)[u2,y2\ ® ^\yl 

(6.18) 

= 5m, ® 3 + {U\® -I ®U2)®y. 
Write a generic element a G Sii^{CM°{Mu) as 

ao + a\y, where ao,a\ € CM°{M])\u2,y2\- 

Then 

Dua = OmiOq - idMiai)y + (t/i - U2){ao)y. 

Thus, 

H,{Suu{CM°(Mu)) 

= {ao + aiy\ BmiUo = 0,{U\ - U2)ao = ^MiAi} ® ^[y] mod 

{dMibiy ~ 0, U2bQy ^ Uiboy- (9mi^o) ^lyi] 
^HM°{Mi)y(S)K\y2]. 
Consequently, 

H,(SIj^(Mu)) - HM''{M,)\y2]. 

(Alternatively, use a spectral sequence computation, filtrate (6.18) first by degree in y, 
then by degree in ^2)- 
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Case 2): In this case, C(Mi) = C(Mi) consists of a single irreducible point, 
(A,(a,/3)) = (0,((2r)- 1/2,0)). (See e.g. [Dl] for this well-known fact). Thus, 
CM°{M\) and the fundamental short exact sequences relating them are simply the 
modules V° and the sequences in (4.5), (4.6), (4.7). Write the variable u in (4.5) as ui 
below. As pointed out in Remark 3.15 (a), ui stands both for the deck transformation 
and [/-map on CM°{Mi). 

This said, we have in this case 

SuuiCM°iMu)) = V°{uO CM{M,c^) K[y], 

(6.19) 

Du = I Ci) Om J + {ui (g) 1 - \ (g) U2) y. 
This can alternatively be written as 

E° ( CM(M, c_) (^K[y],dM0j-U2 0y) 
(6.20) , , 

= £°(%,(CM(M,c_)). 

By Proposition 5.9 and Remark 5.10, the homology of the latter is HM(M,Cb), and 
the isomorphisms from //*(5'(/u(CM°(Mu))) to the latter preserves the ]K[M]-module 
structure and are natural with respect to the fundamental exact sequences. Since 
the {/-map commutes with the /\* //i(M; Z)/ Tors -actions on both sides. These are 
isomorphisms as A j(M) -modules. 

To conclude, combining the above computation with Propostion 6.4, we have: 

Corollary 6.5 1) There is a system of isomorphisms of A j(M) -modules 

HAf{Yi, (w); A^) ~ //M°(y,-_i, (w); A^) (g) H^{S^) for / = 1, . . . , g 

preserving the relative gradings and natural with respect to the fundamental exact 
sequences. 

2) There is a system of isomorphisms of A j{M) -modules 

HM°{Yo,{w);Aj)^HM{M,Ch) 

preserving the relative gradings and natural with respect to the fundamental exact 
sequences, respectively for o = — , 00, + , A on the left hand side, and o = A, — , V, ~ 
on the right hand side. 



Proof of Theorem 1.1: (1): This follows from an iteration of Corollary 6.5 1) and 
Lemma 6.6 below, in terms of the alternative notation (3.17). 
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Lemma 6.6 There is a system of isomorphisms of A|(F) -modules 

HM°{Y, (w); A^) ^ HM°{Yg, (w); A^) 

preserving the relative gradings and natural with respect to the fundamental exact 
sequences. 

Proof. Y and Yq stand for the same manifold with different metrics and associated 
2-form w. As mentioned in Section 2.6, chain homotopies between the corresponding 
monopole Floer complexes are provided by chain maps induced from cobordisms 
X = M X F equipped with metrics and self-dual 2-forms interpolating those associated 
to F_ and 7+ . (See e.g. Section IV.V.c for this type of argument). In our setting, 
choose X with the metrics and self-dual 2-forms over it to be those constructed in 3.13. 
This construction also provides a cylinder C C X ending at 7 's and Fg 's version of 7. 
which induces X-morphisms Ac between F's and Fq 's version of Fy. The positivity 
result in Proposition 3.4 guarantees that these chain maps are filtration-preserving, 
namely they map F_ 's version of CM~ C CM°° to F+ 's version of CM~ C CM°° . 
As in the end of the proof of Proposition 6.4, their induced maps on homology together 
with the Five Lemma supply the isomorphisms asserted in the lemma. □ 

(2): This is a re-statement of Corollary 6.5 2) in alternative notation according to the 
second bullet of (3.17). □ 



7 Properties of solutions to (2.4) 

This section supplies proofs for Lemma 3.1 and Proposition 3.6. Even so, much of 
what is done here is either used in Section 8 or has analogs in Section 8. Section 7.3 
has the proof of Lemma 3. 1 and Section 7.8 has the proof of Proposition 3.6. 

By way of a convention, the manifold Z is assumed implicitly to be connected except 
in Section 7.8's proof of Proposition 3.6. 

7.1 Pointwise bounds 

Fix a Riemannian metric on Yz and a closed 2-form, denoted by w , whose de Rham 
class is that of ci(det(S)). The four parts of this subsection assume such data so as to 
supply a priori pointwise bounds for the C°°(}z; §) -component of any given pair in 
Conn(£') x C°°(Fz; §) that obeys (2.4). 
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Part 1: The first lemma asserts relatively crude bounds which are subsequently 
refined. 

Lemma 7.1 There exists n > it with the following significance: Fix i > k and an 
element fi ^ Q with V-norm less than 1. Let (Ajip) denote a solution to the (r, /x)- 
version of (2.4). Then +r"^/2|Y^^| + r"' |VaVa?/'| < ^(supy^ \w\^/^ + r'^/^) . 

Proof. If w is identically zero, write ip = r^'/^A. The pair (A, A) obeys the r = 1 
version of (2.4). In this case, the standard diffemtial equation techniques give the 
desired bounds. See for example what is said in Chapter 5 of [KM]. 

Granted the case when w vanishes identically, assume for what follows that w 7^ at 
points on Yz. The bound on follows by first using the Weitzenbock formula for 
the Dirac operator to see that \Tp\^ obeys a differential inequality that has the schematic 
form: 

(7.1) dU\^l^\^ + IIVaV-P + 2r(|V'P - |w| - cor-^M^ < 0. 

Use the maximum principle with (7.1) to see that \^p\^ < cosupy^ |w|. To see about 
the norm of | VaV'I . fix a point in Yz and p > 0. Use x to construct a function that 
equals 1 on the ball of radius p about the point and vanishes on the ball of radius 2p. 
Multiply both sides of (7.1) by this function and integrate. Use an integration by parts 
and the bound on to see that the integral of I VaV'P over the ball in Yz is at most 
coip + T/O^). This holds for all p and all balls. In particular, it implies that the integral 
of IVaV'P on any ball in Yz of radius r~'/^ is bounded by cor^'^^. Hold on to this 
last bound for the moment. 

Differentiate the equation D\ip = 0, commute covariant derivatives and use the 
Weitzenbock formula again to obtain a differential inequality for IVaV'P that reads 
(/VIVaV'P < C(j{r\V Aip\^ + 1). The Dirichlet Green's function for balls of radius 
Cq ^r~^/^ can be used with this last inequality and the bound on the integral of |Va^P 
over balls of radius r^'/^ to obtain the asserted bound for | VaV'I at the center of any 
ball of this radius. Differentiate the equation D^ip = twice to obtain an equation for 
VaVa^. Granted the bounds just derived for \ip\ and IVaV'K then the same sort of 
Green's function argument on balls of radius Cq 'r~'/^ will give the asserted bound for 
IVaVaV'I- a 

Part 2: This part of the subsection sets the notation for what is to come in Part 3 and 
in the subsequent sections. To start, introduce K^^ to denote the 2-plane subbundle of 
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the tangent bundle over the |w| > part of Yz given by the kernel of *w. Orient K~ 
by the restriction of w and use the induced metric with this orientation to view as 
a complex line bundle. Clifford multiplication by the 1-form *w on the |w| > part 
of Yz writes S as a direct sum of eigenbundles © (E^: (g) K~^) with E^: being the 
+i\w\ eigenbundle. 

Use Ic to denote the product complex line bundle and to denote the product 
connection on 1^. Let Ic denote the Oq -constant section of Iq with value 1 at all 
points. Fix a unitary identification between E~ ^ (g)c £'* and Ic and use the latter to 
write E~ ^ 0c § as Ic © ' ■ The bundle ' has a canonical connection, which we 
denote by Ak, , such that the section (Ic, 0) of the bundle Ic ® K^^ obeys the Dirac 
equation as defined using the connection Ak^, + 29o on its determinant line bundle. 
The norm of the curvature of Ak^, is bounded by co|w|^^ and the norm of the ^-th 
derivative of Ak, 's curvature is bounded by Ck\w\~^~^ with ct being a constant. 

A section ip of S over U is written with respect to this splitting as |w|^/^(a, /3). 
Meanwhile, the connection A on £" defines a corresponding connection on , that 
is, the connection A* = A — jiAjc — A^J- To keep the notation under control in 
what follows, the A*-covariant derivative on is also denoted by Va, as is the 
^* + Afc, -covariant derivative on E^ © K~ ' . 

Part 3: The next lemma refines Lemma V.l's bound on the |w| > part of Yz- 

Lemma 7.2 There exists k > it with the following significance: Fix r > k and an 
element fi ^ Q with V-norm less than 1. Let iA,ip) denote a solution to the (r, /x)- 
version of (2.4). Fix m £ (k, Kr'/^(lnr)^'*) and let {],„ denote the \w\ > part of 
Yz. Write ijj on U,n as |w|^/^(a, /3). Then the pair (a, (3) obeys the following on Um- 

• |ap < 1 + /tm^r"' . 

• W < Km^r-\\ - lap) + K^m^r'^. 

• iVAttp +m~^r|VA/3p < Km"'r(l - |ap) + n^m^ . 

• Denote by the \ — \a\^ > part of U,n- Then 

Proof. Write ip = |w|^/^r/ on U2m- The section r/ on U2m obeys an equation having 
the schematic form D^r/ + *H • r/ = with being Clifford multiplication by the 
1-form ^d{\n \w\). Note in particular that |5H| < com and the absolute value of the 
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covariant derivative of 9^ is bounded by cq . Use the Weitzenbock formula for the 
operator + 9^ to see that rj obeys an equation that has the schematic form 

(7.2) V^Vat/ - c\{Ba) • r/ + 9^1 • Va?7 + 9^0 • r/ = 0, 

where cl(-) denotes the Clifford multiplication endomorphism from T*M to End(S) 
and where IHi and 9lo are linear and obey |9li| < com and |9lo| < corn^ . Let q denote 
the maximum of and |r/p — 1 — co'n^r^^ . It follows from (7.2) that q on U2m obeys 

(7.3) dUq + 2r:m-^q<0. 

As Lemma 7.1 bounds q by cqiu on U2m, the comparison principle with the Green's 
function for the operator d'^d + rm^' to see that q < CQin^r^^ on ?/3„j/2- This implies 
the claim in the first bullet. It also implies that |/3p is less than 1 + corner" ^ on Ut„„/2- 

To see about the second bullet, project (7.2) onto the (g) /T^' summand of S and 
take the fiberwise inner product of the resulting equation with f3 to obtain a differential 
inequality that has the form 

(7.4) dU\P\^ + 2rm-^\p\^ < -\VaP\^ + cor^^m^\VAaf + cor'^m^ . 

Fix for the moment e > 0. Project (7.2) next onto the summand and take the 
pointwise inner product with a to obtain an equation for the function w = 1 — |ap 
that has the form 

(7.5) d^dw + 2rm~ V = 2| Vao^ + rm~ + e, 
where |e| < coelV^/Jp + co(l + e~^)m^ + co/M|VAa| . 

It follows from (7.4) and (7.5) that there exist constants z.i and Z2 that are both bounded 
by Co and e > c^^ such that the function q = \/3\^ — zir~'m^w — Z2^~^m^ obeys the 
equation 

(7.6) dUq + lm'^q <0 

on U-imji- Granted this inequality, use the Green's function for d'^d + r/n"' as before 
to see that <z\nr"r^{\ - \a\^) ^ zim^f'^ on U^- 

The proofs of the third and fourth bullets start by differentiating (7.2) to obtain an 
equation for the components of Va?? and it then copies the manipulations done in Step 
2 of Section 4d in [Tal] to obtain a differential inequality on ?73„,/2 for the function 
1) := I Va??P that has the form 

(7.7) d^d\) + < co(rm"^w[} + m^t) + + r^m^^w^). 
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To prove the third bullet, use (7.4), (7.5) and (7.7) to find constants zi, Z2 > ^ and 23 , 
all with absolute value less than cq, such that the function ^ := — zirm~^(l — |ap) — 
Z2m^ + Z3rm^^\f3\'^ obeys (7.6) on U2m when m < Cg'r^/^. Meanwhile, Lemma 7.1 
implies that t) is no larger than comr on U2m- Given this last bound, the comparison 
argument that uses the Green's function for S d+CQ^m"^ says that |Va??P is bounded 
by co'M^'r(l — |ap) + CQm^ on Um when m < Cq 'r'/^. This gives Lemma 7.2 's bound 
for IVackI^. The refinement that gives the asserted bound for |Va/3P is obtained by 
the same sort of argument after first projecting (7.2) onto the /T"' -summand of 
S before differentiating so as to get an elUptic equation for Va/3. The details of this 
part of the story are straightforward and omitted. 

To prove the fourth bullet, use the first bullet of the lemma with (7.5) and (7.7) to 
see that q := [} + Cq 'rni~'w — cqm^ obeys an equation on the w < Cq ^ part of U2m 
that has the form d^dq + CQ^rm^^q < when m < Cq ^r^/^. Granted the latter and 
granted the a priori bound q < c^mi from Lemma 7.1, then the comparison principle 
using the Green's function for d)d + c^^nn^^ leads to the following: If c > cq, then 

q < corme^Vv^ '^'^/''o where denotes the w > part of U2m- This last 
inequaUty implies Lemma 7.2's fourth bullet. □ 

Part 4: The final lemma of this subsection refines what is said by Lemma 7. 1 on the 
part of Yz where |w| is positive but small. 

Lemma 7.3 There exists k > 1 with the following property: Fixm G (k, K~^r^/^(lnr)~'^). 
Fix r > K and fix fi ^ Q with V-norm less than 1 and let (A, t/j) be a solution to the 
(t, ij.) -version of (2.4). Then {ipl < nm^^^^ and |VaV'| < Km^^r^^^ on the \w\ < m 
part of Yz ■ 

Proof. The maximum principle as applied to (7.1) implies that can not have a 
local maximum where 1-0^ > |w| + cor~'. As Lemma 7.2 finds IV'P < cqwi^^ on 
the boundary of Um, the maximum principle implies that IV'P < cqivT^ on where 
|w| < m^' . To see about |VaV'I , let S Yz denote a given point where w < 2m~^ . 
Fix Gaussian coordinates for a ball of radius Cq ' centered at p and then rescale the 
coordinates so that the ball of radius m^'/^r'/^ about the origin in M? and radius 1. 
Let ip denote the corresponding map from the ball of radius 1 about the origin in M? to 
the original ball in Yz. With this understood, the pull-back {Lp*A,m^/'^Lp*il)) satisfies 
a version of (2.4) on the unit ball in that is defined by the rescaled metric. It 
follows from the bound on that \Ba\ < CQfn^^r and this implies that |v5*Ba| < cq. 
This understood, standard elliptic regularity techniques can be employed to see that the 
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rescaled version of m'/^|(/9*(VAV')| has norm bounded by cq and so | VaV'I has norm 
bounded by coni~^r'/^. □ 



7.2 The micro-local structure of (A, t/j) 

Part 3 of this section states and then proves Lemma 7.4, this being a lemma that 
describes solutions to (2.4) on the \w\ > part of Yz when viewed with microscope 
that magnifies by a factor of the order of r^/^. Parts 1-2 of the subsection set the 
notation that is used in particular for Lemma 7.4 but elsewhere as well. 

Part 1: This part of the subsection introduces the vortex equations on C. This is 
a system of equations that asks that a pair (Aq, ao) of connection on a complex line 
bundle over C and section of this bundle obey 



(7.8) 



*Fao = -/(I - |aoP), 
BaoOo = 0, 
|ao| < 1. 



The notation here is such that * denotes the Euclidean Hodge dual on C , while Faq 
and denote the respective curvature 2-form of Aq and the d-bar operator defined 
by Ao on the space of sections of the given complex line bundle. Note that if (Aq, ao) 
is a solution to (7.8), then so is (Aq — u~^du,uao) with u being any smooth map from 
CtoSK 

Solutions with 1 — |aop integrable are discussed at length in Sections 1 and 2 of [T2], 
Section IV.2b and Section IV.3a. As noted in these references, if 1 — |aoP is integrable 
then its integral is 2tt times a non-negative integer. Fix m € {0, 1, . . .}. The space 
of ^^(C;^') equivalence classes of solutions to (7.8) with the integral of 1 — |aoP 
equal to 27rm has the structure of a smooth, 2m -dimensional manifold. This manifold 
is denoted in what follows by ■ By way of a parenthetical remark, the space Cm 
has a natural complex structure that identifies it with C". A solution with 1 — |aoP 
integrable is said here to be a. finite energy solution to the vortex equation. 

Part 2: Lemma 7.4 and some of the later subsections refer to the notion of a transverse 
disk with a given radius through a given |w| > point in Yz. A transverse disk is 
the image via the metric 's exponential map of the centered disk of the given radius in 
the 2-plane bundle Ker(*w) at the given point. There exists co > 100 such that any 
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transverse disk with radius is embedded with a priori bounds on the derivatives 
to any given order of its extrinsic curvature. If D C Yz is a. transverse disk centered 
at a point p, and if c > cq, then \w\ will be greater than ^KKp) on the subdisk in D 
centered at p with radius ' | w | (p) . The constant c can be chosen so that the following 
is also true: Let v denote the vector field on the \w\ > part of Yz that generates 
the kernel of w and has pairing 1 with *w . Then v is orthogonal to D at p and the 
length of the projection to TD of v on the concentric disk in D of radius c^^|w|(p) is 
no greater than cqc^' . Choose c > cq with this property and use Dp to denote the 
transverse disk through p of radius c~^|w|(p). 

Reintroduce from Part 2 of Section 7.1 the complex line bundle K^^ defined over 
the |w| > part of Yz- Recall that the underlying real bundle is the 2-plane bundle 
in TYz annihilated by *w. Let p again denote a point in the |w| > part of Yz- 
Fix an isometric isomorphism from K~ ' \p to C . Use in what follows to denote 
the map from C to Yz that is obtained by composing first the isomorphism with 
K^:\p = Ker(*w)|p and then the metric 's exponential map. With r > 1 given, use ip^ 
to denote the composition of first multiplication by r^^/^|w(p)|~^/^ on C and then 
applying ip. 

To finish the notational preliminaries, suppose that (A, ip) is a given pair in ConnC^) x 
C°°{Yz', S). Write tp where \w\ > as |w| ^^^{a, (3) to conform with Part 2 of Section 
T.l's splitting of S as © K~^). Likewise reintroduce from Part 2 of Section 
7.1 the connection A* on the bundle Given p £ Yz with \w{p)\ > 0, introduce 
(Ar,ar) to denote the </?r-pull back of the pair {A^:,a) to the radius c^^r^/^|w(p)p/^ 
disk in C . 

Part 3: Lemma 7.4 below characterizes the pair (Ar, ip^). 

Lemma 7.4 There exists k > 10 and given R > k, there exists > 1 with the 
following property: Fix r > Kr and fi £ Q with V-norm bounded by 1 . Suppose 
that {A,ip) is a solution to the (i , fx) -version of (2.4). Fix a point in Yz where 
\w\ > r~'/^(lnr)'^ and use the corresponding version of ip^ to obtain the pair (Ai-jOr) 
of connection and section of a complex line bundle over C . There exists a solution 
to the vortex equation on C whose restriction to the radius R disk about the origin 
in C has -distance less than R~'* from (A^, a^) on this same disk. Moreover, if 
1 — I ar P < 5 at distances between R + K(ln R)^ and R — K{ln R)^ from the origin, then 
(Ar, ar) has -distance less than R~^ in the radius R-disk about the origin in C from 
a finite energy solution to the vortex equations that defines a point in some m < vrR^ 
version of Cm ■ 
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Proof. It follows from (2.4) and what is said by the first three bullets of Lemma 7.2 
that the curvature of Aj and c^r are such that 

(7.9) * Fa, = -J'(l - lorP) + eo and 9a, = ei, 

where |eo| + |ei| < co(lnr)^'o on the disk in C of radius less than c^'r'/^m^'/^. The 
third bullet in Lemma 7.2 also finds iVAiOrl < cq. Granted (7.9), then the argument 
used to prove Lemma 6.1 in [T:W1] can be used with only minor modifications to prove 
the assertion with -distance replaced by the distance as measured by any v < 1 — ' 
Holder norm. The convergence in the -topology follows using the arguments from 
Section 6 in [T:W1] given also the second derivative bound from Lemma 7.1. □ 



7.3 Holomorphic domains 

What follows directly sets the notation for what is to come in this subsection. An open 
set U C Yz is said to be a holomorphic domain when the following criteria are met: 

• The metric has non-negative Ricci curvature on U. 

• The 2-form w is non-zero on U and covariantly constant. 

• The curvature of Ak on ?7 is a multiple of w . 

• The 1-form ^ on U and its derivatives to order 10 have norm less than e^^^^'^ . 

The following lemma strengthens the conclusions of Lemma 7.2 on a holomorphic 
domain. 

Lemma 7.5 Let U (Z Yz denote a holomorphic domain and let Ui C U denote an 
open set with compact closure in U . Use D to denote the function on U that measures 
the distance to Yz — U . There exists n > tt with the following significance: Fix 
r > K and a 1-form fi £ Q, with V-norm less than 1 whose norm on U and those of 
its first 10 derivatives is bounded by e^^^'^^. Suppose that (Ajip) is a solution to the 
(r, fj.) -version of (2.4). Write ^l) on U as |w|^/^(a, /?). Then /3 on U\ obeys: 

• Given q > I, there exists > I such that |(Va)^/3| < KqC^^^^'^ with Kg 
depending only on the metric, Ak , U and U i . 

Proof. The proof that follows assumes that ^ = on U . The proof in the general case 
differs little from what is said below and is left to the reader. 
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Keep in mind that the nomi of |w| is constant on U because w is covariantly constant. 
Project the Weitzenbock formula for onto the E^, K^^ summand of S to obtain 
an equation for /3 on ?7 that has the schematic form: 

(7.10) v1Va/3 + r|w|(l + \a\^ + \(3\^)f3 + 91/3 = 0, 

with yt determined solely by the metric and Ak- Granted this, then by the conditions 
on the metric and Ak over U, |/3| obeys an equation of the form (i1^J|/3| + r|w||/3| < 
on U when r is larger than a constant that depends only on U and U i . The bound 
in the first bullet of the lemma follows from the latter equation using the comparison 
principle and the Green's function for the operator d'^d + r\w\ . Given the bounds from 
Lemma 7.2, very much the same strategy leads to the bounds in the subsequent bullets 
after differentiating (7. 1) to obtain an equation for (Va)^/3. □ 

Lemma 7.5 leads directly to the next lemma that describes i/j on and T-Lq- 

Lemma 7.6 Given e > 0, there exists k > vr with the following significance: 
Introduce U to denote Uy U T-Lq and let D denote the function on U that measures the 
distance to Yz — U . Introduce Ue C U to denote the subset with D > e. Fix r > k 
and a 1-form /x G 17 with V-norm less than 1 whose norm on U and those of its first 
ten derivatives is bounded by . Let (A, ip) denote a solution to the (r, fj,) -version 
of (2.4). The following is true on Us '■ 

• The conclusions of Lemma 7.5 hold with U\ therein set to Ue. 

• -Kf'-v^°/'' < 1 - lap < Kf'-v^°/''. 

• Given q > I, there exists Kg > I such that |(VA)^a| < Kqe~^°^'^ with Kq 
depending only on the metric, Ak , U and e . 

Proof. The first bullet follows by virtue of the fact that U.y n T-Lq is a holomorphic 
domain when the constraints in (3.5) and (3.6) are obeyed. To see about the other 
bullets of the lemma, suppose for the moment that 5 > Q, that p € T-Lq n U^ and that 
\a\ > 5nt p. It follows from the second bullet of Lemma 7.2 and Lemma 7.5 that the 
integral of *Ba on the radius c^V~'/^5 disk in the constant u slice of T-Lq through p 
is greater than c^^S^ . Lemma 7.5 implies that the pull-back of *Ba to the constant u 
sphere through p can be written as 4^Fsin OdO A d(l) and that F > —CQe^^/'^° , and so 
the integral of *Ba on this transverse sphere in Hq will be positive ii 5 > coe^^/'" . 
But this is not allowed by virtue of the assumption that £"s first Chern class has zero 
pairing with the H2i'Ho', Z) -summand in (3.4). This being the case, the second bullet 
follows from the fourth bullet of Lemma 7.2 and Lemma 7.5. 
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Suppose that G D Ue- The Dirac equation writes the ^-covariant derivative of 
a as a linear combination of covariant derivatives of /3. This understood, Lemma 7.5 
implies that the absolute value of the ^ -covariant derivative of a in is bounded 
by coe"^/'". It follows as a consequence that if |a| > at a point in Us, then 
|a| > ^6 at points in T-Lq n Ue and, as just explained, this is not allowed if r > cq 
and 6 > coe^^/''". This being the case, the bound in the second bullet for points in 
Uj n Ue follows from Lemma 7.5 and the fourth bullet of Lemma 7.2. 

The assertion in the third bullet is proved by writing ip = \w\^/^i] on U. Keeping in 
mind that |w| is constant on U, project the Weitzenbock formula for D^tp onto the 
S-summand of S and differentiating to obtain an equation for (V/i)^a. Given the first 
bullet of Lemma 7.6 and given Lemma 7.5, the latter implies a differential inequality 
for the function a := |(VA)^a| of the form cl^da + r\w\a < CqC^^I'^^ when q = \, 
and it implies an equality of this same sort for g > 1 if the second bullet holds for all 
(( < q. Here, Cq depends only on q. Use the Green's function for d'^ d + r|w| with this 
differential inequality for a to prove the third bullet's assertion. □ 

Lemma 7.6 in turn leads to the 

Proof of Lemma 3.1. If r > cq, then Lemma 7.6 asserts that \a\ is very close to 1 on 
a neighborhood of 7 and so what is denoted in (3.7) as p(|a|) is equal to 1 on this 
neighborhood. With this in mind, note that a|a|~^ is A-covariantly constant where 
p = I. This implies that A has holonomy 1 along 7 . Since Ae has holonomy 1 on 
7 , it follows that A — on 7 can be written as / u{t) dt with u being a function on 
]R/(^-yZ) whose integral is an integer multiple of 27r. □ 

7.4 The L} -norm of Ba when w is harmonic 

This section supplies a crucial bound for the integral of \Ba \ over Yz given an extra 
assumption about w . 

Lemma 7.7 Suppose that w is a harmonic 2-form and that the zeros of w are non- 
degenerate. There exists n > tt with the following signiUcance: Fix r > k and a 
1-form n ^ Q with V-norm less than 1. Suppose that (A,ip) is a solution to the 
(i, fj.) -version of (2.4). Then Jy^ \w\\Ba\ < k and jy_^ \Ba\ < Kr^/^. 

By way of a look ahead, the lemma's bound of kt^/^ for the -norm of Ba is replaced 
in Lemma 7.9 by the bound (Inr)'" . 
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Proof. The proof has three steps. By way of an overview, the plan is to compare the 
integrals of and |w| \Ba\ with the integral of w A iB^- The point being that the 
absolute value of the latter integral enjoys an (A, ip)-, r- and /i- independent bound by 
virtue of the fact that w is harmonic; it computes the cup product pairing between the 
de Rham class of *w and Itt times the first Chem class of the bundle E. 



Step 1: Fix m G (cq, cor'/^(lnr)^'^o) so as to invoke Lemmas 7.2 and 7.3. Use {],„ to 
again denote the part of Yz where |w| > m^^ . Since w has non-degenerate zeros, the 
volume of Yz — Um is less than com~^ . Since \Ba\ < cordV'P + 1^1) + cq, it follows 
from Lemma 7.3 that 

(7.11) / \BA\<com~'^ and / \w A Ba\ < coTm~^ . 

JYz-U,„ JYz-Un, 

Save these bounds for the moment. 



Step 2: Fix m e (cq, cor^/^). Use the equations in (2.4) and Lemma 7.2 to see that 
\Ba\ on U,n obeys \Ba\ < r|w|(|l — \a\^\ + |/3|) + cq. This understood, the first and 
second bullets in Lemma 7.2 imply that 

(7.12) \Ba\ < Cor |w|(l - |ap) + co|w|m^ 

at all points in U^- Meanwhile, use the equations in (2.4) to see that 

(7.13) w A iBA > r |wp(l - |ap) - co|w| 

on Um ■ This lower bound and the upper bound in (7.12) imply that if ^ G {0, 1} , then 

(7.14) |w|^|Ba| < com^'i{w A iBa) + com^'i 
at all points in Um ■ 



Step 3: Fix for the moment mq > cq and a positive integer N with an upper bound 
such that 2^ mo < Cg ^r'/^ For A: G {1, 2, . . . , A^}, set mt := 2*^nio. Noting that the 
volume of Um,, — Um^_i is bounded by co2~^*^, it follows from (7.14) that 

(7.15) / < com^"'^ / w A iBa + co2'K 

Sum the various k ^ {1, • • • ,N} versions of (7.15) to see that 

(7.16) / \w\'^\Ba\ < com^"'^ / w A iBA + cq. 
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This last inequality and the m = version of (7.11) imply that 




Jyz Jyz 



+ 1). 



The integral on the right hand side of (7.17) is in any event bounded by cq and so what 
is written in (7.17) leads to the bound 



This understood, take N so that r^/^ < mj^ < cor^/^ to obtain Lemma 7.7 's assertion. 

□ 



7.5 Where 1 — |ap is not small 

Suppose that iA,Tp) is a solution to a given (r, ^u) -version of (2.4). Write tp where 
|w| > as \w\ ^^^{a, /3) and denote the version of n that appears in Lemma 7.4 by k^. 

The lemma that follows momentarily characterizes the \w\ > r^^/^(lnr)''« part of Yz 
where 1 — \a\^ is not very small. To set the notation for the lemma, introduce v to 
denote the unit length vector field on the part of Yz where |w| > that generates the 
kernel of w and has positive pairing with *w. A final bit of notation concerns the 
version of k that appears in Lemma 7.2. The latter is denoted in what follows by Ko . 

Lemma 7.8 Assume that w is a harmonic 2-form with non-degenerate zeros. There 
exists K > Ko with the following significance: Fix r > k and fi G Q with V-norm 
bounded by 1 and let {A,ip) denote a solution to the (r, fi) -version of (2.4). Fix a 
positive integer k and set nik := (1 + k~^)'^k} . If nik < r^/^(lnr)^'', then there exists 
a set 9yt, of at most k segments of integral curves of v with the following properties: 

• Each segment from Q[ is properly embedded in the \w\ > nij ' part of Yz 
and has length at most k. Moreover, the union of the radius kt~^^-^ tubular 
neighborhoods of the segments in Q\ contain all points in the \w\ > part 
of Yz where 1 — |ap > ^k^^ . 

• If k > 1, then each segment from is properly embedded in the \w\ G 
[m^T^pm^Jj] part of Yz and the union of the radius Km^^r^^/^ tubular neigh- 
borhoods of the segments in B| contain all 1 — \a\^ > ^k^^ points in the 



(7.18) 




w| G [m 



'k+v'^k-i^ P^tofYz- 
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Proof. The proof has 8 steps. By way of a parenthetical remark, the proof follows a 
strategy hke that used in Section IV.2c to prove Proposition IV.2.4. 

Step 1: This step states a fact about the finite energy solutions to the vortex equations 
that plays a central role in the subsequent arguments. Keep in mind that a solution 
(Aq, oq) is a finite energy solution when 1 — |aoP is an L' -function. As noted in Part 
1 of Section 7.2, if (Aq, ao) is a finite energy solution then the integral of 1 — |aoP is 
27r times a non-negative integer. Use m to denote this integer. As noted in Part 4 from 
Section 2b in [T2], there is a set i? C C of m points with repetitions allowed such that 



This fact with Lemma 7.4 has a number of consequences with regards to the proof. 

To say more, return to the context of Lemma 7.4. Let Ko denote the version of the 
constant k that appears in this lemma. Take R > Ko so as to apply the Lemma 7.4 
when r is greater than the corresponding Kr. With r > Kr and G i7 with "P-norm 
bounded by 1, let (A, if;) denote a solution to the (r, /i)- version of (2.4). Fix p £ Yz 
with \w{p)\ > r~^/^(lnr)''* and use p to define the pair (Ar, Ofr) as instructed in Part 
2 of Section 7.2. Assume for what follows that 1 — |ai p < ^ at distances between 
R -|- Ko(lnR)^ and R — KoClnR)^ from the origin in C. 

Lemma 7.4 asserts that (A^, a^) has -distance at most R^^ in the radius R disk about 
the origin in C from a finite energy vortex that defines a point in some m < vrR^ 
version of Cm- Let (Ao,ao) denote this solution. It follows from Lemma 7.4 that 
1 — |aoP can be no greater than ^ + 2r~^ at the points in C with distance between 
R and R — Ko(lnR)^ from the origin. This being the case, it follows from the bound 
m < ttR^ that the sum on the right hand side of (7.19) is no greater than R^"* at all 
points in C with distance between R — colnR and R — ^^(InR)^ + colnR from the 
origin in C. Granted this last conclusion, apply Lemma 7.4 to see that 1 — |arp is no 
greater than 2r^^ at all points between R — cqIur and R — Ko(lnR)^ + colnR from 
the origin in C . 

If R > C(), then the preceding conclusion implies that 1 — |ap is bounded by 2r~^ on 
the annulus in transverse disk centered at p with respective outer and inner radii given 
by (R — ColnR) (r|w|(p))~'/^ and inner radius (R — Ko(lnR)^ + cq InR) (r|w|(p))^'/^ . 
Since a is nowhere vanishing on this annulus, the connection A* is defined on this 
annulus by the same formula (3.7), and the last observation implies in particular that 
the connection A* is fiat and a|a|~' is A* -covariantly constant at points on this same 
annulus. 



(7.19) 
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In the applications to come, the integer m will be bounded by cq . If this is the case, then 
(7.19) with Lemma 7.4 implies that A^, is flat and a|a|~^ is A^, -covariantly constant at 
all point on the radius (R — co(lnR)^)(r|H'|(/'))^^/^ transverse disk centered at p except 
at distance less than co(r|w|(/7))^'/^ from a set of at most cq points. 



Step 2: Fix mo > cq so that the |w| < mg ^ part of Yz is a disjoint union of components 
with each component lying in the radius co'Mq ^ ball about a zero of w. Require in 
addition that each such component lie in a Gaussian coordinate chart centered on the 
nearby zero of w as the embedded image of a closed ball in . 

Fix z > niQ and let kq denote the sum of the versions of k that appear in Lemmas 7.1, 
7.2 and 7.7; and let k^^ denote the sum of kq and the R = z^" version of the constant 
acr that appears in Lemma 7.4. But for cosmetic changes, the arguments in Section 6.4 
of [T:W1] can be used with Lemmas 7.2, 7.4 and 7.6 plus what is said in Step 1 to find 
a z-independent ki > IOOkq and a z-dependent > k^^ such that the following is 
true: 

Fix r > and /i G with V-norm bounded by 1. Suppose that (A, ip) is a solution 
to the (r, ^)-version of (2.4). There exists a positive integer no < ki and a set ©o, of 
at most no pairs of the form (7,m) with 7 being a properly embedded segment of an 
integral curve of v in the \w\ > part of Yz with length less than k\. Meanwhile, 
m is a positive integer The set ©o has the following additional properties: 

• E(7,m)eeoin^ ^1- 

• Distinct curves from ©0 are separated by distance at least Kiz^r"'/^. 

• If G Fz is such that |w(p)| > z^^ and 1 — |ap > , then p has 
distance less than z^r~^/^ from a curve in ©q. 

» If (7,m) G ©0, then the integral of 2^^a* ^^^^ radius z^r~'/^ 
transverse disk centered at each point in 7 is equal to m. 

What follows is a parenthetical remark concerning the fourth bullet. The condition 
in the third bullet of (7.20) implies that a|a|~^ is A* -covariantly constant near the 
boundary of the radius z'^r^'/^ transverse disk about each point in 7. It follows as a 
consequence that the integral of ^F^^ over this disk is an integer; and it follows from 
Lemma 7.2 that this integer is non-negative. This being the case, the fourth bullet adds 
only that the integer is at least 1 and it is bounded a priori by a z, iA,ip)-, /i- and 
r -independent number. 

Step 3: Fix a ball B C Yz centered on a zero of w that contains a component of the 
\M < wjq ' part of Yz- Suppose that e G (0, 1) and that z > mQ have been specified. 



(7.20) 
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With Ky as in Step 2, fix r > k^., an element /i G witii P-norm bounded by 1 and a 
solution, (A, to the (r, /i) -version of (2.4). Let k denote the largest integer with the 
properties listed below in (7.21). By way of notation, set nij := (1 + eyz^ ■ 

For each j ^ {I, . . . ,k}, there exists q G (100, (lOO)^""' ) and a set, Qj , that consists 
of data sets which have the form (7, m, D) with 7 being a properly embedded segment 
of an integral curve of v in the |w| G ) ^^^^ ^ being a positive 

integer and with D G (1, 9). The set Qj has the following additional properties: 

• Curves from distinct data sets in Qj are separated by distance at least 

12 1/2-1/2 

jCjZnij' r 

(7 21) < * If P ^ is su'^h that \w(p)\ G [mr^\,wiyl\) and 1 — \a\^ > \kq\ 
then p has distance at most DzmV^r"'/^ from a point on a curve from 
a datavset in By . 

• If (7,m,D) G , then the integral of ^F^^ over the radius Dzmj^\~^/^ 
transverse disk centered at each point in 7 is equal to m. 



The next steps find (A,^/;), /i- and r-independent choices for e and then z, and an 
(A,?/;), ^ and r-independent > such that mu > r^/^(lnr)^'^* when r is greater 
than K^, . Lemma 7.8 follows if such e, z and exist. 

The upcoming steps find the desired conditions on e , z and the lower bound for r such 
that the conditions of the integer k + I version of (7.21) are met if they are met for an 
integer k with < r'/^(lnr)~^''°. This being the strategy, assume in what follows 
that k is such that mt < ri/3(lnr)"2«o and (7.21) holds. 

Step 4: The A* -directional covariant derivative along the vector field v is used momen- 
tarily to analyze the behavior of a at points along v's integral curves. This directional 
derivative is denoted in what follows by (VAa)v- The equations in (2.4) identify the 
latter with a linear combination of A* -covariant derivatives of /? . This being the case. 
Lemma 7.2 finds |(VAa)v| < com[(l — |ap) + cor~^/M^]'/^ on the |w| > (2m)^^ part 
of Yz if m< r^/^(lnryo_ By way of a comparison. Lemma 7.2 bounds the norm of 
the remaining components of V^a by com~^/^r~'/^[(l — \a\^) + cor^'m^]'/^. 

What was said in the preceding paragraph about the norm of | (VAa)v | has the following 
consequences for a point p & Yz where |w| G I'^k+i^'^k^^ ' denote the integral 

curve of v through p and let p' denote a point on the segment of 7p where the distance 
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to p is less than Cq ^k^ ^rriy. ^ 
(7.22) < 



• If 1 - lap > at;?, then 1 '-'^ 



If 1 - |ap < \k.^ ^ at p, then 1 - |ap < ' at p 



This segment of 7,, is said in what follows to be the short segment of 7^ . 

Note that if e < Cq ^ , then 7p 's short segment has points with |w| > . Assume 
in what follows that e < Cq^k^^ is satisfied so as to invoke this fact about the short 
segment. 

Step 5: This step constitutes a digression to supply a coordinate chart for any given 
jwj > point in Yz that is used to exploit what is said in Step 4. To this end, suppose 



that m > 1 has been specified. Use Im to denote the interval [— Cq m 



Cn m 



-1] and 



use D,„ to denote the centered disk in C with radius Cq ^m"'. Use t to denote the 
coordinate for the interval and use z for the complex coordinate on ■ As will 
be explained momentarily, there is a coordinate chart embedding from x to Yz 
with the following properties: 

The point (0, 0) is mapped to p and x {0} is mapped to a segment 
of the integral curve of v through p. 

The image of any disk {t} x is a transverse disk centered at the 
image of (t, 0) . 

The function z ^ \z\ on {t} x is the pull-back of the distance along 
the image of {t} x to the image of {t, 0} . 

The vector field v appears in these coordinates as ^ + e where |e| < 
com\z\. 



(7.23) { 



To construct such a coordinate chart, fix an isometric isomorphism between K~'^\p 
and C. By way of a reminder, is used to denote the complex Une bundle over 
the \w(p)\ > part of Yz whose underlying real bundle is the kernel of *w with the 
complex structure defined using the metric and the restriction of the form w. Let 7^ 
again denote the integral curve of v through p . Parallel transport the resulting frame 
for along 7^ to identify along 7^ with 7^ x C. Fix a unit length affine 
parameter, t, for the segment of 7^ consisting of points with distance Cq ^m~^ or less 
from p with t = corresponding to p . This identifies this segment with . Granted 
this identification, compose the metric's exponential map from the 1^ part of 7^ with 
the identification between K~ ^ on this segment and the product C bundle to define a 
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map from x C into Yz . The restriction of this map to x D,„ gives the desired 
coordinate embedding. 

Step 6: Fix p e Yz such that \w(p)\ G I'^k+i^'^k^^ ^^'^ ^ ~ I'^P > I'^o^- Let 
p' denote a chosen point on Step 4's short segment of 7p with|w(p')| = "^^T+i- 
follows from (7.22) that 1 — |ap > at p' . This being the case, it follows from 

Lemma 7.4 and Lemma IV.2.8 that if z > co and if r > cq, then there is a point, with 
distance at most cowi^^^jr^^/^ from p' where 1 — |ap > . It then follows from 
the third bullet of (7.21) that there exists (7,m,D) G 0^ such that p' has distance at 
most (Dz + co)m^^^jr~^/^ from a point in 7. Let p^ denote the latter point. Use the 
coordinate chart in (7.23) to see that short segment of jp intersects the transverse disk 
through p^: at a point with distance at most (1 + coe)(Dz + co)m],^^jr~^/^ from p^: . 

Extend the curves from into the |w| > m^^j P^t of by integrating the vector 
field V. Use Tt+i to denote this set of extended curves. Given 7 G Tt+i, fix a 
point G 7 where \w\ = rn^^^. The point /j^ has its corresponding version of the 
coordinate chart in (7.23) with 7 appearing as an interval in the z = locus that 
contains (0,0). Let denote this interval. 

It follows from what was said in the preceding paragraph that the each point in B where 

1 — |ap > and |w| G {m^^2^m^^'\ lies in the |z| < (1 + CQe){Tiz + CQ)rnJ^^x~^/^ 
part of some 7 G T^+i version of x D,„^^^ . In particular, if e < Cq ' and z > cq, 
then this subset is contained in the subset where |z| < |Dzm^^^jr^'/^. Assume that e 
and z are such that this is the case. 

Note in this regard that if (7,m, D) and (7',m',D') are distinct elements in 0*:, then 
the respective subsets of B that are parametrized via (7.23) by the |z| < 2Dzni\^^^r~^/^ 

part of X Dmj.^| and the |z| < 2D'zm^^^jr~^/^ part of I^i x Ain+i are disjoint. This 
is a consequence of the second bullet in (7.21). 

Step 7: Fix (7, m,D) G Qk- It follows from what was said in Step 6 that a|a|~^ is 
A=K -covariantly constant in the solid annulus in x D^j^^i that intersects any constant 
t slice as the annulus with inner radius |Dzm],^^jr~^/^ and outer radius 2T>ztnJ^^x~^^^ . 
Granted this, it then follows from the third bullet of (7.21) that the integral of j^F^^ 
over the |z| < 2Dzm],^^jr^'/^ part of any constant t disk in x D,,,^.^, is the integer m. 

To exploit the preceding observation, fix f G /-y and let p G Fz denote the point that 
corresponds to (f, 0) G /-y x . Associate to p the pair (A^, a^) as desribed in 

Part 2 of Section 7.2. Use in what follows to denote a constant that is greater than 
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1 and depends only on z. It follows from Lemma 7.4 that if z > cq and if r > c^, 
then (Ar, a^) have -distance less than z^'° on the radius 2dz disk in C from a finite 
energy solution to the vortex equations. Moreover, what is said by Lemma 7.4 implies 
that such a finite energy solution must define a point in the space (Tm- Granted this, 
then (7.19) and Lemma 7.4 imply the following when z > cq and r > c^: 

If z > Co and r > Cy, then there is a set of at most no points in the |z| < |Dm|^^jr~'/^ 
part of {t} X D,n,.^^ such that 



(7.24) < 



Each point is a zero of a . 

If 1 — lap > at(f,z)and |z| < 2d m<;+ir^'/^, then z has distance 
at most com^J_^^r^^^'^ from some point in this set. 



Use "d^j to denote this set of points and let ity denote the set of connected components 
of the union of the disks of radius com^^^^r^^/^ about the points in The next 

assertion is a z > cq and r > c^ consequence of (7.24) plus Lemma 7.4 and (7.19). 

• The connection A^, is flat and Q|a|~^ is A,, -covariantly constant on the 
complement of Uj/eu^, ^ the radius 2Dm^^^jr~^/^ disk about the 
(7.25) { origin in {t} x D^^^^ . 

I The integral of ^F^, over any set U € ity.? is a positive integer; and 
the sum of these integers is equal to m. 

The next step constructs 0/t+i with the help of the various (7, m, D) € 0^. versions of 



Step 8: To construct Qt+i , it is necessary to cluster the points from the various 
(7,m,D) G versions of i?^ o so that points in the same cluster are pairwise much 
closer to each other than they are to any point in another cluster. This is necessary so as 
to find the desired constant ct+i for the integer k+l version of (7.21). An appropriate 
clustering can be found by invoking Lemma 2.12 in [T4]. In particular, an appeal to 
this lemma finds ct+i G (100, (100)^"^' ) and a set of at most k\ pairs of the form (p, D) 



where p £ B is such that \w(p)\ 



m 



and where D G {\,Ck+i). This set is denoted 



by 1? and it has the properties in the list that follows. 



(7.26) 



If (p,D) and (p',d') are distinct elements in then dist(p,p') > 



2 1/2 -1/2 



If p corresponds via (7.23) to a point in some (7, m, D) G 0*: version of 
??/:^o> then p has distance at most \pzni^^yX~'^^'^ from a point of some 
pair from '&. 
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Note for future reference that the bound in the first bullet of (7.26) has the following 
implication when z > cq and r > : 

If (p, d) and {p' , d') are distinct elements in then the distance between 

(7 27) '■^^ points on the respective short segments 7^ and 7^/ is greater 

than ^4^izml^_^^r-^/^. 



It follows from (7.25) and (7.26) that if (7,m,D) G and if U e iLy,o, then U is 
in the transverse disk of radius iDzm],^^jr~^/^ centered at a point of some pair in -d. 
Granted this last conclusion, then the next assertion is a direct consequence of what is 
said in Step 4 if z > cq and r > c^. 

If (7, m, D) G and t G I^, then each U G ily^, is contained in the 

(7.28) radius Dzml^_^^r~^^^ tubular neighborhood of the integral curve of v 
through a point of some pair from 

Let (p, D) G 1?. What is said in (7.27) and (7.28) has the following consequence: 

The integral of — Fa on the radius Dzn?!^^^'^^ transverse disk about 

(7.29) 27r ^* '^+1 

any point in the Ivv] G [m^^^-i^k^^ P^'^ ^ positive integer. 

Let m denote now this integer. 

Define Qk+i to be the set {(p, m, D) | (p, D) G ??)}. It follows from (7.25) and (7.27)- 
(7.29) that the requirements for the integer k + I version of (7.21) are met using Ck+\ 
and the set Qk+\ if e < cq, z > cq and r > c^. □ 



7.6 The spectral flow function 



This subsection constitutes a digression to say more about the definition of . Each 
pair c = (A, if:) in Conn(£') x C°°(Fz; §) and a given real number z determine an 
associated, unbounded, self-adjoint operator on L^{Yz', iT* Fz © S © /M) . This operator 
is denoted by £c j. and it is defined as follows: A given smooth section f) = (b, rj, 4>) 
of iT*Yz © § © /M is sent by 2,^^^ to the section whose respective iT*Yz, S, and 



-summands are 



(7.30) 



*db -dcj)- I'^/^z^/^iTp'fTr] + TjWip), 
*d*b- 2-^/^z^/^{r]^ - ip'fr]). 
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The spectrum of this operator is discrete with no accumulation points and has finite 
multiplicity. The spectrum is also unbounded from above and unbounded from below. 

The section iJje of S is chosen so that the (A^, i^e) and z = 1 version of (7.30) has 
trivial kernel. If the z = r and c = {A^ip) version of (7.30) has trivial kernel, then 
the value of the spectral flow function f.v(c) is a certain algebraic count of the number 
of zero eigenvalues that appear along a continuous path D of operators that start at 
the z = 1 and {Ae,i1^e) version of (7.30) and end at the z = r and {A,il}) version 
and such that each member of the path differs from £c^r by a bounded operator on 
L^{Yz', iT*Yz © § ® /M). For the purposes of the definition, it is sufficient to consider 
paths that are parametrized by [0, 1] such that the following conditions are met: Let 
•d C [0, 1] denote the parameters that label an operator with zero as an eigenvalue. 
Then i9 is finite and in each case, the zero eigenvalue has multiplicity 1 and the zero 
eigenvalue crossing is transversal as the parameter varies in a small neighborhood of 
the given point in [0, 1] . Having chosen such a path, a given point in the corresponding 
version of "9 contributes either +1 or —1 to fi(c). The contribution is +1 when the 
eigenvalue crosses zero from negative value to positive value as the parameter in [0, 1] 
varies near the given point in d ; and it contributes — 1 to f^(c) if the eigenvalue crosses 
zero from a positive value to negative value near the given point. 

If £c,r has non-trivial kernel, then fi(c) is defined in the upcoming (7.31). The definition 
uses the following terminology: Given e > 0, and c G Conn(£') x C°°{Yz',C), the 
definition uses ^£(c) to denote the subset of pairs in Conn(£') x C°°(Fz; C) with the 
following two properties: A pair c' is in ^Tte(c) if it has -distance less than e from 
c, and if £(.',r has trivial kernel. Standard perturbation theory for ellipitic operators 
proves that Crte(c) is non-empty for any e > 0. With the notation set, define f^^c) by 
the rule 

(7.31) f,(c) = lim sup{ f,(c') I c' e 01^(0}. 

Note by the way that the lim sup in (7.31) differs from the corresponding liminf by 
the dimension of the kernel of £c^r • 

7.7 The -norm of Ba, the spectral flow and the functions cs^ , 

The functions 

(7.32) csf = cs - 47r^f,, = w - 1tt% and = a + 27r(r - 7r)f., 

are invariant under C°°(Fz; S^) action on Conn(£')xC°°(yz; S) that has u G C^iYz, S^) 
sending (A,^) to {A — u~^du,uip). The upcoming Lemma 7.9 supplies a priori bounds 



94 



Cagatay Kutluhan, Yi-Jen Lee and Clifford Henry Taubes 



on the values of these functions when evaluated on solutions to a given (r, /i) -version 
of (2.4). It also gives a better bound for the -norm of the curvature of the connection 
component of a solution than the bound in Lemma 7.6. 

Lemma 7.9 Suppose that w is a hamionic 2-form with non-degenerate zeros. There 
exists K > IT with the following significance: Fix i > k and a 1-form fi £ Q with 
V-norm less than 1. Suppose that (A,^) is a solution to the (t, fi) -version of (2.4). 
Then: 

• The -norm of Ba is no greater than k (In r)^ . 
. |csf|<r6/^ 
. |wf|<r6/7, 
. |af|<ri3/i4. 

As a parenthetical remark, the precise powers of r that appear in the last three bullets 
are significant with regards to the applications to come only to the extent that the power 
is less than 1 in the second and third bullets and so less than 2 in the final bullet. 

Proof. By way of a look ahead, what is said in Lemma 7.8 plays a vital role in the 
proof of all four bullets. The proof of Lemma 7.9 has 10 parts. 

Part 1: The proof of Lemma 7.9's first bullet has four steps. To set the notation for 
the proof, introduce to denote the version of the constant k that appears in Lemma 
7.8. As in Lemma 7.8, set mt = {I + hc^^)kI for k € {1,2, . . .}. Assume in what 
follows that k is such that < r'/^(lnr)^'^* . 

Step 1: Use the first bullet of Lemma 7.8 and the fourth bullet of Lemma 7.2 to see the 
\Ba\ < Co at points in the |w| > m^^ part of Yz where the distance to all segments in 
01 is greater than co(lnr)^r~'/^. This understood, this part of Yz contributes at most 
Co to the L'-norm of Ba- Meanwhile, the |w| > m^^ part of Yz of the union of the 
radius co(lnr)^r~^/^ tubular neighborhoods of the segments in Yz contributes at most 
co(lnr)'* to the -norm of Ba . 

Step 2: Fix k > I. Use the integer k version of the second bullet of Lemma 7.8 with 
the fourth bullet of Lemma 7.2 to see that \Ba \ is bounded by co( 1 + m|) at points in the 
|w| E part of Fz- where the distance to all segments in Qk is greater than 

com],^^(lnr)^r~^/^. Since this subset of Yz has volume at most com^^ , so this portion 
of the |w| G subset in Yz contributes at most com^^ to the L^-norm of 

Ba- The volume of the remaining part of the \w\ G subset in Yz- is at 

most cor~'(lnr)'^. Indeed, this can be seen from (7.23) using the fact that each segment 
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in Qk has length at most CQm^. . As \Ba\ is no greater than com^ r on this part of Yz, 
so this part of Yz contributes at most coni^^(lnr)^ to the O -norm of ■ 

Step 3: Lemma 7.3 implies that \Ba\ is bounded by cor^/^(Inr)'** on the subset of Yz 
where \w\ < C()r~^/^(Inr)'^* . The volume of this subset is at most r~'(Inr)^'^* and so 
the contribution from this part of Yz to the -norm of Ba is no greater than cor~'/^. 

Step 4: Sum the bounds in Steps 1-3 to see that the -norm of B^ is no greater than 
co(lnr)^ S/t=o 1 (1 + l/^*) '^- This sum is bounded by coK*(lnr)^. 

Part 2: The proof of the last three bullets of the lemma starts with the following 
observation: There is a smooth map, u: Yz ^ S^ , such that the connection A' = 
A — iT^du can be written as A' = Ae + a^' where a^/ is a coclosed, /M-valued 1-form 
whose orthogonal projection to the space of harmonic 1 -forms on Yz is bounded 
by Co- The upcoming Lemma 7.10 asserts the pointwise bound | a^' | < cor^/^(lnr)'^o . 
Assume this bound for the time being. 

Introduce c' to denote {A — iT^du^ utp). The supremum bound for | a^/ | and the - 
bound for Ba from Lemma 7.9's first bullet imply directly that | cs(c')| < cor^/^(ln r)'^° . 
The Li -bound for Ba also implies that |w(c')| < co(lnr)^''. Thus, |a(c')| < cor(lnr)'o. 
Granted these bounds, then the last three bullets of Lemma 7.9 follow if 

(7.33) |f,(c')| < 

The fact that (7.33) holds given the assumptions of the lemma is proved in the remaining 
parts of this subsection. 

Part 3: The proof of the last three bullets of Lemma 7.9 invoked a pointwise bound 
for I a^' I . The lemma that follows supplies the asserted bound. 

Lemma 7.10 There exists n > it with the following significance: Fix i > k and an 
element G with V-norm less than 1. Let (A, V') denote a solution to the (r, /z)- 
version of (2.4). Write A as A^ + a^ and assume that sla is a coclosed 1-form. Use 
c to denote the -norm of the -orthogonal projection of aA to the space harmonic 
1-forms. Then | a^ | < r'/^(lnr)'^ + kc. 

Proof. The proof that follows has three steps. 
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Step 1: Write as a-*" +p where a-*" is -orthogonal to the space of harmonic 
1 -forms and where p is a harmonic 1-form. The norm of p is bounded by cqc. To 
bound a-*", let C"*" C C°°(Fz; T*Yz) denote the subspace of coclosed 1-forms that are 
-orthogonal to the space of harmonic 1-forms. The operator *d maps to itself 
and Hodge theory gives a Green's function inverse. Given p G M, the corresponding 
Green's function with pole at p is denoted by Gp{-). This function is smooth on the 
complement of p and it obeys the pointwise bound < cq dist {■,p)~^ . 



Step 2: Introduce to denote Lemma 7.8's version of k. Reintroduce from Lemma 
7.8 the sequence {mt = (1 + k~^)'^k^}ic=i^2...,n with A'^ being the greatest integer 
such that < r^/^(lnr)~''* . Let Ui denote the |w| > mj"^ part of Yz- For k G 
{1, . . . ,A'^ — 1}, use Uk to denote the |w| G [tn'j^^^jtn'j^li] part of Yz, and use Un to 
denote the part of Yz where \w\ < m^Li- Given ^ G {1, . . . ,A^— l},let Fyt denote the 
set of curves from @k'& data sets. By way of a reminder, there are at most curves 
in Tyt and each is a properly embedded segment of an integral curve of v inUt. 

Lemmas 7.2 and 7.8 supply c=k G (1,co) with the following property: If p £ Uk has 
distance greater than c*mjtr^^/^(lnr)^ to any curve from T^, then 1 — |ap < com^r"' . 
Denote by Tki the union of the radius c*mir^^/^(lnr)^ tubular neighborhoods of 
the curves from Tyt. Since *da^ = Ba, it follows from Lemmas 7.1 and 7.2 that 
\Ba\ < coml on Ut — Tki, and it follows from Lemma 7.2 and Lemma 7.3 that 
\Ba\ < com^'r on Tki ■ Note also that the volume of Uk is at most com^^ and that of 
Tki at most com^^r'^Clnr)"*. 



Step 3: Suppose that ^g{1,...,A^ — 1} and that p £Uk. Keeping in mind that the 
volume of Uk is bounded by c^m^^ , it follows from what is said about in Step 1 
and what is said about \Ba\ in Step 2 that 

(7.34) I a^ \(p) <co f dist {■,pr^\BA\ + co(m^ + (lnr)'^«). 

Use the various 7 G r,(. versions of (7.23) to see that the integral on the right hand side 
of (7.34) is no greater than cq/m^ ^''^r^/^(lnr)''o . 

Suppose that p G Un ■ In this case, what is said about Gp in Step 1 and what is said in 
Step 2 about \Ba\ imply that | a-^ \{p) < cor'/^(lnr)'''' . □ 
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Part 4: Fix c > 1 and suppose that c = (A, ijj) solves (2.4) and is such that the 
/M -valued 1-form a^ = A — is coclosed and that the L^-norm of its -orthogonal 
projection to the space of harmonic 1 -forms on Yz is less than c. The value of f v will be 
computed by choosing a convenient, piecewise continuous path of self-adjoint operator 
from the (A^, ipE) and z = 1 version of (7.30) to £c,r- This path is the concatentation 
of the three real analytic segments that are described below. The absolute value of fi(c) 
is no greater than the absolute value of the sum of the absolute values of the spectral 
flow along the three segments. 

By way of notation, each segment is parametrized by [0, 1] and the operator labeled by 
a given s G [0, 1] in the ^'th segment is denoted by Ck^s- The first segment's operator 
C\^s for s G [0, 1] is the (Af-, '4)e) and z = 1 — 5 version of (7.30). This path has no 
dependence on (A, ^/;) or r, and so the absolute value of the spectral flow along this 
path is no greater than cq. The remaining two segments are: 

• The second segment's operator £2,^ for s G [0, 1] is the {Ae + s a^, 0) 
version of (7.30). 

(7.35) { 

• The third segment's operator £3^^ for s G [0, 1] is the (A, ifj), z = s x- 
version of (7.30). 



The strategy for bounding the absolute value of the spectral flow along (7.35)'s two 
segments borrows heavily from Section 3 of [T:W2]. To say more about this, suppose 
that C is an unbounded, self-adjoint operator on a given separable Hilbert space with 
discrete spectrum with no accumulation points and finite multiplicities. Let {ev}ie[(),i] 
denote a real analytic family of bounded, self-adjoint operators on this same Hilbert 
space. Of interest is the spectral flow between the s = Q and s = \ members of the 
family {Cs = C + es}sev^^^ ■ To obtain a bound, fix for the moment T > and let xij^s 
denote the number of linearly independent eigenvectors of Cs whose eigenvalue has 
absolute value no greater than T. Set nj = sup {n7-^.s}iG[0,i] ■ As explained in [T:W3], 
the spectral flow for the family {£i}.5g[o,i] has absolute value no greater than 

(7-36) -:^n7'sup I I ) 

where the norm || • W,,,, here denotes the operator norm. 

The supremum in (7.36) for the family {C2,s}se[0,i] is bounded by co| M' I > and thus 
by cor'/^(lnr)'°. It follows from Lemma 7.3 that the supremum that appears in (7.36) 
for the family {>C3,i}.ve[o,i] is cqv^^^ . This understood, then (7.36) in either case leads 
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to 



The absolute value of the spectral flow along the families 



(7.37) 



{>C2,i}.ve[0,i] and {£3,J.ve[0,i] is no greater than cqt 



The next part of the subsection describes the strategy that is used to bound nj- for a 
suitable choice of T. 

Part 5: A bound for nj- is obtained with the help of the Weitzenbock formula in 
(IV.A.12) for a given z > version of This formula writes as V^Va + Q 
where Q denotes an endomorphism of iT* Fz © § © and denotes here the 
connection on the bundle iT* Fz © § © given by the Levi-Civita connection on the 
/r*Fz -summand, the Levi-Civita connection and A on the S summand, and the product 
connection on the /M summand. This rewriting of is used to write the square of 
the L^-norm of £c,z^ as 



with (•, •) denoting here the Hermitian inner product on ;T * Fz © S © /M. If q is a 
linear combination of eigenvectors of £c ^ with the norm of the eigenvalue bounded by 
T, then what is written in (7.38) is no greater than times the square of the L^-norm 
of q. 

The formula in (7.38) is exploited to bound nj- using the following observation: 
Suppose that il is an open cover of Fz such that no point is contained in more 
than Co sets from il. Let h denote for the moment a given function on Fz. Then 



Hold onto this last observation for the moment. Use Co to denote the version of cq that 
appears in this last inequality. 

The endomorphism Q is self-adjoint, so it can be written at any given point as a sum 
2+ + Q~ with 2+ being positive semi-definite and being negative definite. With 
this fact in mind, suppose now that each set ?7 € 11 has an assigned, finite dimensional 
vector subspace Vu G C°°{U\ iT*M S ® /R) with the following property: 



(7.38) 




(7.39) 




lfq€ C°°(U; iT*M ® § ® iW) is L^-orthogonal to Vu, then 



(7.40) 
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Given Vu, define : C°°(yz; iT*M S © /R) Vu to be tlie composition of first 
restriction to U and tiien tlie -orthogonal projection. Set V = 0f/gy and denote 
by $ the hnear map from C°°(yz; iT*M © § © iR) to V given by 0f;gu ^>c/- 

The inequalities in (7.39) and (7.40) have the following immediate consequence: If 
q G Ker(<I>), then the L^-norm of £c , is greater than T. Given that such is the case, it 
then follows directly that < J^ueii'^^^^^u)- 

The subsequent parts of the proof define a version of it for suitable T with associated 
vector spaces {Vu}ueix such that (7.40) holds. The resulting bound for xij leads via 
(7.37) to the bound in (7.33) for |f,| . 

Part 6: Part 5 alludes to a certain open cover of Yz- This part of the subsection 
defines this cover. To this end, reintroduce from Step 2 of the proof of Lemma 7.10 
the sets {Uk}i<k<N ■ The cover in question is given as il = U/t=i 2 where all 

U ^ iik are subsets of Ut-i U Uk U Uk+\- The definition requires the choice of a 
constant c > 1. Part 10 of the proof gives a lower bound for c by cq. Any choice 
above this bound suffices. 

To define a given k G {1,...,A^ — 1} version of il^;, reintroduce from Step 2 of the 
proof of Lemma 7.10 the set T^, this being the set of curves from Qk^ data sets. By 
way of a reminder, there are at most curves in Tk and each is a properly embedded 
segment of an integral curve of v m Uu- This same step in the proof of Lemma 
7.8 introduced a constant c* such that 1 — |ap < CQm\r^^ at points with distance 
c^rnj^r~^^^(\nxf or more to all curves from T^- The discussion that follows uses R^; 
to denote c*my^r~^/^(lnr)^ and pu to denote c^' min(r, m^^). 

The collection ityt for G { 1 , . . . , A/^ — 1 } is written as il*:- U ityto U iik+ ■ The sets from 
iik- are balls of radius pt whose centers have distance at least pk to all curves from 
Fjt. These balls cover the complement in Uk of the union of the radius 2pk tubular 
neighborhoods of the curves from ■ A cover as just described can be found with less 
than co/O^^m^^ balls, and such is the case with the cover ilyt- . 

The sets from 11^:0 are balls with distance between 2pk and R^^ to at least one curve 
from r^^. Let U denote a give ball from il^o and let D denote its distance to the union 
of the curves from T^- The radius of U is equal to |d. The various 7 G versions 
of (7.23) can be used to see that a collection of cq \n{pk/Rk)iRkfHk)~^ balls of this sort 
can be found whose union contains every point in Uk with distance between pk and 
2Rk to at least one curve from Tk . The set ilko is such a collection of balls. 



100 



Cagatay Kutluhan, Yi-Jen Lee and Clifford Henry Taubes 



The set iik+ consists of balls of radius c^^m], r^^/^ whose centers have distance at 
most R| to some curve from . The balls from ii^^ cover the set of points with distance 
Rj. or less to some curve from T^. The collection has at most coc^(lnr)^m^ •'/^j-'/^ 
balls. 

The sets that comprise ii^ are balls of radius r~^/^(lnr)~'^ with centers in U^. These 
sets define an open cover of Un. A cover of this sort can be found with less than 
co(lnr)'^'"' elements, and such is the case for ii^- 

Part 7: This part of the subsection defines the vector spaces {Vu}ueix- The next 
lemma is needed for the definition. 

Lemma 7.11 There exists k > I with the following significance: Let U C Yz denote 
a ball of radius p G (0, Fix an isometric isomorphism between E\u and U x C. 
Use the latter to view the product connection on U x C as a connection on E\u . 
Use Vo to denote the corresponding covariant derivative on C^{U;iT*M © S © iW). 
There exists a n-dimensional vector space Wu G C°°{U\iT*M © S © /R) such that 
if q is a section over U of iT*M © S © /R which is L? -orthogonal to Wy , then 

/j;|Voq|2>K-V-Vc/lll'- 

This lemma will be proved momentarily; so assume it to be true for now. 

Fix ?7 C U. If c > Co then the radius of each ball from 11 will be smaller than Lemma 
7.12's version of kT^ and each ball from il will sit in the Gaussian coordinate chart 
about its center point. With this understood, fix ?7 G il and let p denote U\ center 
point. Fix an isometric isomorphism between E\p and C and use A 's parallel transport 
along the radial geodesies from p to extend this identification to one between E\u and 
the product bundle U x C Define Vu to be Lemma 7.irs vector space Wu- 

Proof of Lemma B.IL If p < c'^^ , then U has a Gaussian coordinate chart centered 
at its center point. Fix an isometric identification between K^"^ at the center point 
of U with C and use the Ak parallel transport along the radial geodesies through the 
center point to extend this isomorphism to one between K~^\ij and U x C. Use the 
coordinate basis with the identification K = U x C and the chosen identification 
E\u = U X C to give a product structure to T*M and § over U. Having done so, 
rescale the coordinates so the ball of radius p becomes the ball of radius 1 ; then invoke 
the next lemma. □ 
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Lemma 7.12 Let ?7 C M-^ denote the hall of radius 1 centered on the origin. If 
f) G C°°([/; C) is such that f) = 0, then \di)\^ >lfu^^. 

Proof. It is sufficient to prove the bound for functions tliat depend only on z through 
its absolute value. This understood, use p to denote |z| and let h denote a function that 
depends only on p and has integral zero over the unit ball. Let = h — h{\). Use 
integration by parts to see that 

(7.41) f\lp-'dp<2 f \^mApdp. 
Jo Jo dp 

What is written in (7.41) implies that 

(7.42) f\ldp<A f\d\)\^p'dp. 

Jo Jo 

Meanwhile, jj t}ldp > \)lp^dp, the latter being the integral of f)^ over the unit ball. 
This last integral is ^f)(l)^ plus the integral of f)^ because the integral of f) is zero. □ 



Part 8: This step sets the stage for the specification of c and {pk}\<k<N-\ so as 
to guarantee (7.40). To start, let ?7 C it denote a given ball and let p denote the 
center point of U . Fix an isometric isomorphism between E\p and C and then use A 's 
parallel transport along the radial geodesies from p to extend this isomorphism to give 
an isomorphism between E\u and U x C. Let 9q denote the product connection on 
U X C. Use the isomorphism just defined to view as a connection on E\u. Having 
done so, write A on ?7 as + ^a,u with SiA,u being an /M-valued 1-form on U. Let 
Dj/ denote the radius of U. The norm of a.A.u is bounded by cqDj/ supjy \Ba\. 

Fix k £ {I, . . . ,N — l};let U denote a ball from either iik- or il^o ■ It follows from 
what Lemma 7.2 that \Ba\ < co'm| on U and so | a.A,u I < cqc~^ pkm\. If ?7 G Z^,t+,then 
it follows from Lemma 7.2 that < com^^r on U and so | a^ y | < coc~^m^^^^r^/^ 
on U. If U is from il^, then Lemma 7.3 finds \Ba\ < cor^/^(lnr)'''' on U and so 
\m,u\ < coc-h^/^{lnry°. 

Given U C ii, use the isomorphism defined above between E\u and U x C to again 
view ^0 as a connection on E\ij. Use Vo to denote the corresponding covariant 
derivative on C°^{U; iT*M S V). Since | aA,[/ P < Co supfy \Ba\ in all cases, so 

(7.43) |VAq|' > ^|Voqp-co(sup|BA|)|qP 
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for all q G C°^{U; iT*M S V). 

Consider next the endomorphism Q that appears in (7.40). A look at the formula in 
(IV.A.12) finds 

(7.44) |Q~| <co(1 + |Ba| +z^/^|VaV'|) and |Q+| > c-'zlV'p. 

To say more about the bounds in (7.44) on the sets from il , fix first k ^ {1,...,A'^— 1} 

1 /2 

and let U denote a ball from iik~ or Um). Lemma 7.2 finds IVaV'I < com^ and 
IV'P ^ cqm^^ on U . Since \Ba\ on U is bounded by com|, the inequalities in (7.43) 
and (7.44) imply that 

(7.45) |VAq|^ + (q,Q+q) > jVoql^ + 2co sup | Q"] |q|2 - comf |q|2 

u 

for all q G C°°(?7; iT*M S V). Meanwhile, if ?7 is a ball from , then Lemma 
7.3 finds IVaV'I < com^V/^ and \Ba\ < CQm^^v. This being the case, then (7.43) 
and (7.44) find 

(7.46) |VAqp + (q,Q+q) > ^|Voqp + 2coSup |Q-| jqp - com^^r|q|2 
for all q G C°°([/; /r*M S V). 

Suppose next that ?7 is a ball from Hat. What is said in Lemma 7.3 implies that 
\Ba\ < cor2/^(lnr)''o and IVaV'I < cqv^^^ on U, so (7.43) and (7.44) lead to the 
inequality 

(7.47) |VAqp + (q,Q+q) > ^|Voq|2 + 2coSup |Q-| |q|2 - cor2/3(lnr)^'<'|q|2 

2 U 

for all q G C°°([/; iT*M S V). 



Part 9: This part of the subsection specifies c and {pk\\<k<N-\ so as to satisfy 
(7.40). To this end, suppose that fcG{l,...,A'^— 1}. Suppose that U is from !iXk~- or 
il^to- If q G C°°(?7; iT*M S V) is -orthogonal to the subspace Vu, then Lemma 
7.11 and (7.45) find 

(7.48) / (|VAqp + (q,Q+q» >(coV^"'-co'^f + 2coSup|Q-|) /" jqp. 
Ju u Ju 

It follows as a consequence that (7.40) holds if p^^ > cq{T^ + m\) and this is so if 
c > Co. Suppose next that U is from 'dk+ and that q G C'^{U;iT*M S V) is 
-orthogonal to Vu- Lemma 7.11 and (7.46) imply that 

(7.49) / {\VAq\^ + {c\,Q+q)) > {{c^'c^ - co)m-'r + 2c^sup\Q~\) [ \q\\ 
Ju u Ju 
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if q is -orthogonal to Vu. Thus (7.40) holds if c > co(l + m^j: ^T^); and in 
particular, (7.40) holds for c > cq if the eigenvalue bound T is less than r^/^(lnr)^'''' 

The last case to consider is that where U comes from Hn. Lemma 7.11 and (7.47) 
imply for such U that 

(7.50) / (|VAq|' + (q,Q+q)) > ((Coi(lnr)2^-(lnr)VAV2coSup|Q-|) / \q\^ 
Ju u Ju 

if q is -orthogonal to V . It follows as a consequence that (7.40) holds for such U if 
both c > C() and the eigenvalue bound T is less than r^^^ . 

Granted all of the above, and given that T < r^/^(lnr)~'^, then (7.40) holds for all sets 
from il if c > Co . This understood, choose c to be twice this lower bound. 

Part 10: The dimension of each U € ii version of Vu is bounded by cq, and so it 
follows from what is said at the end of Part 5 that nj is no greater than cq times the 
number of sets in the collection il. 

An upper bound for size of il is obtained by summing upper bounds for the sizes of 
the various ^ E { 1 , . . . , A'^} versions of il^: . Let Nj denote the largest value of k such 
that T > rrik and suppose first that k G { 1 , . . . , Nt} ■ It follows from what is said 
in Part 6 that ili_ contains no more than CQT^m^^ sets. Meanwhile, lif^ and 11*:+ 
together contain at most com^ ■'^^r^/^(lnr)'o balls. Thus IJj^^^^^ilj. contains at most 
cq{T^ + r'/2(lnr)^«) balls. Suppose next that k G {Nt + 1, . . . - 1}. In this case, 
il/t- has at most cq balls while iiko and ilj:+ again have at most c^m^ ^^^r'/^(lnr)'^° 
balls. Thus, UA?r</t<A?-i ^/t contains at most cor^^/^r^/^(lnr)'^'' balls. As noted in 
Part 6, the set iij^ has at most co(lnr)'''' balls. 

Given that T < cor^/^(lnr)'o , the bounds just stated imply that nr < cori/2(lnr)'o. 
Therefore, (7.37) bounds the spectral flow along the families {/^2,.v}.ve[0,i] and {£3 s}ig[o,i] 
by cor~^r(lnr)'^'' . This understood, take T = r'/^(lnr)'^'' to obtain the bound in (7.33). 
□ 



7.8 The proof of Proposition 3.6 

If Yz has a single component, then the function f v is defined in Section 7.6. Proposition 
3.6's assertion in this case is implied directly by Lemma 7.9's fourth bullet. 

Suppose now that Yz has more than 1 component. To define f , in this case, introduce 
y to denote the set of components of Yz- The space Conn(£') x C°°(Fz;S) can be 
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written as J|j„g-y(Conn(£'|}'/) x C°°(F'; S|y/)). Section 7.6 defines any given Y' e y 
version of fs on Conn{E\Y>) x C°°{Y';§\y'). Denote tlie latter by f^j'- Set 

Y'ey 

Eacil Y' e y has its version of tlie function o on Conn(E\y/) x C°°(y'; Use 
Oy to denote the latter. Then = J2y'('^y' + 27r(r — TT)fs-Y')- This understood, it 
is enough to bound jay + 27r(r — 7r)fv.y/| for each Y' & y . Lemma 7.9 supplies a 
suitable bound when ci(det(S|y/)) is not torsion. This understood, suppose Y' G y 
and ci(det(S)|y') is torsion. Thus, w = on 7'. 

Write on Y' as r^'/^A to see that the set of solutions to (2.4) on Y' is r-independent. 
It follows as a consequence of what is said in Chapter 5 of [KM] that the space of 
C°°(y'; 5'')-orbits of solutions to (2.4) on Y' is compact. Hold on to this fact for the 
moment. Write in the Y' version of (7.30) as r'/^A and write the sections b and 
4> as {rzy^^b' and (rz)^/^(/)' to see that the spectrum of the operator in (7.30) depends 
neither on r nor z- What was just said about compactness and what was just said about 
the spectrum implies directly that lay + 27r(r — 7r)fi.;y | < cq. 

8 Cobordisms and the Seiberg-Witten equations 

This section proves Propositions 3.4 and 3.7. Section 8.1 states three key lemmas 
that are used in Section 8.2 to prove Proposition 3.4. Sections 8.5-8.6 prove the three 
lemmas. Section 8.7 contains the proof of Proposition 3.7. 

8.1 The three key lemmas 

The three parts of this subsection supply three lemmas that assert pointwise bounds for 
ip , the curvature of A and for the covariant derivative of i/j . These bounds are used 
in the next subsection to prove Proposition 3.3. All three lemmas assume implicitly 
that the conditions in Section 3.3 are satisfied. Additional assumptions are stated when 
needed. 

Part 1 : The first lemma starts the story with a pointwise bound for | | and -bounds 
on Fa and the covariant derivatives of tp . With regards to notation, this lemma uses 
(VaV').v to denote the section of S+ over the 1^1 > 1 part of X that gives the pairing 
between VaV' ^nd the vector field . 



HF — HM V : Seiberg-Witten-Floer homology and handle additions 



105 



Lemma 8.1 There exists k > 1 such that given any c > k, there exists with the 
following significance: Fix r > k,.. If X is not the product cobordism, assume that 
the metric obeys (2.8) with L < c, that the norm of the Riemann curvature is bounded 
by r^/' and that the norm of wx is bounded by c. Fix /i_ and fi^ from the y_ and 
7+ versions of with V -norm bounded by I and use this data to define the equations 
in (2.9). Suppose that d = (A, '0) is an instanton solution to these equations. Then 
I '01 < Kc- IfX is not the product cobordism, assume in addition that the volume of the 
s -inverse image of any length 1 interval is bounded by c and that the metric' s injectivity 
radius is greater than r^'/*^ . Also assume in this case that Lfor < cr and that wx obeys 
(2.11) plus Item c) of the fourth bullet of (3.13). Let c_ and c+ denote the respective 
s — )• — oo and 5 — )• oo limits of d and suppose that o(c_) — o(c-i-) < cr^ . Then 

• The -norms of \Fa{§^, Ol ^nd t^/^KVaV')*! on the \s\ > L part of X are less 
than Kj. 

• The L? -norms of F^ and t'/^VaV' on the s-inverse image of any length 1 
interval in R are no greater than kj. 

This lemma is proved in Section 8.3. 

Part 2: The next lemma supplies a refined set of bounds for |a| and its covariant 
derivatives on Uc and Uq- This lemma and the subsequent lemma implicitly write S"^ 
on Uc and Uq as £'©(£' (g) K"^). Having done so, they then write ^ with respect to 
this splitting as (a, and they write the connection A as A = Ak + 2A with A being 
a connection on E. 

The notation in these upcoming lemmas refers to the complex structure on Uc and Uq 
that is defined using the metric and the compatible symplectic form ds A * w + w . The 
(1, 0)-part of the complexified cotangent space for this complex structure is the direct 
sum of the span of ds + i * w and dz on Uc and it is the direct sum of the span of 
ds + i *w and the (1, 0)-part of the tangent space to the constant-(s, u) spheres in Uq 
with the complex structure on being the standard one. These lemmas write Vao 
with respect to the (1,0)- and (0, 1) -splitting of the complexified cotangent bundle as 
9^0 + 9^0 with 9a a denoting (1,0) -part of V^a and with O^a denoting the (0, 1)- 
part. The lemma and the subsequent also introduce po to denote the diameter of the 
cross-sectional disk D that is used to define Uc- 

Lemma 8.2 There exists k > 100(1 + p^^) such that given any c > k, there exists 
Kc > K with the following significance: Fix r > and assume that the metric obeys 
(2.8), (3.12), and the (c, r = i)-versions of the conditions in the first two bullets of 
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(3.13). Assume that \wx\ < c and that wx obeys (3.11). Fix elements and 
from the Y_ and versions of Q with V -norm bounded by 1 . Assume in addition 
that their norms and those of their derivatives to order 10 on and T-Lq are bounded 

2 

by . Use this data to define the equations in (2.9). Let c_ and c+ denote respective 
solutions to the (r, fi^) -version of (2.4) on F_ and the (r, -version of (2.4) with 
o(c_) — a(c+) < cr^, and suppose that d = iA,ip) is an instanton solution to (2.9) 
with s — )• — oo limit equal to c_ and 5 — )• oo limit equal to 0+ . If p is a point in one 
of the domains Uc or Uq with distance greater than K^r^^/^(lnr)^ from the domain's 
boundary, then the following holds at p : 

• |/3p < e-v^/'^' and \a\^ < 1 + e~^'/'^^ . 

• |V^/3| + |VaVa/3| <e-^/«\ 

• \dAa\ < e^v^/'^'. 

• If |ap G 1 — K^^) at p, then either IVao^ > K^^r at p or the Hessian 
Vd\a\^ at p has an eigenvalue with absolute value greater than K~^r. 

centered at p . 
This lemma is proved in Section 8.4. 



Part 3: The final lemma here writes Fa on Uc and Uq as Fa = ds A £a + *Sa with 
£a and Ba denoting s-dependent, iM. valued 1-forms on either M/(^^Z) x D or T-Lq as 
the case may be. These 1-forms are written as 

i£A = -i(l-(TM\-\a\^) + U)dt + t + X and 
[Ba = -ia{T(\ - lap) + ^B)dt + t- X, 

where and 3b are functions, and where both r and X annihilate the vector field ^. 

Lemma 8.3 There exists k > it such that given any c > n, there exists Kc > 
200(1 + Po^) with the following significance: Fix r > and assume that the metric 
and Wx are (c, r = x) -compatible. Fix elements /i_ and from the F_- and F+- 
versions of with V-norm bounded by 1. Assume in addition that their norms and 
those of their derivatives up to order 10 on Uy and T-Lq are bounded by e^^ . Use all 
of these data to define the equations in (2.9). Let c_ and denote the respective 
solutions to the (r, n-)-version of (2.4) on F_ and the (r, fi^) version of (2.4) on 7+ 
with a(c_) — a(c+) < r^"^/"^. Suppose that d = (A, ip) is an instanton solution to (2.9) 
with s — oo limit equal to c_ and s ^ oo limit equal to c+ . Let p denote a point 
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in either one of the domains Uc or Uq with distance k or more from the domain's 
boundary. Then the following are true at p : 
, _r-ioo<i_^<l+r-ioo 

. |r| < Kr-ioo . 

• \X\^ <2r^a{\-a){\-\a\^) + Kr-'^^°. 

• \V£a\ + \VBa\ < Kr^^. 

Lemma 8.3 is proved in Section 8.5 modulo a key lemma which is proved in Section 
8.6. 



8.2 Proof of Proposition 3.4 

This part of the subsection uses what is said in Lemmas 8.1-8.3 to prove Proposition 
3.4. The argument assumes that the integral of iF^ over C is negative so as to derive 
nonsense. This is done in the seven parts that follow. Before starting, note that the 
assumptions in this proposition allow Lemmas 8.1 and 8.3 to be invoked, and the 
conclusions of Lemma 8.3 imply in particular that Lemma 8.2 can be invoked as well. 



Part 1: This first part of the proof sets the stage for what is to come by supplying two 
observations about the pull-back of iF^ to C. What follows is the first observation: 

/ 

(8.2) The integral of — F2 over C is an integer. 

2tt 

This follows from Lemma 7.6 since the latter implies that A is flat and a/\a\ is 
A-covariantly constant where 1^1 » 1 on C. 

The second observation concerns the function F on C that is defined by writing the 
pull-back to C of iF^ as ¥ ds f\dt: 

(8.3) The function F is nearly non-negative in the sense that F > —cqx:^^^. 

This follows directly from the formula given below for F using the second bullet of 
Lemma 8.2 and the first and second bullets of Lemma 8.3. The upcoming formula for 
F uses (6'Aa)o to denote the ds + i *w component of o^ia and use (9^0)0 to denote 
the ds — i*w component of 9a a. Here is the promised formula for F: 

(8.4) F = (1 - p)(l - CT) (r(l - |a|2) + 3^) + p{\{dAa)o\^ - \{dAa)o\^). 



This formula follows directly from (3.15) and (8.1). 
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Part 2: Let I C M denote the set characterized as follows: A point is in I if the 
the integral of F over the slice {s} x 7 in C is negative. The following assertion is a 
direct consequence of (8.2) and (8.3): 

(8.5) If J iF^ < then the measure of the set I is greater than Cq 'r'*'°. 

Granted (8.5), there are at least Cq ^r"'*' disjoint open intervals of length 1 in M with 
center point in I . This understood, use the first bullet of Lemma 8.1 to find an interval 
/ C M of length 1 with center point in I, with 1^1 > L + 2 and such that 

(8.6) / (|F^(|-,.)|2+r|(V^^),|2) <r-''7. 
This inequality enters the story in Part 6. 



Part 3: Let s £ I denote /'s center point and thus a point for which the integral of F 
over {s} X 7 is negative. As will be explained momentarily, the lower bound in (8.3) 
for F leads to the following observation: 

(8.7) The variation of p over {s} x 7 is no greater than cor~^°. 
To prove this, first use the fundamental theorem of calculus to see that 

(8.8) sup p- inf p < Co / p'|(VAa)op. 

{.v}x7 {4x7 J{.v}x7 

The bound in (8.7) follows from (8.8) using the lower bound for F and the third bullet 
of Lemma 8.2. It follows from (8.8) that \a\^ < | on the whole of 7. 

Part 4: This part uses the conclusions of Part 3 to deduce the following: 

(8.9) The function u on the \u\ < 1 part of {s} x (7 n Hq) obeys a < c^r^^^ . 

To see why this is the case, let is,p) denote a given point in the |m| < 1 part of 
{s}x{'-fn'Ho) where a > 0. Let 5 denote the cross-sectional sphere in T-Lq that contains 
p. Use(3.15)to write the pull-back of Fa to 5 as ^bJzAJz with B = cr(r(l — |ap)+3B). 
Use e to denote the value of a at is,p). Invoke the first and second bullets of Lemma 
8.3 to conclude that value of B at {s,p) is greater than |re — cor"^"". The fifth bullet 
of Lemma 8.3 finds that B > Cq^ts on the radius Cp^^r'/^e disk in the cross-sectional 
sphere {s} x S with center at is,p). Meanwhile, the first bullets of Lemma 8.3 and 
Lemma 8.2 imply that B > — cor~^^ on the whole of {s} x S, and so the integral of B 
over {s} X 5 is no less than c^^e^ — cot~^^ . This integral must be zero because the 
first Chem class of E has zero pairing with the cross-sectional spheres in Hq . Thus 
e < cor~^^ . 
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Part 5: What is said in Part 4 implies that (1 — p) < cor^^" on {s} x 7. Indeed, if 
tliis bound is violated, then it follows from (8.7) and the formula for F in (8.4) that the 
integral of F over the |m| < 1 part of {s} x 7 is greater than cqt^'^^ . Given the lower 
bound in (8.3), this last lower bound runs afoul of the assumption that F's integral over 
{s} X 7 is negative. The small size of 1 — p implies in particular that |ap > | on 
{s} X 7. 

Part 6: Granted the conclusions of Parts 4 and 5, then the fourth bullet of Lemma 
8.2 asserts that one or the other of the following are true at each point in the |m| < 1 
part of {5} X (7 n T-Lq): Either |VAa|^ > Cq V or the Hessian matrix V<i|ap has 
an eigenvalue with absolute value greater than Cq V. As explained next, this has the 
following consequence: 

d 

Let (6^10)1 denote the component of otia that annihilates both — 

OS 

YQ) ^i^d the kernel of w. Then 1(6^0)1 1^ is greater than Cq 'r^^^ at all points 
in a radius Cq^v~^^^ ball with center at distance less than cqv~^^^ 
from each point in the |m| < 1 part of {s} x (7 n T-Lq). 

To prove this, suppose first that | Vac^P > Cq ^r at a given point. Use the third bullet of 
Lemma 8.2 to see that one or both of \{dAa)i p and |((?Aa)oP are greater than Cq ^r. In 
the latter case, the third bullet of Lemma 8.2 implies that |(VAa)sP is greater than Cq 'r 
at the point, and the second derivative bound from the fifth bullet of Lemma 8.2 implies 
that |(VAa)sP > Cq V at all points in a radius Cq V^^/^ ball centered on this point. 
This being the case, the integral of |(VAa)iP over this ball is greater than Cq ^r~^ and 
this violates (8.6). Granted that |(VAa)iP > c^^v at the given point, then the second 
derivative bound from the fifth bullet of Lemma 8.2 implies what is asserted by (8.10). 

Now suppose that the Hessian matrix VJ|ap at the given point has an eigenvalue 
that is greater than CfJ'^r. Let v denote a unit length eigenvector at the point with 
such an eigenvalue. As will be explained directly, this vector must be such that 
|j5(v)| + \dt{v)\ < -j^. To see why this is the case, suppose to the contrary that the 
latter bound is violated at a given point. It then follows from the first and fifth bullets of 
Lemma 8.2 that |(VAa;).«| > Cg 'r'/^ at all points in some ball of radius Cq ^r^'/^ whose 
center has distance at most cor'/^ from the given point. This implies in particular that 
the integral of |(VAa)iP over this same ball is no less than cqt^^ . But this is nonsense 
as it runs afoul of (8.6). 

The fact that v is a unit length vector implies that \dz{v)\ > ^. Use this lower bound 
for |<iz(v)| with the third bullet of Lemma 8.2 and the second derivative bounds from 
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the fifth bullet of Lemma 8.2 to see that |(9Aa)ip > Cq ^r^/^ at all points in a ball of 
radius Cq 'r~'/^ whose center point has distance at most cor^'/^ from the given point. 

Part 7: Introduce the connection Ai on £"s restriction to / x Tio that is obtained 
from (A, a) by the formula Ai = A — ^(aVAa — aV^a). The curvature 2-form of Ai 
is 

(8.11) = (1 - IoIVa + Vao A Vao. 

Let (s' ,p') denote the center point of a ball that is described by (8.10). Introduce 
S C Tio to denote the cross-sectional sphere that contains the point p' . Use (3.15) to 
write the pull-back of the curvature of Ai to {s} x S as Bidz /\ dz with Bi given by 

(8.12) Bi = a{l - |a|2)(r(l - \a\^) + u) + |(5Aa)i|' - \(dAa)i\\ 

with {dAa)i denoting here the dz component of Bau. The function Bi is also very 
nearly non-negative in the sense that B i > — cor~ , this being a consequence of what 
is said in the first and third bullets of Lemma 8.2 and the first and second bullets of 
Lemma 8.3. This understood, then it follows from (8.10) and this lower bound for Bi 
that the integral of Bi over {s'} x S is positive. But this is nonsense because the latter 
integral computes lir times the pairing of the first Chem class of E with the homology 
class defined by S, and this pairing is equal to zero. □ 



8.3 Proof of Lemma 8.1 

The bounds in the lemma constitute a particular case of bounds that are used in Chapter 
24 of [KM]. As most of the machinery behind what is done in [KM] is not needed 
for the proofs, the argument for Lemma 8.1 is presented momentarily. What follows 
directly lays a convention that is invoked implicitly in the arguments for Lemma 8.1 
and in some of the subsequent lemmas. 

If X is the product WxYz, the bundles E and K^^ over Yz pull back via the projection 
to define bundles over X; their connections Ae and Ak likewise pull back to define 
connections on these bundles. The bundle det(S"'") is isomorphic to E^ K~ ^ and thus 
to the pull-back of det(S) . Fix once and for all an isometric isomorphism. 

Suppose now that X is not a product. Use the embedding in the second bullet of (2.7) 
to identify the < — 1 part of X with (— oo, — 1] x F_, and then use the projection 
to Y to view the F_ version of the bundle S as bundles over the ^ < — 1 part of 
X. The bundles S+ and are isometrically isomorphic to S via an isomorphism 



HF — HM V : Seiberg-Witten-Floer homology and handle additions 



111 



that covers the isomorphisms between both A+ and and T* Y given by the interior 
product with ^ . Fix such an isomorphism once and for all. This induces a Hermitian 
isomorphism between the bundle det(S+) over the 5 < — 1 part of X and the Y version 
det(S). Fix once and for all an isometric isomorphism between these bundles. Use 
this isomorphism with the pull back via the composition of the embedding from (2.7)'s 
second bullet and the projection to F_ to view Ak + 2Ae as a Hermitian connection on 
the 5 < — 1 part of det(S+). The analogous constructions can be made on the s > \ 
part of X using the version of S and so define an incarnation of the version of 
Ak + 2Ae as a Hermitian connection on det(S+). 

Suppose for the moment that A is a given Hermitian connection on det(S+) — X. If 
X is the product E x F2 > then A can be written as Ak + 2A with A now a connection 
on the bundle £ — )• X. There is a map m : X — )• 5' such that A — ii^^du = + a^ 
where a^ annihilates the vector field ^ . If X is not the product, then A can be written 
as Ak + 2A on the 5' < — 1 and s > I parts of X with A being a connection on the 
incarnation of E over the relevant part of X In this case, there exists a map u as just 
described but with domain the ^ < — 1 part of X, and likewise there exists such a map 
with domain the s > I part of X. 

The map u in the case when X = M. x Yz is unique up to multiplication by an 5- 
independent map from Yz to , and in the other cases, it is unique up to a map from 
the either the 5<— lor5>l part of X whose differential annihilates ^ . The 
convention in each case is to take a map u whose restrictions to the constant s slices of 
its domain are homotopic to the constant map to . 

The connection A^: = A — u^^du can be viewed as a map from M or (—00, —1] or 
[l,oo) to Corm{E\¥,) with either Yz or y_ or F+ as the case may be. If ip is a 
given section over X of S, then = uip can likewise be viewed as a map from M 
or (—00, —1] or [1, 00) to C°°(F=k; S|y,). When viewed in this light, the equations in 
(2.9) can be written as equations for (A,,, V'*) on the whole of X when X is the product 
cobordism, and on the s < —L and s > L parts of X when X is not the product 
cobordism. These equations are: 



The notation here uses wx* to denote the 2-form w when X is the product cobordism. 
When X is not the product cobordism, wx* denotes the ^^-dependent 2-form that is 
defined on the relevant constant s slices of X by the pull-back of wx ■ In particular, 
Wx* = w on the components of the s < —L and s > L parts of X where ci(det(S)) is 



(8.13) 




^A* + Ba* - r {iI^ItiI}* - i * wx,) - \Bak - idfj.^ = and 
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not torsion. What is denoted in (8.13) by /x^ is either fx, ^_ , or /x+ as the case may 



Proof. The proof has four steps. 

Step 1: The assertion that < k is proved by using the Weitzenbock formula to 
write D^P^V V^VaV' + cl(i^^)?/' + l^'ip where R denotes the scalar curvature 
of the Riemannian metric. Granted this rewriting, it then follows from (2.9) and from 
the assumed bound on the norm of Riemann curvature that the function IV'I obeys the 
differential inequality d^d\xp\ +r(|^/;p — \wx\ —Cc)\ip\ < 0. Use the maximum principle 
with this last inequality and the large 1^1 bounds on that follow from Lemma 7.1 
to see that IV'I < c + cq. 

Step 2: Let denote either L or Lfor ■ Then use I C M to denote either M , ( — oo , — L] 
or [L, oo). Define to be Yz in the case when I = M. When I = (— oo,L*] or 
[L*, oo) and = L, define to be the union of the components of the constant 5 G I 
slices of X where ci(det(S)) is not torsion. In the case when = L,or, define Y^ to 
be the union of the components of the constant 5 G I slices of X where ci(det(§)) is 
torsion. Write A on I x 7=,, as Ak + 2A and introduce by way of notation d\s to denote 
the pull-back to {s} x of (A,-ip). Also introduce ^(A,ip) to denote 

(8.14) ^(A,i/;) =Ba- r(V'VV' -i*w) + i* dfi^ + ^Ba^, 

with /i* denoting either fi^ or ^+ as the case may be. Use Da in what follows to 
denote the Dirac operator on as defined using the connection Ak + 2A for the 
Spin' -structure with spinor bundle S = S"^. Suppose that s' > s are. two points in 
I . Take the L^-norm of the left hand expressions in both equations of (8.13) over 
[s, s'] X F* . The square of these norms are zero. This being the case, integration by 
parts in the expressions the square of these -norms results in an identity of the form 



Taking limits in (8.15) as s ^ — oo or as 5' — oo as the case may be leads to the 
identities 



(8.16) 

IiIixyMM^ + |5S(A,^)|' + 2r(||V*l' + |£>aV'I')) = a(c„) - a(5|,=_Lj. 
U/ixr.(l|^*l' + |5S(A,^)P + 2r(||V*l' + I^'aV'P)) = a{d\,=u) - a(c+). 



be. 
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Note that the identities in (8.15) and (8.16) hold with c) = (A^f + 2A, V') on the right 
hand side. By way of an explanation, the integration by parts proves the analogs that 
have c)* = {Ak + 2A*, V'*) used on the right hand side, and if they hold using t)* , then 
they hold using 5 because the restriction of the map m to any slice {s} x F^, in I x 7=,, 
is homotopic to the constant map to . 

Step 3: The assertion made by the first bullet of Lemma 8. 1 follows directly from 

(8.16) when the data is such that X is the product cobordism. The proof in the general 
case and the proof of the second bullet of Lemma 8.1 use an integral version of the 
Weitzenbock formula for the operator V^V^. The details follow directly. 

Integrate r(-(/;V-(/;— 5H'x)+itt)+p+2r|I?^V'P over i'~^([— L— 3, L+3]) and denote 
the result by X. Integrate this same expression over the respective 1^1 G [L, L*— 4] and 
[L^, — 5, L* + 1] parts of Xtox ■ Denote these integrals as Ttoro and X,oti . In each case, let 
denote the region of integration and let d-X^, and d+X^, denote the two boundaries 
of the relevant region of integration with d^X^ at the smaller value of s and at 
the larger value. Use the Weitzenbock formula for P^D^V from Step 1 with Stokes' 
theorem to rewrite the identities X = 0, Ttoro = and Xfori = respectively as 

(8.17) ]- [ {\FA\^+T^\i^^T^-iwx\^ + 2r\VAi^\^) + u = amp_xJ-a{d\p^xJ, 

with i=K in the case of X and X,oi i denoting a term with absolute value no greater than 
cocr(/^._i^j_^_3 /^+3])(|^Ap)'^^ + cor'+'''/''. In the case of X,oro> the absolute value of 
i* is no greater than cocL*r. This bound on in the case of X and X^ro is a direct 
consequence of the bounds on the norms of the Riemannian curvature tensor and wx , 
the size of L, the volume of the ^'-inverse image of intervals, and the bound IV'P < 2c 
from Step 1. In the case of ItorO, the bound for is a consequence of the fact that 
dwx = on the integration domain, this being the assumption made by Item c) of the 
fourth bullet of (3. 13). By way of an explanation, in this case can be written as sum 
of three terms, these denoted by ig, and ik- The term that is denoted by ig gives 
the contribution of the scalar curvature term in the Weitzenbock formula for D^D^. 
As such, it is bounded by the integral of cor|V'P over the 1^1 G [L, L* — 4] part of Xtor- 
The bound < cqc leads to a bound on |ig| by cqctL^ . 

The term that is denoted by comes by writing \F^ — r('0V'0 — ^wx) + 'tf^P as 
the sum of \Fj^ — i{iJj^tiJj — ^wx)\^ with terms that involve w^. One of these terms 
has the inner product between and tt)+ . Stokes' theorem identifies the integral of 
the latter with the contributions to the boundary terms on the right hand side of (8.17) 
from the part of the functional o. The other ro^ terms are bounded by the integral 
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over X* of co(r l^/^p — \ jWx\ |tf^| + Iro^p). This understood, the bounds on \'if;\'^ 
and \wx\ lead to abound on |t^| by cocrL*. 

What follows explains how the term \k in i* arises. The dwx = assumption is used 
to derive a suitable bound on | //f | . As noted above, the derivation starts by writing 
\F^ — ri'ipWip — ^wx) + P as — ri'ipWip — ^wx)\^ plus terms that involve rD+ . 
The norm — r(7/;V^/; — wx)\^ is then written as a sum of r^l^VV' — ^wxp 

and twice the inner product between Fj^ and riip^rtp — ^wx)- The integral over 

of the term with the inner product between and rtp^rip is cancelled by the 
contribution from the term in the Weitzenbock formula for V^V^tp. The inner 
product between and — ^twx is equal to that of Fa with — jiwx and thus its integral 
is that of rFA A wx- Stokes' theorem identifies most of the latter with the contributions 
to the boundary terms on the right hand side of (8.17) from the rw term in a. The 
term designated by \k is what remains after the application of Stokes' theorem. To say 
more about ik, note that the application here of Stokes' theorem requires writing A as 
Ak + 2Ae + aA with Sa being an /-valued 1-form on X*. Stokes' theorem involves 
only a.A ■ The i^^ term is the integral of ^vFaj^+iAe ^ ■ This understood, the bound 

< cqcvL^ follows from the \wx\ < c assumption. 

There is one other subtle point with regards to the derivation of (8.17) in the case when 
X* is the 1^1 < L + 3 part of X, this being that the application of Stokes' theorem 
requires a Hermitian connection on the bundle det(S+) whose curvature has norm 
bounded by r'^ ' / with c i being a constant that is independent of c) , r , c , the metric and 
Wx ■ The pull back of this connection from the s < —L and s > L part of X via the 
embeddings from the second and third bullets should also be the respective Y and 7+ 
versions of Ak + 2Ae. Such a connection can be constructed using the isomorphism 
between de-Rham cohomology and the Cech cohomology that is defined by a cover 
of the \s\ < L + 1 part of X by Gaussian coordinate charts with the property that the 
any given number of charts have either empty or convex intersection (see Chapter 8 
in [BT]). The r^/'^-bound on the norm of Riemannian curvature and the r"'/*^ lower 
bound on the injectivity radius can be used to obtain such a cover by sets of radius 
greater than r^^o/'^ . As the connection is constructed from the de-Rham isomorphism 
using a subbordinate partition of unity, this lower bound on the minimum chart radius 
can be used to construct a connection on det(§"'") with an r'^o/c bound on the norm of 
its curvature. 



Section 8.6 says more about i* when the (c, r = r) version of (3.13) is assumed. 
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Step 4: Define X*, 5_X*, and 9_|_X* as in Step 3. Granted Step 3's bound for the 
norm of the term in (8.17), then (8.15) and (8.17) imply that 

(8.18) a(t)|a+xj < a(5|a_xj + cocV. 

Thisinequality with the top identity in (8. 16) imply that o(c+) < a{D\s) < o(c_)+cocV 
when s > L; and the identity in the bottom bullet of (8.16) and (8.18) imply the 
inequalities a(c-) > a(d\s) > a(c+) — cqc^t^ when s < —L. Given these inequalities, 
then (8.17) implies that 

(8.19) ^1 (|FA|'+r'|V'VV'-/wxP + 2r|VAVl^) < a(c-)-o(c+) + cocV. 

This last inequality with the identities in (8.15) and (8.16) imply directly the assertion 
made by the first bullet of Lemma 8. 1 and it implies the second bullet when the length 
one interval is part of [— L — 3,L + 3] or [— L* — 1, — L* + 5] or [L^: — 5,L=|, + 1]. 

Granted what was just said, the second bullet of Lemma 8.1 holds if its assertion 
is true when the length one interval is disjoint from [— L,L], [—L^, — L* + 4] and 
[L=K — 4,L*]. To prove the assertion for these cases, use (8.18) with (8.15) and (8.16) 
to see that a{d\s) — 0(01^/) < cqc^t^ if s > s' and if both are in the same component 
of the complement in M of any of these three intervals. This fact is exploited for the 
case s' = s + I using an integration by parts argument to rewrite the integrand on 
the left hand side of the 5' = 5 + 1 version of (8.15) so as to have the same form as 
the integrand on the left hand side of (8. 17). The resulting inequality with the bound 
o(t)|,v) — a(0|i+i) < CQC^r^ leads directly to what is asserted by Lemma 8.rs second 
bullet. □ 



8.4 Proof of Lemma 8.2 

The proof of Lemma 8.2 has five steps. By way of a look ahead, the arguments depend 
crucially on the fact that the metric with the 2-form ds A *w + w define a Kahler 
structure on Uc and on Uq. The proof that follows considers only the special case 
where both ^_ and ^_|_ vanish on the respective Y and versions of and T-Lq . 
The argument in the general case is little different and so not given. 



Step 1: Let V* denote either Uc or Uq. The fact that the metric with ds A *w + w 
defines an integrable complex structure on V* has following consequence: View /3 as 
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a section of the (0, 2)-part of A^T* V=k (>S> C. Then the right most equation in (2.9) can 
be written on either Uc or Uq as 

(8.20) Bao + d\p = 0. 
This last equation implies that /3 obeys 

(8.21) V;^ Va/3 + r(l + \a\^ + |/3|2)/3 + r/3 = 0, 

where r is determined solely by the metric. In particular, the absolute value of r and 
its derivatives to any specified order are also bounded by cq. The equation just written 
implies that obeys the differential inequality 

(8.22) dU\/3\^ +r\/3\^ + \Va/3\^ <0. 

This last inequality is exploited momentarily with the help of the Green's function for 
the operator + r. 

Let X € V^: denote a given point and let Gv(-) denote the Dirichlet Green's function for 
d^d + r with pole at x. Keep in mind for what follows the following fact about Gx{-): 
It is non-negative and it obeys: 

(8.23) GA-) < CO .. J 

dist(x, •) 

Introduce D : V* — [0, cq) to denote the function that measure the distance to the 
boundary of V*. Fix x in the interior of D*, multiply both sides of (8.22) by Gx(-) 
and integrate the resulting inequality over V* . An integration by parts in the left hand 
integral using the bound < cqc from Lemma 8.1 leads directly to the following 
inequahties: 



(8.24) 



The second inequality is used in Step 3 to derive bounds on the higher order derivatives 
of /3. 



Step 2: This step constitutes a digression to state some very crude bounds for the 
norms of Fa, VaV' their covariant derivatives. The following lemma states these 
bounds. 

Lemma 8.4 There exists k > tt such that given any c > k, there exists with the 
following significance: Fix r > and assume the (c, r = r) version of the first two 
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bullets of (3.13). Assume in addition that \wx\ < c and that the norms of its derivatives 
to order 10 are bounded by x^l^ . Fix respective elements fx^ and fi^ from the and 
7+ versions of J7 with V -norm bounded by 1 . Use this data to define the equations 
in (2.9). Let £) = (A, ^) denote an instanton solution to (2.9) with and r^/^| VaVI 
having L^-norm less than a on the s -inverse image of any length I interval in M. 
Then the norm of Fj^ and | Va^| , and those of their derivatives up through order 4 are 
bounded everywhere by kj'^" . 

Proof. This follows using a standard elliptic boot-strapping argument since the equa- 
tions in (2.9) can be viewed as elliptic equations on any given ball in X for a suitable pair 
on the C°°(X; 5' ) -orbit of (A, tp). Except for one remark, the details of this bootstrap- 
ping are completely straightforward and so they will not be presented. The remark 
concerns the fact that the assumed lower bound for the injectivity radius is needed 
for the proof so as to invoke various Sobolev embedding theorems using embedding 
constants that are bounded by powers of r. □ 

The bounds supplied by Lemma 8.4 are used in the next step. 



Step 3: To obtain the asserted bound for the covariant derivative of (3 , differentiate 
(8.21) and commute covariant derivatives to obtain an equation for Va/3 that has the 
schematic form 

(8 25) VaVa(Va/3) + r(l + \a\^ + \(3\^)Va^+ 

mFAWA^ + ^i(VFa)/3 + r^R2(VAV')VA/3 + ti Va/3 = 0, 

where and 9^2 are endomorphisms that are linear functions of their entries 

and are such that |1H*(^)| < co\b\ . Meanwhile, ti is such that |ri | < cq also. Take the 
inner product of both sides of (8.25) with Va/3 and invoke Lemma 8.4 to see that 

(8.26) dUi\VAl3\^) + r|VA/3|' + |VaVa/3|' < c,r^'(| Va/3|' + |/3p), 

where here and in what follows denotes a constant that is greater than 1 and 
depends only on c. The value of can be assumed to increase between consecutive 
appearances. 

Fix a point a; G V* with distance greater than cor~^/^(lnr)^ from the boundary of . 
Having done so, multiply both sides of (8.26) by Gx and integrate both sides of . 
Use the second bullet in (8.24) to bound integral on the right hand side of the resulting 
inequality by coe^^/'^" when r > . An integration by parts on the left hand side 
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using Lemma 8.4 to bound | Va/3| on the boundary of V* and the bound just stated 
implies that 

(8.27) |V/3aP(x) + [ G,|VaVa/3P < coe'v^/^» 

Jb 

when r > Cc. This gives the desired bound for |Va/3| . 

To obtain the bound for | VaVa/3| , differentiate (8.25) twice and take the inner product 
of both sides with VaVa/3 after commuting co variant derivatives. The result is an 
equation that looks much like (8.26) with Va/3 replaced by VaVa/3 on the left hand 
side and with the addition of the term r^''| VaVa/S^ on the right hand side. Granted 
that this is the case, then the same Green's function argument that led to (8.27) leads 
to an analogous bound for |VaVa/3P. 

Step 4: This step and Step 5 addresses the assertions of Lemma 8.2 that concern a. 
To start, act by d\ on both sides of (8.20), commute covariant derivatives and use the 
bounds from Lemma 8.2 for |/3| to see that a obeys an equation that has the form 

(8.28) V^^Vao - r(l - \a\^)a = e, 

where |c| < e^^/'"" when r > c^. This equation implies that w = 1 — |ap obeys a 
differential inequality of the form 

(8.29) (^^d^ + rw > IVao^ + rw^ - 6'-^')'°. 

Use of the Green's function Gx with the fact that |w| < cqc on the boundary of 
along the same lines as in Parts 1 and 3 finds w > g^v^/'^o ^t distances greater than 
cor~^/^(lnr)^ from the boundary of when r > c^. This is the \a\^ assertion in the 
first bullet of Lemma 8.2. 

The assertion in the third bullet follows directly from (8.20) given Lemma 8.2's bounds 
for |/3| and | Va/3| . The assertion in the fourth bullet follows directly from (8.29) given 
that w(l — w) = |ap(l — |ap) and that this is greater than at points where |ap is 
between 5 and \ — 5. The assertions in the fifth bullet about the covariant derivatives 
of a are proved in Step 5. 

Step 5: This step derives the asserted bounds in the fifth bullet for the norms of the 
covariant derivatives of a . To do this, suppose that G is such that \Fa\ < cr on the 
ball of radius cqv~^/^ centered at x. Use in what follows to denote the rescaling map 
from to that is given by the rule x i— )• r^{x) = r~^/^x. The pull-back of (A, ^) by 
this map is denoted by (A^, V'r)- The bound \Fa\ < cr implies that the absolute value 
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of the curvature of is bounded in the radius 1 ball about the origin in is bounded 
by c. Meanwhile, the pull-back of the equations in (2.9) by this map constitutes a 
uniformly elliptic system of equations (modulo the action of C°°(C^; S^) in the radius 
1 ball about the origin in with coefficients that have r-independent bounds for their 
absolute values and for those of their derivatives to any a priori chosen order. This 
understood, the fact that |^/)r| < 2 in this ball and the afore-mentioned bound by c for 
the norm of the curvature of imply via standard elliptic bootstrapping arguments 
that the -covariant derivatives of -^r through order 2 are bounded by cq c in the radius 
Cg ' ball about the origin in . Granted these bounds, use the chain rule of calculus to 
obtain the bounds asserted by the fifth bullet of Lemma 8.2 for the covariant derivative 
of a. □ 



8.5 Proof of Lemma 8.3 

Use again to denote either Uc or Uq. The functions ia and 3b are both equal to 
r|/3p on V* and so what is asserted by the second bullet of Lemma 8.3 follows from 
the first bullet of Lemma 8.2. The absolute value of r is bounded by cor|a||/3| on 
y^, and so the third bullet of Lemma 8.3 also follows from the first bullet of Lemma 
8.2. The bounds in the first bullet of Lemma 8.3 follow from the bound in the fourth 
bullet and that for \a\^ in the first bullet of Lemma 8.2. If the bounds in first through 
fourth bullets of Lemma 8.3 hold, then \Fa\ is bounded by cor at the points in y* 
with distance from the boundary of V^^. Granted that this is the case, then the 

rescahng argument in Step 5 of the proof of Lemma 8.2 can be used to derive the bound 
given in the fifth bullet of Lemma 8.3. 

The upcoming Lemma 8.5 is the critical ingredient for the proof of the fourth bullet of 
Lemma 8.3. The a(c_) — a(c+) < assumption in Lemma 8.3 and the final three 

bullets of (3.13) are needed only to invoke Lemma 8.5. 

Lemma 8.5 There exists k > 100(1 + p^') such that given any c > k, there exists 
Kc > K with the following significance: Fix r > and assume that the metric and wx 
are (c, r = r) -compatible. Fix elements /i_ and /i+ from the Y and versions of 
O with V-norm hounded by I and use this data to define the equations in (2.9). Let c_ 
and c+ denote solutions to the (r, jj.^) -version of (2.4) on F_ and the (r, /i_|_) version 
of (2.4) on F+ with a(c_) — a(c+) < r"^^^/^. Let d = (A, ■0) denote an instanton 
solution to (2.9) with s — )• — oo limit equal to c_ and s ^ oo limit equal to c+ . Use 
B to denote a ball of radius in the domain Uc or in the domain Uq with center at 
distance k^^ ormorefrom the domain's boundary. Then r |1 — < k.j^^^^'^' . 
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Lemma 8.5 is proved in Section 8.6. Granted Lemma 8.5, then the six steps that follow 
prove the fourth bullet of Lemma 8.3 in the case when /i_ and /i+ are zero on the Y_ 
and version of Uy and Ho ■ The proof when they are not zero but bounded by 
is little different and so not given. 

Step 1: Let V* denote either Uc or Uq. Keep in mind that metric on has 
non-negative Ricci curvature tensor, that the 2-form = w is covariantly constant 
on V* , that both tt)^ = and that B^^ is covariantly constant on . These facts with 
the bounds from Lemma 8.2 for |/3| and | V/i/3| have the following implication: Let s 
denote \£a — Ba\- Granted that r > c^, then the equations in (2.9) imply that s obeys 
the differential inequality 

(8.30) d^ds + r\a\^s < r|VAap + g-v^A'" 

at the points in with distance greater than cor~'/^(lnr)^ from the boundary of V*. 
Let w again denote 1 — \a\^ and let qo denote s — rw. It follows from (8.29) and 

(8.30) that 

(8.31) dUqo + r\a\^qo < e-^'/'° 

at the points in with distance C()r^'/^(lnr)^ or more from V^, 's boundary if r > c^. 

Step 2: Fix p* > but such that < lO^^po- Fix ^'o G M. Let V C denote 
the set of points in the (^'o — 1 — p*, so + 1 + P*) part of V* with distance or more 
from the boundary of V* , and let V C V denote the set of points in V* with distance 
greater than 2p^, from the boundary of V*. Thus, each point in V has distance p* or 
more from the boundary of V' . 

Fix a sequence {?«}„=!,... of smooth, non-negative functions on V' with the following 
properties: Each function in this series is bounded by 1 and is equal to 1 on V. Second, 
<ji has compact support and for each n > I, the function ?„+i has compact support 
where = 1 . Finally, the absolute values of the first and second derivatives of the 
functions in this series enjoy 5o -independent upper bounds. 

Step 3: For each integer « > 1, set = max(<j„^„_i,0). Use qo to denote the 
maximum of qo ; and for n > 1 , use ^„ to denote the maximum of qn ■ Note that 
In < 1n-i ■ It follows from (8.31) that if r > c^, then any given n > I version of q„ 
obeys 

(8.32) dUqn+r\a\^qn < {dd\n)qn-Y + 2{dqn,dqn-i) + CQe^^'''\ 
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where (•, •) denotes the metric inner product. Fix a constant z„ > 1 to be determined 
shortly, and let g,,^, denote the maximum of and ^„ — ^^"^Znln-i ■ The function q,,^, 
obeys 

(8.33) 

<Z„^„_iW + {- Znqn-\+ iddhn)qn-i + 2{d(,„ , dqn-\)) + cqb ^'/'■». 

Note also that qn^ has compact support in V' since qn — v^^Zn<ln-\ = — r^z«?fi-i on 
the complement of the support of ^„ . 



Step 4: Fix x in the interior of V' and let Gx now denote the Dirichlet Green's 
function for the operator d'^d on V' with pole at x. The function is non-negative, 
|G;,(-)| < Co dist(x, and \dGx{-)\ < cq dist(;t:, 0"^ ■ Multiply both sides of (8.33) by 
Gx and integrate the two sides of the resulting inequality over V' . Integrate by parts 
on both sides to remove derivatives from and q„^i to obtain the inequality 

(8.34) qU^) < Znqn-i I ( ■■ J .. w) + i-c^hn + e„)^„_i + 

Jv'dist{x,-y ' 

where e,, < cq sup^gy/(|<i^<i?„| + |c??n|). Granted this bound, a purely « -dependent 
choice for z„ leads from (8.34) to the inequality 



1 



e 



(8.35) ^«*(^^^^"^"-^X,(dii^(^") + 
Lemma 8.5 is used to exploit this inequality. 

Step 5: Fix p > and break up the integral in (8.35) into the part where dist(x, •) is 
greater than p and the part where dist(x, •) is less than p. Having done so, appeal to 
Lemma 8.5 and the first bullet of Lemma 8.2 to see that 

(8.36) qn,{x) < Znip'^r"'/'" + , + v^/^o 

when r > Cc- Let c* denote the value of cq that appears in (8.36). Take p = r"'/"**^* 
in (8.36). The resulting right hand side is independent of x; and this leads directly to 
the inequality 

(8.37) ^„ <z„r-i/2-*^„_i+e-^A-« 

when r > Cc- As Lemma 8.4 finds qo < r^s what is written in (8.37) impUes that an 
n = Cc version of q„ is bounded by r^^°". 
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Step 6: Since = 1 on V, the conclusion from Step 5 implies that 

(8.38) \£a - Ba\ < r(l - \a\^) + r^^oo 

at all points in V. Square both sides of (8.38). What with the bounds for I^aI and \^b\ 
from Lemma 8.3's second bullet, the resulting inequality implies that 

(8.39) (1 - 2cj)V(l - |a|2) + |Xp < r^il - laP) + cor"''^^; 



and rearranging terms writes this as 

(8.40) |Xp < 2rV(l - o-)(l - |ap) + cqt^^'^^ 

This is gives the bound stated in the fourth bullet of Lemma 8.3. □ 



8.6 Proof of Lemma 8.5 



The proof has six parts. Parts 1 and 2 revisit the formula in (8.15) and Part 3 revisits 
the formula in (8.17). These steps present the proof in the case when ci(det(S)) is 
non-torsion on all components of the |s| > 1 part of X. But for the two remarks that 
follow, the proof when Xfor 7^ differs only cosmetically. 

The first remark concerns the formula in (8.17) in the case when X* is the respective 
1^1 E [L,L* — 4] part of X^i-, the remark being that the absolute value of i,,, in this 
case is bounded by coc^rlnr. The reason is as follows: As noted subsequent to (8.17), 
the absolute value of the relevant version of i,,, is bounded in any event by cocrL* . 
Meanwhile, the first bullet of (3.13) bounds L^, by clnr. 

The second remark concerns (8.17) in the case when X* is the \s\ G [L^, — 4,L=k] part 
of Xfor , this being that the absolute value of the corresponding version of i* is at most 
Co when r is larger than a purely c -dependent constant. Given Item d) of the fourth 
bullet of (3.13), the proof that this is so differs only in notation from what is said below 
in Part 2 to prove the analogous bound for the version of 1=,, that appears in (8. 17) when 
X* is the \s\ G [L - 4,L] part of X. 



Part 1: Write d = (A,^). When X, the metric and wx are described by the 
first bullet of (3.14), use this pair as instructed in the proof of Lemma 8.1 to define 
the map iA^,^p^) from R to Conn(£') x C°°{Yz;S). When the second bullet of 
(3.14) is relevant, then (A^:,ip^:) as defined in the proof of Lemma 8.1 denotes a 
map from (—00, —1] to Conn(£'|y_) x C°°(F_; §|}'_) and also a map from [l,oo) to 
Conn(£'|y^) x C°°(y+; S|y+). 
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Set II = [— L, L] when X, the metric and wx are described by the first bullet of (3.14), 
and set to be either [— L, —L + 4] or [L — 4,L] otherwise. Use to denote the 
constant s Ii slice of X, this being either Yz, Y or 7+ . Write the metric on II x Y^: 
as (ii^ + g with g denoting an s-dependent metric on 7*. Define the 5^-dependent 
1-form w* on by writing wx as ds A *w* + w=k with the Hodge dual defined here 
by g. The two equations in (2.9) on the s e It part of X are equivalent to equations 
for (A=K , V'* ) that can be written as 



(8.41) 



'fA* + 5So=0 and 
_f V* +£>A.V'* =0, 



with denoting the following s £ II dependent 1-form on Y, 

d ^ 1 

^9^'-^ + -2 



(8.42) *Bo = Ba - r(V'V^ - /w,) + /»+(—, •) + -Sa^. 



By way of notation, Da, in (8.41) denotes the Dirac operator defined by the metric g, 
its Levi-Civita connection and the connection Ak + 2A* on the {s} x Y^ version of 
det(S). 



Part 2: If X, the metric and wx are described by the first bullet of (3.14), then the 
integration and use of Stokes' theorem that leads to (8.15) can be repeated with the 
domain of integration being s~^{[—L,L]) to find that 



(8.43) 



x¥z 



(|^A,|^ + |QS(A,^)|^+2r(| 



V',P + |DaV'P))+V 



a(n|.,=_L) - a(c)|,=L), 



where = when to^ is such that X, the metric, wx and tv^ define the product 



a 



^A=Kp) in any event. This being the case. 



metric, and where < co( f^^ 
the second bullet of Lemma 8.1 implies that |t^| < cor. 

Assume now that X, the metric and wx are described by the second bullet in (3.14). 
The derivation of (8.15) and (8.43) can be repeated with the domain of integration 
being s^^([—L, —L + 4]) and also s'^^ilL — 4,L]) to obtain the following identities: 



(8.44) 



2 I[-L-L+4}xYz 



= 0(C) I, =_l) 
5 /[L-4,Llxyz (l^^^*!^ + l^lA.t/-) 



A*|2 + |*B(A,^)P + 2r(||V*l' + \Da^?)) + i 
a(5|,.=_L+4), 



4,L]xyz ^i-(A,^)i +2r(||V*P + |£»AV'P)) +i 

= a{%=L-A) - a(t)|,=L), 
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where i in this case is such that |i| < cor^^^/'^ when c > cq and r > with Cc 
denoting a constant that depends only on c. The paragraphs that follow explain how 
this bound comes about. 

The term denoted by i can be written as the sum of three integrals, i = ig + i» • + . 
What is denoted by appears here for the same reason it appears in (8.43) and it has the 
analgous bound, |t^| < cqv. The integral denoted by ig accounts for the 5 -dependence 
of the metric q on when commuting the operators ^ and Da, ■ In particular, the 



Dig denoting the Riemannian curvature tensor of the metric ds^ + g . This understood, 
(3.13) with Lemma 8.rs bounds for \Tp\^ and the L^-norm of |Va^| imply that 



fj^ h{s)ds with /i denoting [— L, —L + 4] or [L — 4, L] as the case may be; and with 
h{s) denoting the integral of the 3-form — /r^A* Aw* over {s} x F* . Only a portion of 
the integral of — /r^A* A w* contributes to To say more, write A* as Ae + a^ with 
a.A denoting an s-dependent 1-form on F*. The integral of the 3-form — /r^A* A w* 
over {s} X F* is written using as 



The contributions of the function w in (2.6) to the right hand side of (8.44) are given 
by the integral over Ii of the left most term in (8.45), this being a consequence of the 
fundamental theorem of calculus. What is denoted by \„ is the integral over Ii of the 
right most term in (8.45). A bound for the absolute value of the latter is obtained by 
using the the assumption in Item b) of the fourth bullet of (3.13) to write as dB 
with B as described by this same part of (3.13). Stokes' theorem equates the the right 
most integral in (8.45) with the integral of ixdiLA l\b. This being the case, it follows 
from (3.13) that this second contribution to i^, has absolute value less than cor^"'''^ 

Part3: Integrate -r(V'VV'-/w^)-/tt)+p+r|DA^P over .s-H[-L+4,L-4]). 
Integrate by parts using the fact this integral is zero to derive an identity that can be 
written as 



integrand that defines 





(8.45) 




(8.46) 




a(t)|,.=_L+4) - a(t)|,=L„4) 
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with \i such that li^l < cqv^^'^'^^'^ . The paragraphs that follow momentarily derive the 
latter bound. By way of comparison, the absolute value of the term i in (8.17) has the 
bound cocr( /5-i([_i_|_4 l-A}) I^aP) + cor'^'^"/'^. The difference can be traced to the 
assumption that wx is a closed 2-form on s~^{{—L + 4, L — 4]). 

The bound on can be seen by writing as a sum of four integrals, these denoted by 
ii/" ^cs, iw and i^. The integrand of is ^rjV'pR with R denoting the scalar curvature 
of X. By way of an explanation, this term comes from the integration by parts and 
subsequent commuting of covariant derivatives that rewrites the integral of r|DAV'P as 
an integral over the s~ ^ ( —L + 4) and s~^{L — 4) boundaries of the integration domain 
plus an integral over s~^{{—L + 4,L — 4]) whose integrand is the sum of r|VAV'P> a 
curvature term involving and the product of ^r|7/>pR with R denoting the scalar 
curvature of the metric on X. The boundary terms account for the right most integral 
in (2.5)'s formula for o. Use the bounds from the first two bullets of (3.13) with the 
bound IV'P < cqc from Lemma 8.1 to see that < cor'+^/'^ if r > with Cc again 
denoting a constant that depends only on c. 

The integrals and \w involve a chosen Hermitian connection on det(S+) whose 
curvature has norm bounded by cr^'"/'^ and whose pull back from the s < —L + 8 
and s > L — ^ part of X via the embeddings from the second and third bullets is 
the respective F_ and versions of Ak + 2Ae. Step 3 of the proof of Lemma 8.1 
explains why such connections exist. Let A§ denote a chosen connection with this 
property. 

The integral i^v comes by first writing \F\\'^ as ^I^aP plus the Hodge star of 5 Fa A Fa. 
The latter is rewritten using an integration by parts after writing A as A§ + a^ with 
being an /R -valued 1-form on X. Writing A in this way yields 

(8.47) Va a Fa = ^t/ a^ ^d a^ +d a^ AFa^ + ^Fa^ A Fa^ . 

An integration by parts writes the integrals of the first two terms on the right side of 
(8.47) as boundary integrals, these giving the respective cs contributions to a{^\s=L+A) 
and a(c)| s— L-4)- The integral ofthe right most term in (8.43) is i„ . Thus < c^f^/'^. 

The integral is obtained by invoking Stokes' theorem to rewrite the term from the 
inner product between F^ and ^rwx that arises when |F^ — r(^/;V^/; — ^wx) + 'tf^P 
is written as |F^p + r\il)'^Tip — wxp plus remainder terms. One of these remainder 
terms is twice the inner product of F^ with ^rwx- The integral of the latter is the 
integral of the 4-form —nF~^ A wx- Write —irFj^ A wx as the sum of —iidsiA Awx 
and — 2/rFA A wx- Because wx is closed, an integration by parts writes the integral of 
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the first of these as an integral over the boundary of the integration domain. The latter 
accounts for the respective w contributions o(t)|.v=_i+4) and a{d\s=L-4)- The integral 
of — 2/r_FA Aw^ is x„. This being the case, the bound \i„\ < cocr^^'^''/'; fQ^o^^^ (jjj-e^^tjy 
from the (3.13) and what is said in Step 3 of the proof of Lemma 8.1 about |FAg| . 

The integral denoted by has two contributions. The first accounts for the terms 
with xo^ that arise in the aformentioned rewriting of — ritp^Tif; — iwx) + 'tr+p. 
It follows from the left hand equation in (2.9) that the integrand for this part of is 
bounded by cq . The second contribution is proportional to the integral of d sla Atr^ ; it 
appears when Stokes' theorem is used to write the respective parts of a(d\s=-L+4) 
and a(t)|4= L_4) as a term that has norm bounded by cq and another whose integrand 
is proportional to cIsla Ato^. The norm of the latter is bounded by coc(|7^a| + c^). 
Granted this, it follows that < coc^( J^^._i^j_^^4^_4j^ I^Ap)'^^ + and this is 
guaranteed by Lemma 8.1 to be less than coc(r + c^). 



Part 4: If the first bullet of (3. 14) holds, the assumption a(c_) — o(c_|_) < r 
(8.16) and (8.43) imply that 
1 



with 



— A,|2 + |<Ba|2 + 2r(|— V-* 

OS OS 



(8.48) 



< a(c_) - o(c+) + cor 

< cor^-i/^ 



+ \DAm) 



when c > Co and r is greater than a constant that depends only on c. If the second 
bullet of (3.14) holds, the assumption a(c_) - a(c+) < r^"'/'^ with (8.16), (8.44) and 
(8.46) imply the bounds that follow when c > cq and r is greater than a constant that 
depends only on c : 

/(-oo,-L+4]xy_ HkM' + + 2r(||V*P + {Da^ < cor'-'^'- 



(8.49) 



/,-i([_L+4,L-4]) (I^Ap + r^lV-VV- - + 2r|VA^P) < cor^ 
Put away for now the bounds in (8.48) and those in the first two bullets of (8.49). 
Assuming that the second bullet of (3.14) holds, the bound in the third bullet of (8.49) 
implies the bound 



(8.50) 



mi 



< Cor 



l-l/c 



-l([-i+4,L-4]) 

when c > Cq and r is greater than a constant that depends only on c. Let B denote the 
given ball from Lemma 8.5. Use the second and third bullets of (2.8) and (3.12), the 
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first bullet of Lemma 8.2, and (8.50) to see that 

(8.51) X f |1 - |ap| <cor'"'/', 

Jmv-i([-i+4,L-4]) 

when r is greater than a purely c -dependent constant. 

Part 5: If the first bullet of (3.14) holds, then / denotes in what follows any given 
length 1 interval in M. If the second bullet of (3.14) holds, then / denotes a length 1 
interval in either (— oo, — L + 4] or in (L — 4, oo). In either case, reintroduce the 1-form 
vx from the fifth bullet of (3.14). Take the inner product of both sides of (8.41) with 
ivx ; then integrate the resulting identity over s~ ' (/) . The left hand side of the result 
can be written as a sum of four integrals; and the assertion that this sum is zero can be 
rewritten as the identity 



(8.52) 




Use what is said by either the first bullet in (3.14) or the second and fifth bullets of (3.13) 
to bound the absolute value of the right most integral in (8.52) by a purely c-dependent 
constant. Meanwhile, Stokes' theorem finds the middle integral on the right hand side 
of (8.52) equal to zero. The absolute value of the left most integral on the right hand 
side of (8.52) is bounded by cqc times the L^-norm over 5'^H^) of Ws^*- "^^^^ being 
the case, use either (8.48) or the first two bullets in (8.49) to bound the absolute value 
of the left most integral on the right side of (8.52) by r^~^/^^'^^ when r is greater than a 
purely c -dependent constant. 

It follows as a consequence of what was just said in the preceding paragraph that the 
absolute value of the integral on the left hand side of (8.52) is no greater than r^^^/^^'^^ 
when r is large. The plan for what follows is to rewrite this integral as the sum of two 
terms, one being the integral of r|t;x|||w*| — IV'PI and the other bounded by . 
This is done in Part 7. Part 6 supplies the necessary tools. A bound of this sort with 
the second and third bullets of (2.8) and (3.12) plus the first bullet of Lemma 8.2 leads 
directly to the bound 

(8.53) r ( |1 - |ap| < cqi^'^/' 

Jbds-HI) 

when B is any given ball from Lemma 8.5. This bound implies Lemma 8.5's assertion 
if the first bullet of (3.14) holds. This bound with (8.52) imply Lemma 8.5's bound 
when the second bullet of (3.14) holds. 
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Part 6: The two lemmas that are stated momentarily and then proved supply what is 
needed for Part 7. To set the stage for the first lemma, note that Clifford multiplication 
by wx splits S+ where / as a direct sum of eigenbundles for the endomorphism 
given by Clifford multiplication by wx ■ Write this direct splitting as S+ = Ex® (Ex ^ 
K^^) with it understood that the left most summand is the /|>vx| -eigenspace. The 
upcoming lemma writes a section ^ of S+ where wx 7^ as |wx|^''^?/ and it writes ry 
with respect to the direct sum decomposition of S+ as (a, /?). The lemma that follows 
asserts bounds for \a\ and |/3| that are the analogs of those asserted by the first two 
bullets of Lemma 7.2. 

Lemma 8.6 There exists k > 100, and given c> k, there exists Kc with the following 
significance: Fix r > Kc and assume that the metric obey the (c, r = r) version of the 
constraints in the first three bullets of (3.13) and \wx\ < c , or that the first bullet of 
(3.14) holds. Fix elements /i_ and ^+ from the respective F_ and 7+ versions of Q 
with V-norm bounded by 1 and use all of this data to define the equations in (2.9). Let 
d = (A, ip) denote an instanton solution to these equations. Fix m > I. Then 

lap < 1 + and |/3p < KmV+'"/'^(l - |ap) + K^mV^W'^ 

at the points in X where \wx\ > . 

Proof. The proof is much like that of the first two bullets in Lemma 7.2 with the 
only salient difference being the r-dependent bounds for the norms of the Riemannian 
curvature and the covariant derivatives of wx- The paragraphs that follow briefly 
explain how this r -dependence is dealt with. 

The section 77 = (a, /3) of S+ obeys an equation of the form V^rj + d\ • rj = Q with 
being an endomorphism that is bounded by c^m^^r'/'^ on U2m ■ The Weitzenbock 
formula for the operator (Vp^ + IH)^ leads to an equation for ry that has the schematic 
form 

(8.54) V^VAr? - \ cl(F+)?7 + IHi • Va?? + % • r? = 0, 

where \R\\ < CcrrT^ and \Rq\ < Ccm~^. As in the proof of Lemma 7.2, introduce q 
to denote the maximum of and |r/p — 1. It follows from (8.54) that q obeys the 
inequality 

(8.55) dUq + rm'^q < Ccm'V/' 

on U2m when r > c^. It follows from Lemma 8.1 that q < Cctn on the boundary 
of U2m- This understood, the comparison principle using the Green's function for 
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d^d + rm ^ can be used to see that q — Ccm^r is no greater than c^me VV^^m) 

on U2m- This bound on q imphes what is said by Lemma 8.6 about \a\^ ■ 

To see about the bound for project (8.54) to the Ex (X" K^^ summand of S+ to 
see that |/3p obeys a differential inequahty on U2,n that has the schematic form 

(8.56) +rm-i|/3|2 < -2| V/3p + c^r-^+'«/%^|VAa|^ + comV»/^ 

when r > c^. Meanwhile, the projection of (8.54) to the Ex summand can be used to 
see that w = 1 — \a\^ on U2m obeys the following analog of any given e > version 
of (7.5) 

(8.57) dUw + rm-^w > jVaj^ - coe\V/3\^ - cq{\ + e-^)mVo/^ 

It follows from (8.56) and (8.57) that there are constants zi and Z2 that are both 
bounded by Cc, and there exists an e > cj^ such that q := — zir^^+'^/c^j^s^ _ 
Z2r~^~^'^°^'^m^ obeys the equation d^dq + Tm~^q < on U2m- This being the case, a 
comparison principle argument much like that used in the preceding paragraph bounds 
q by Ccme~^^^^'" on U2m- This bound implies Lemma 8.6's assertion about |/3p. □ 

The next lemma supplies an analog for X of Lemma 7.3. 

Lemma 8.7 There exists k > 100 , and given c > k, there exists with the 
following significance: Fix r > and assume that the metric obeys the (c, r = r) 
version of the constraints in the first three bullets of (3.13) and \wx\ < c, or that the 
first bullet of (3.14) holds. Fix elements ji^ and jij^ from the respective F_ and 7+ 
versions of O with V -norm bounded by 1 and use this data to define the equations in 
(2.9). Let D = (A, ip) denote an instanton solution to these equations. Fix m > I. 
Then < Kc(m~^ + Ccr~^+''/'^) at points in X where \wx\ < m^^ . 

Proof. The Weitzenbock formula for V\ was used in Step 1 of the proof of Lemma 
8.1 to write the differential inequality d^d\'4)\ — \wx\ — Ccr~'+'/'^)|-(/;| < 0. 

The maximum principle precludes a local maximum for — — Ccr~^+^/'^ on 
X — Urn and Lemma 8.6 implies that < 2(m~' + Ccmh~^~^^°/'^) on the boundary 
of X-U,n. □ 



Part 7: Fix m > I for the moment and write (ds A vx)^ on U,n as qxwx + with 
5x being a self-dual 2-form that obeys 5x /\wx = 0. Note in this regard that 

(8.58) qx\wx\^ = *{ds A vx /\ wx) 
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with the * here denoting the Hodge star that is defined by the metric ds^ + g on / x F^, . 
Granted (8.58), it follows either from the first bullet of (3.14) or from the fourth bullet 
and Item c) of the fifth bullet of (3. 13) that 

(8.59) qx\wx\^ > -cj-'/\ 

Noting that *(ds Avx /\ wx) is also the g -Hodge star on Y^: of A , the integrand 
of the Um part of the integral on the left hand side of (8.52) is 

(8.60) r^x|w*|2(l - |ap + |/3p) + r where |r| < c,r|5||wx||a||/3|. 

Use the bound in (8.59) and the bounds supplied by Lemma 8.6 to see that the Um part 
of the integral on the left side of (8.52) can be written as 

(8.61) r/ kxllw^lllw*! - l^pl + e where |e| < c,(r'-''''/'^ + mV"/'^). 

J Um 

Meanwhile, it follows from Lemma 8.7 that the contribution to the integral on the left 
side of (8.52) from X — {],„ is no greater than c^im^^ + irP'f ^/'^). Lemma 8.7 also 
gives such a bound for the integral of |^x| |>v*| | |w=k| — IV'H over the part of I xY^ in 
X — Um- Granted these bounds, fix for the moment e > but with e < cqc^' and take 
m = r^/"^. Use the just stated bounds and (8.61) to see that 

(8.62) / l^xl ||w=,| - IV'I^I < / ds A vxAriw^ + m^"^ Tip) + c 

This last bound with what is said at the end of Part 5 implies Lemma 8.5. □ 



8.7 Proof of Proposition 3.7 

Fix a smooth, r-independent metric on X whose pull-back via the embeddings from 
the second and third bullets of (2.7) restricts to the s < —2 and s > 2 parts of X as the 
product metric ds^ + g* , where g,,, denotes the given metric on Y and as the case 
may be. Use mx to denote this metric. Use this metric to define the bundles S+ and 
S~ over X. The constructions at the beginning of Section 8.3 can be repeated to view 
the y„ and version of S as the restrictions to the respective 5' < — 1 and s > I 
parts of X of the mx versions of S+ and . Use this view of these versions of S to 
view the Y and 7+ versions Ak + 2Ae as a Hermitian connection on the restriction 
of the mx version of the bundle det(S"'") to the 1^1 > 1 part of X. This connection has 
smooth, r-independent extensions to the whole of X as a Hermitian connection on the 
mx version of det(S+). Fix such an extension and denote it by A§. 
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Use the 5' < — 1 and 5' > 1 isomorphisms between the F_ and 7+ versions of S to 
view the corresponding versions of ijjE as a section of the version of S"^ over the 
li'l > 1 part of X. Fix a smooth extension of the latter to the whole of X and denote it 
by V's- 

The metric mx and the pair c)§ = {As,ips) defines a version of the operator that 
appears in (2.61) of [T3]. This operator defines a map from C°°{X;iT*X © S+) to 
C°°(X; A+ © §~ © iW). The latter defines an unbounded, Fredholm operator between 
the -versions of these spaces, and so it has a corresponding Fredholm index, this 
denoted in what follows as . 

Fix c > Co so that Proposition 3.6 can be invoked using 7_ and 7+. Fix r » 1 and 
pairs and from the respective 7_ and 7+ versions of with "P-norm less 
than 1 ; and suppose that c_ and c+ are the corresponding solutions to the Y and 7+ 
versions of (2.4). Let m denote a metric on X that obeys (2.8) and (3.12). Suppose 
that c) = (A, ^) is a pair of connection on det(S+) over X and section over X of S+ 
with s — — c« limit c_ and s ^ oo limit c+. This metric m and D together define a 
corresponding version of the operator that appears in (2.61) of [T3]. If both c_ and C-|- 
are non-degenerate then this operator has an unbounded, Fredholm extension whose 
domain and range are the respective spaces of square integrable sections of iT*X © S+ 
and /A+ © S~ © /M. Assume this to be the case for the moment, and let denote 
the corresponding Fredholm index. It follows using the excision theorem for the index 
(or from what is said in [APS]) that i§ = + f.s(c_) — f4(c+). 

With the preceding understood, write a(c_) — o(c+) as 

(8.63) af(c_) - a\t+) - 2^(r - 7r)(f,(c_) - f,(c+)) 
and then use the formula in the last paragraph to write 

(8.64) a(c_) - a(c+) = af(c_) - a\t+) + 27r(r - 7r)(zo+ - i§). 

Since zg is independent of r and c, this last formula proves Proposition 3.7 when both 
c_ and c+ are non-degenerate. 

If one or neither is non-degenerate, fix e > and fix c'_ in the set '^^{c^) from Section 
7.6 that takes on the supremum in the c_ version of (7.31). Fix in 9Te(c+) with the 
analogous property. With c'_ and as just described, choose a pair D' of connection 
on det(S+) and section of S+ with s ^ —00 limit c'_ and 5 — 00 limit c^- The 
metric m with t)' define an unbounded, but now Fredholm version of the operator from 
(2.62) in [T3] with domain and range being the respective spaces of square integrable 
sections of iT*X © S+ and /A+ © © /R . Let zg/ denote the Fredholm index of this 
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operator. Define ^^_|_ to be ?g/_|_. Note that this definition does not depend on c'_ , 
or t)'. 

The arguments that lead to (8.64) can be repeated verbatim to obtain the modified 
version that has c_ replaced by c'_ and c+ replaced by . Keeping this in mind, 
choose c'^ so that |a(c'„) — a(c-)| < 1, and choose so that |o(cY) — ci(c+)| < 1. It 
follows using (7.31) that |of(c'_) - af(c_)| < 1 and |af(c+) - af(c+)| < 1. The latter 
bound with the (c'_ , c^) analog of (8.64) implies what is asserted by Proposition 3.7 
when the non-degeneracy condition does not hold for one or both of c_ and c+ . □ 



9 Constructing 2-forms on cobordisms 

This section supplies proofs for Propositions 3.8, 3.10, 3.12 and 3.13. The proof 
of Proposition 3.8 is in Section 9.2, that of Proposition 3.10 is in Section 9.4, that 
of Proposition 3.12 is in the final subsection. Section 9.5, and Section 9.6 contains 
the proof of Proposition 3.13. Intervening sections supply the required background 
material. 

9.1 Metr metrics on {Yk}ke{o,...,G} 

The eight parts of this section describe a set of preferred metrics on each k ^ {0, . . . ,g} 
version of . These parts also describe the associated harmonic 2-forms with de Rham 
cohomology class that of ci(det(S)). Let 7=,, denote F^- for any k ^ {0, • • • ,g}. As 
the Ms U Ho part of and Y are canonically isomorphic, notions defined on any of 
them are defined for others and are denoted by the same notation. 

Part 1: This part of the subsection summarizes various properties of that concern 
Tio and the curve 7*^"^ . Most of what is said below can be found in Section II. 1. 

The handle Tio in F=k has coordinates (m, 6, cp) with (9, (/)) being the standard spherical 
coordinates on the 2-sphere and with u G [—R — ln(7(^*), R + ln(7 J*)] . As can be seen 
in (IV. 1.5), the 2-form w and the 1-form fo restrict to this handle as 

(9.1) w = smed9 Adcp and = 2{x+e^^^"^-'^'^ + X-e'^^^"^^'^^) du, 

where x+ = ~ 5^) x- = X(" ~ 3^)- The curve 7^^"^ intersects T-Lq as 

the 9 = line. Meanwhile, the Ms part of 7^^°^ has a tubular neighborhood with 
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coordinates {t,{9,<j))) with t £ [6,3 — 5], with 9 £ [0,6'=,,) and with cf) the affine 
coordinate on R/(27rZ) . Here, 0^, is positive, smaller than -^^S^ but greater 1005^. 
The 2-form w here appears as in (9.1) and appears as dt. The coordinate transition 
function identifies t with e-2(R-M) j^g^ ^j^g index critical point and with e^2(R+«) 
near the index 3 critical point. 

Recall the function f on M that plays a central role in much of [KLT1]-[KLT4]. This 
is described in detail in Section II. 1. Recall also the vector field v in [KLT2] p. 19. Set 
e* = 3(5* sin(26'*). The coordinates just described can be used to construct a piecewise 
smooth embedded 2-sphere in the / G [e^, 3 — e^] part of Ms as follows: 

• The 2-sphere intersects the complement of the radius- (5* coordinate 
balls about the index and 3 critical points of / as the cylinder where 

9 = ^9^. 

• The 2-sphere intersects the r G (e*, (5*] part of the radius- J* coordinate 
(9.2) < ball centered on the the index and index 3 critical points of / as the 

locus where (r, 9,cl)) are such that cos 9 > and r sin 6* = 35* sin (^0*). 

• The 2-sphere intersects the r = e* spheres centered about the index 
and index 3 critical points as the locus where cos 9 <0. 

• The 2-sphere is tangent to v on the rest of Mg . 

As can be seen, this embedding is smooth except along the following loci: It is on 
the cos ^ = circle in the boundary of the respective radius e* coordinate balls about 
the index and index 3 critical points of/. It is only C° on the 9 = ^9^ circle in the 
boundary of the respective radius 5^ coordinate balls about the index and index 3 
critical points. 

The piecewise smooth embedding just described can be smoothed to any desired 
accuracy so that the vector field ^ along the resulting 2-sphere is everywhere tangent, 
the vector field v along the 2-sphere is tangent everywhere on the / = | circle but 
nowhere else, and so that the restriction of / to this sphere has just two critical points, 
these at the points with 9 = and 6* = vr on the boundary of the radius e* coordinate 
balls about its respective index and index 3 critical points. 

Part 2: It proves useful for what follows to be somewhat more precise about the 
smoothing of the surface from (9.2) near the / = f circle. To this end, introduce 
first p* to denote | — e* and pu = p* + \/2(l — cos(^^*)) . Return to the / G 
[(5, 3 — (5] tubular neighborhood of 7^^"^ with the coordinates {t, (9, <f))) as described 
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above. Replace the coordinate on a neighborhood of the 9 = jO-t locus by the 
function p = y/2{\ — cos 9)^^^ . Fix ej G (0, c^^ei) and use the coordinate p to define 
the smoothing of / G (| — ei, | + ei) part of the surface defined by (9.2) to be the 
locus where 

(9.3) P = Pi-{pi-it-\fY'\ 

Note that the vector field v is tangent to the locus defined by (9.3) only along the t = 
circle, and note that the corresponding lines are tangent from the inside. Introduce by 
way of notation S to denote a smoothing as just described of the original piece wise 
smooth embedding given by (9.2). (This is the sphere denoted by in [L], about 
Equation (6.2).) 



Part 3: Use (xi , X2, X3) for the Euclidean coordinates on M? . The function / and the 
M/(27rZ) -valued coordinate function (j) can be used to embed a neighborhood of S into 
as the radius sphere about the origin so as to identify / — | with A'3 and the vector 
fields V and ^ with ^ and ^1 ^ — -^2 ^ ■ To see how this is done, start by embedding 
S in M-' as the sphere of radius = ^ — el about the origin by setting x-i = f — p^, 
and by setting the pair (xi , X2) to equal [{Ip^^f — f'^)^/'^ cos 0, (2p*/ — /^)^/^ sin 0^ . 

This embedding is extended to a neighborhood of S by exploiting the fact that the 
1/ — || > ^ei part of S has a neighborhood with the following property: Let p denote 
a point in this neighborhood. Then p sits on an integral curve of v that intersects S, 
and there is precisely one such intersection point with distance c~^e\ or less. Here, 
Ce > 1 is a constant that depends on . Such a neighborhood exists because v is 
tangent to S only on the / = | circle in S. Let A^i denote this neighborhood. Given 
p ^ Ml, let ri{p) G S denote the unique point on the integral curve of v through p with 
distance less than c~^e\ from p. Associate to p the point in with the coordinates 

3 

(9.4) xiip) = xiiriip)), X2{p) =X2{r]{p)), x-^ip) = f{p) - -. 

To complete the definition of the embedding, suppose next that p is a. point near the 
/ G (| — ffi , I + ei) part of S where the coordinates {t, p, 4>) are defined. Associate to 
p the point in M? with the coordinates 

xiip) = (pip) - pif cos (pip), 

(9.5) X2(p) = {pip) - pi)^ sin (/)(p), 

3 

X3ip) = tip)- -. 
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Note in particular that if p is also in A^i , then it follows from the definition of the 
function p and the definition of pi that the points given by (9.3) and (9.4) are the same. 

What is said at the end of the preceding paragraph has the following implication: The 
map from A^i to and the map described in the preceding paragraph together define 
a smooth, 0-equi variant embedding of a neighborhood of S into that maps S to the 
radius sphere and maps v to ^ . 

Fix e > so that the region in with {x\ + x\+ Xj)'/^ G {p^, — e^p^, + e) is in 
the image of the embedding of A^i . By way of notation, Me is used in the subsequent 
discussion to denote both this region in M? and its inverse image in . It is worth 
keeping in mind for what follows that the points in the incarnation of A4 with 
distance less than from the origin are in the T-Lq component of F — 5. 

By construction, the 1-form appears on the version of A4 as dxi,. Meanwhile, 
the 2-form w must appear here as ¥jdx\ A dx2 with K being a strictly positive function 
of x\+x^. This is because w is closed, it annihilates v and v appears on the version 
of A4as 1^. 

Use p to denote the function {x\ + x'^)^^'^ on and introduce the M/(27rZ) -valued 
function (j) by writing x\ and X2 as pcoscj) and psinc/). The observations from the 
preceding paragraph, the fact that w is harmonic and the fact that its metric Hodge 
dual is have the following implication: The metric from appears on the 
incarnation of A4 as 

(9.6) s = K Qi-'^dp^ + h^p^dct?-) + dxj 

with h denoting a strictly positive function of p^ . 

Part 4: This part of the subsection says something of the topological significance 
of S and Part 3's embedding of S and its neighborhood in . To set the stage, 
recall that Yq was obtained from M by attaching the 1 -handle Hq . This was done 
by first deleting the radius 75* coordinate balls about the index and index 3 critical 
points of / to obtain a manifold with boundary. The resulting boundary spheres 
were then glued to the u = R + \n{76^:) and u = —R — \n(76^:) boundary spheres of 
[-R - ln(7(5,),/? + ln(7(5*)] x 5^. 

The sphere S enters a second description of Yq as the connected sum of M with the 
manifold x S^. (Cf. [L], (6.2)). The connected sum description constructs Yq 
by deleting the respective 3-balls from M and x 5^ and gluing the resulting two 
boundary spheres to the boundary spheres of the product of an interval with . Denote 
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this product as / x 5^ with / C M being an interval. As explained below, the surface 
S can be viewed as a cross-sectional sphere of / x 5^ . 

To see directly this connected sum depiction of Yq, first view S and J\fe as subsets 
in . Let r = {p^ + x^)^^^ denote the radial coordinate on M^. The connected 
sum picture of Yq results in an embedding of / x 5^ into whose image is the 
r G [/O* — i^e,/0* + j^s] part of A4- This depiction of / x 5^ in Fq identifies the 
r = p=K + j^e sphere in A4 with the boundary of the complement of a ball in x . 
This missing ball can be identified with the r < + j^e part of . Indeed, the Yq 
incarnation of the r = + j^e sphere in splits Yq into two components. The 
component that contains the r > + j^e part of Af^ is the complement of a ball in 
xS^; and x is reconstituted in full when this complement is filled in by adding 
the r < p^ -\- j^e part of to the r > + -^e incarnation of A4- 

The 7o incarnation of the r = p^ — j^e sphere in also separates Yq into two 
components. The component that has the r < p^ — j^e part of AAe is the complement 
of a ball in M. This ball is attached to give back M by viewing the complement of 
its center point as the r > p^, — ^e* part of . To see this, take a second copy of 
and use / to denote the distance to the origin in the latter. Use (6*', <f') to denote 
the associated spherical coordinates. The manifold M is obtained by attaching the 
r' ^ ip* — ball in this second copy of M.^ to the r = p^, — j^e sphere in the 

original copy of via the identifications / = r^^ and {0' = it — 9 , 4>' = (f)) . 

Since S splits Yq into two parts, it likewise splits Y^ into two parts. The component of 
7* — S that contains 7^^"^ has its canonical identification with the ^^^'^^ component of 
Yq — S. The other component of 7* — 5 is obtained from the complementary component 
of Fo — 5' by attaching the p G A labeled 1 -handles. 

Both F* — Me and Fq — Me likewise have two components because Me is a tubular 
neighborhood of S. A given k G {0, . . . , g} version of Y^ is obtained from Fq by 
attaching k 1 -handles with attaching regions that are disjoint from the component of 
Fq — Me that contains 7^^"^ . This understood. Me can be viewed as a subset of Fj- and 
Yk — Me also has two components. By way of notation, the component of F* — Me 
or any given k G {0, . . . , g} version of Y^^ — Me that contains 7(''''^ is denoted in 
what follows by 3^o and the other component is denoted by 3^m- (3^m has a natural 
interpretation as a sutured manifold, which is denoted by M(l) in Remark 1.3). 

Part 5: This part of the subsection introduces a family of distinguished metrics on 
the G {0, . . . , g} version of Y^ that play central roles in the subsequent discussions. 
Parts 6 and 8 say more about this set. 
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This distinguished set of metrics is parametrized by a parameter T which is in all cases 
greater than 1. With T chosen, the corresponding set of metric is denoted in what 
follows by Metr . The metrics from Metj- are constructed momentarily from the set 
of metrics on U Me that are given by (9.6) on Me ■ This set of metrics on U Me 
is denoted by Met^. Note with regards to (9.6) that its formula depicts a 1-parameter 
family of metrics with the parameter being the length of the curve ^^^o) jj^g length of 
ryizo) plays no role of significance. In any event, the length is assumed to be the same 
for all metrics in Met^ whether defined on F or on a ^ G {0, . . . , g} version of Y^. 

The criteria for membership in Mety follow directly: All metrics in Met^ agree on 
U Me', the metric they define on this set is denoted in what follows by qj. The 
metric on 3^o is the metric from (3.6). Meanwhile, the metric qj on Me is defined 
in the three steps that follow. 



Step 1: Introduce Xr to denote the function on given by x(64e~Hr — p*) — 1). 
This function equals I where r < p* + and equals where r > + ^e. Fix 
r > 1 and introduce rp to denote (1 — Xr + fXr)^ ■ The r derivative of rp is strictly 
positive because that of Xr is non-positive. Set pj = r^sin^ and xt,t = rrcosO. 
Noting that dpr and dxi,T are linearly independent, the quadratic form 

(9.7) K(pr) (h-\pT) dpi + h\pT)pld4>^) + dx^T 

defines a smooth metric on M? . The metric qt on the r > p^, — part of Me is given 
by (9.7). 



Step 2: The definition of on the r G [p* — ^e, p* — ^e] part of Me requires yet 
another function of r. This one is defined by the rule r i— x(4e^H'' — P*) + 2) and it 
is denoted by Xr* ■ The function Xr* is equal to 1 where r < p^: — and it is equal to 
where r > p^, — ^e. Set xi,t^, to denote the function (l — Xr* + jXr*) x^. Introduce 
by way of notation Kj and hj to denote the functions K(p/T) and h(p/T). Noting that 
dxi , dx2 and dxi,T are linearly independent, the quadratic form 

(9.8) ^Krih-^dp^ + Jc/,2) + ^dxjr, 

defines a smooth metric on the r G [p* — ^e, p^ — ^e] part of A^- The latter extends 
the metric given in (9.7) because pr = jp and xi,t = jXi, where p < p^, + ^e. 
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Step 3: The definition of qt on tlie r < p^, — ^ part of A4 requires one more function 
of r . Tliis one is denoted by Xr** and it is defined by the rule r i-> x(4e~ ' (r — p*) + 3) . 
This function is equal to where r > — and it is equal to 1 where r < — |e. 
With this function in hand, define the function T^: to be T{1 — Xr**) + Xr**- The 
function T^, is equal to T where r > — and it is equal to 1 where r < — |e. 
The metric qt is defined on the r < p^: — part of A4 to be the quadratic form 

(9.9) {h^^dp^ + hj d<j)^) + -Jxf . 

Ti * * 4 

This definition of smoothly extends the metric defined in (9.8). Moreover, the 
metric qj as just defined is the metric in (9.6) where r < — |e. 

Part 6: This part of the subsection and Part 8 point out some key properties of the 
Metr metrics. This part focuses on the metric qt, this being the restriction of each 
Metr metric to 3^o U A4 . As explained in the subsequent two paragraphs, each T > 1 
version of gj on the complement in 3^o U A4 of the r < p^ part of Me can be viewed 
as the pull-back of a T -independent metric on X by a r -dependent embedding 
of the 7^"'"^ component of — 5 or F — 5 as the case may be. The embedding is 
denoted hy ^t- 

To define this T-independent metric on x 5^, view x as in Part 4. By 
way of a reminder, this view comes with a distinguished ball with a distinguished 
diffeomorphism onto the r < p^ + ball in M? centered on the origin. There is 
in addition, a distinguished identification between the complement of the concentric 
r < p^ ball in x and the union of 3^o and the r > p^ part of A4- The 
latter identifies the metric from Section 1 on 3^o with a metric on x 5^ whose 
restriction to the r < + j^e ball in the distinguished coordinate chart appears as 
Yi{p){h~^{p)dp^ + h^{p)p^d(j)^) + dx^. This is the desired T-independent metric on 
X 5^ . This X metric is denoted by g^, . 

Fix r > 1 . The promised embedding of the 3^o component of 7* — 5 into x 
is defined as follows: This embedding agrees with the embedding from the preceding 
paragraph on 3^o and on the r > p^, + part of A4 ■ Meanwhile, the promised embed- 
ding on the r G {p*, p* + j^£) part of A4 maps the latter onto the r e {T^^ p*, p* + j^e) 
ball in the distinguished coordinate chart. The map here sends the point with spherical 
coordinates (r, 6*, 0) to that with the spherical coordinates (ry, 0, 0). 

Part 7: This part of the subsection describes a certain closed 2-form on a given 
k € {0, . . . , g} version of with compact support in yM and with the following 
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additional property: The de Rliam class of this 2-form annihilates all but the H2{M; TD) 
summand in the Mayer- Vietoris direct sum decomposition for HiiY; TL} in (IV. 14) or 
in the analogous direct sum decomposition for HjiY]^;,'!). Meanwhile, it acts on the 
H2{M; Z) summand as ci(det(S)). A version of this 2-form is also defined on M. In 
all cases, the 2-form is denoted by p. It is used in the upcoming Lemma 9.1 and in 
later subsections. The construction of p follows directly. 

View Ms as being a subset of each ^ G {0, . . . , g} version of Y^. As such, it sits in the 
yM part of Fj-. It follows from the description of H2(Y; Z) in Part 4 of Section II. Ic 
that there exists a finite set of the form B whose elements are pairs of the form (7, Zy) , 
with 7 being a loop in a level set of Ms of the function / on M. Meanwhile, is 
an integer. The loops from generate the image in any given k G {0, . . . ,g} version 
of H\{Yk; Z)/ tors of H\{M; Z)/ tors via the Mayer- Vietoris homomorphism for the Y^ 
analog of the direct sum decomposition in (IV. 1.4). Meanwhile, the paired integers 
are such that ^^g© z^7 represents the image of the Poincare dual of the restriction 
of ci(det(S)) to the H2iM;Z) summand in this same direct sum decomposition. Let 
(7, z^) denote a pair from ©. The loop 7 has a tubular neighborhood in Ms which is 
the image via an embedding of 5' x D where D C is a small radius disk about the 
origin and where 7 corresponds to the image of x {0} . Use 7^ in what follows to 
denote a tubular neighborhood of this sort. These are to be chosen so that the pairwise 
distinct versions have disjoint closure that is disjoint from the boundary of the closure 
of the Ms part of Me . 

Note that there exists such a tubular neighborhood with an embedding that has the 
following property: The pull back of df via the embedding is a constant 1-form from 
the D factor of x D and the kernel of the pull back via the embedding of the 2-form 
w is a constant vector field that is tangent to this D factor. The existence of such an 
embedding follows from two facts, the first being that 7 is in an /-level set. The 
second fact follows from the definition in the first bullet of (IV. 1.3) of w on 7^ as 
the area form for the / -level sets. An embedding of this sort is used in Part 7 of the 
upcoming Section 9.5. 

Fix a compactly supported 2-form on D whose integral is equal to 1. View this 2-form 
first as an 5' -independent form on X D and then as a 2-form on M and on each 
^ G {0, . . . , g} versions of Y^ with compact support in 7^. Use pj to denote the latter 
incarnation; then set p = z^)e0 ^7?7- construction, the de Rham class of p 
agrees with ci(det(§)) on the H2{M;'L) summand of the Mayer- Vietoris direct sum 
decomposition of H2{Y; Z) in (IV. 1.4) or its analog for H2{Yq; Z) as the case may be. 
The de Rham class of p also annihilates the 7/2(^0; Z) -summand in these direct sum 
decompositions. In the case of H2{Y;'L), the de Rham class of p also annihilates the 
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0p6A //iC^p; Z)-summand in (IV. 1.4). 

Part 8: Fix k £ {0, . . . ,g}. Given T > 1 and a metric from Met^ on Y^, the 
next lemma uses wj to denote the associated harmonic 2-form on Y^ whose de Rham 
cohomology class is that of ci(det(S)). 

Lemma 9.1 There exists k > I with the following significance: Fix a metric from 
Y]t^ 's version of Mety so as to define wj ■ Let \\p\\2 denote the metric L? -norm of p, and 
let w be the closed 2-form from (3.5). Then the L^-norm ofwj is at most k{\ + \\p\\2) 
and the -norm of wj — w on yo and on the r > + part of Me is at most 
kT-'I\ 

Proof. The proof has four steps. 

Step 1: The L^-norm of wj as defined by the metric from Met 7- on Y^ is greater than 
Cq ' because the integral of wt over Hq must be greater than Cq ' so as to have integral 
2 on each cross-sectional 2-sphere. As explained directly, the -norm of wt is also 
less than co(l + HpHi)- The proof that this is so uses the fact that a given harmonic 
form minimizes the L^-norm amongst all closed forms in its de Rham cohomology 
class. To obtain such a form, reintroduce the coordinates (t, z) for Uj and let B denote 
a smooth function with compact support centered on the origin in C and with integral 
2. Choose a T -independent version of B so that its incarnation as a function on 
has support in Uy n T-Lq. With B chosen, set pQ to denote ^Bdz A dz- This is a closed, 
compactly supported 2-form in yo whose de Rham cohomology class when viewed 
in either H^{Yi^;'L) has pairing zero with all but the 7/2(^0; ^)-summand in the Y^_ 
version of (IV. 1.4). By construction, the de Rham cohomology class of = + p is 
that of ci(det(S)). The metric L^-norm of p§ is less than cq (1 + ||f lb)- 

Step 2: Use a to denote the function on 7'^^") component ofYk — S that equals 1 on 
ryiza) 's component of — Me and is given near S by the function on the r > part 
of M? by the radial function r 1— )• x(2 — I28e~^{r — p*)). The function a is equal to 1 
where r > p^, + and it is equal to where r < p^, + ]^£. 

Use ct to denote the -pull-back to S^ x 5^ of the 2-form awr- This 2-form 
is supported on the complement in 5' x 5^ of the r < jip* + part of the 

distinguished coordinate ball. It follows from what is said in Step 1 that the L^-norm 
of ct is bounded from below by Cq ^ and bounded from above by cq. 



HF — HM V : Seiberg-Witten-Floer homology and handle additions 



141 



Use * to denote the -Hodge dual on x . Note that dej and d * cj aie equal to 
zero on the complement of the r < j{p^, + ^e) part of the distinguished coordinate 
chart. Meanwhile, the norms of both are bounded by C(jT\{^j^) * wr|g, on this same 
ball. This observation, the fact that the g?- -metric is the <I>7-pullback of q^: and the 
fact that the -volume of the r < j{p^ + ^e) coordinate ball is bounded by cqT^^ 
imphes that the L^-norm of both dcr and d * ct is bounded by co(l + ||j'||2)r~'/^. 

Step 3: The 2-form w appears in the r > part of the incarnation of Me as 
K{p)pdp A d4>. The latter form extends smoothly to the r < p^ part of as a g^,- 
harmonic 2-form. It follows as a consequence that w's restriction to 3^o and to the 
r>p* + part of Afg is the pull-back by all of the g* -harmonic 2-form on X 
whose de Rham class has pairing equal to 2 with the generator of H2iS^ x S^; Z). This 
corresponding form on x 5^ is ^ sin 6d9 A dcj) and also denoted by w. 

Step 4: Introduce the operator D^: = *d+d* on S^ x S^ and use it to write the 2-form 
cj as (1 + 3r)w + uj with 37- denoting a constant with norm bounded by cqT~^I^ and 
with ut denoting a 2-form which is -orthogonal to w and such that T)ut = Dej. 
As the Green's function kernel for D is smooth on the complement of the diagonal in 
X2{S^ X S^), the fact that Sej- has support where r < j{p^ + ^e) and the co(l + 
llplb)?"^'^^ bound on its -norm implies that \ut\ + |VMr| < co(l + H/'Hz)?""^^^ on 
yo and also on the r > p^, + part of A4- D 

9.2 Proof of Proposition 3.8 

The three parts of this subsection prove the assertion made by Proposition 3.8. 

Part 1: Let Yz denote a given compact, oriented 3-manifold and let z denote a 
non-zero class in hf-{Yz','^)/ tors. Hodge theory associates to each metric on Yz a 
harmonic 2-form whose de Rham cohomology class is z. Of specific interest in what 
follows are metrics whose associated harmonic 2-form has transverse zeros. There is 
a residual set of metrics on Yz with this property, see for example [Ho] for a proof. 

Fix G {0, . . . , g} . Let g^v" denote a metric in the Yk version of Met^. Fix r > 1 and 
use Qj^ to define a metric in Mety, this denoted by gi. Let w\ denote the associated 
harmonic 2-form with de Rham cohomology class ci(det(S)). If w\ has degenerate 
zeros, fix a second metric, g2, on Y^ with the following properties: Let W2 denote the 
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corresponding 32 harmonic 2-form. Then W2 has non-degenerate zeros, and the gi 
norms of ^2 — wi and 02 — 5i > and those of their Qi -co variant derivatives to order 100 
are less than . If wi has nondegenerate zeros, take g2 = 0i ■ 

Part 2: Write W2 on 3^o and on the r > + part of TV^ as w + M2 ■ By Lemma 
9.1, the 2-form is such that \u2\ < cqT^^^^ ■ This 2-form is also exact; but more to 
the point, U2 can be written as dzi where za is a 1-form with \z2\ < cqT"^/^ on the 
r > p* + |e part of A^- Hold on to z.2 for the moment. Let a± denote the function 
of r on Me given by a± = xi^^^^ir — P*) — 5). This function is equal to 1 where 
r < p* + |e and it is equal to where r > + |e. Use W3 to denote the closed 
2-form on that is given by W2 on given by w on yo and given by w + d{a±Z2) 
on Me . The 2-form W3 has the same de Rham class as W2, the same zero locus as it 
agrees with W2 where both are zero, and \w2 — W3I < cqT"^/^. 

Use Vo to denote the 0=,, -Hodge dual on x 5^ of the 2-form w = sin 6 d9 A d(j) . 
Write the 02 -Hodge star of W2 as z^o + ^ on 3^o and on the r > p,,, + part of A4 . As 
both the 02 -Hodge star of W2 and are exact on Me , it follows that ^2 = da2 on Me ■ 
Moreover, such a function 02 can be found with I02I < cqT^^^^ on the r > p^, + 
part of Me- This is so because |w — W2I < c^T^^ and I02 — 0*| < cqT^^ on this part 
of Me- Fix a version of 02 that obeys this bound. Let V3 denote the closed 1-form 
on given by f <> on yQ , by the 02 -Hodge star of W2 on y^j and given on Me by 
+ d{a± 02) - This closed 1-form is such that w^Nv^ > when T > cq with equality 
only at the zeros of ws . 

With r > Co chosen, the upcoming Lemma 9.2 uses what was just said about 
and v-i as input to supply a metric on with the properties in the list that follows. 
This new metric is denoted by 037. The 037- -Hodge star sends W3 to ^3; thus W3 is 
037- -harmonic. The metric 037 on 3^o and on the r > p* + |e part of Me is the metric 
0* . The metric 037 on the r G [p* + ^e, p* + |e] part of Me can be written as 02 + f) 
with \) and its 02-covariant derivaties to order 20 having 02 -norm less than cqT"'. 
Finally, the metrics 037- and 02 are identical except on the rest of Y . 

Any sufficiently large T version of the metric 037- meets the requirements of Proposition 
3.8's space Met. Conversely, each metric in Met is a sufficiently large T version of 
a metric 037- that is constructed as described above from some metric in Met^. The 
lower bound on T depends on various properties of the chosen Met-^ metric, these 
being an upper bound on the norm of the metric's Riemann curvature, the metric volume 
of yM, and a lower bound on the metric's injectivity radius. 
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Part 3: The existence of the metric 037- follows from the first lemma below. 

Lemma 9.2 Let Yz denote an oriented 3-manifold and let q denote a given Riemannian 
metric on Yz ■ Use * in what follows to denote the Hodge star defined by q . Suppose 
that U and V are open sets in Yz with the closure of V being a compact subset of U . 
Let Lo and v denote respectively a 2-form and a 1-form on Yz such that uj Av > on 
U and such that *uj = v on Yz — V . 

• There are smooth metrics on Yz which equal g on Yz — U and have Hodge star 
sending uj to v. Moreover, there exists metric of this sort whose volume 3-form 
is the same as the g -volume 3-form. 

• Fix k G {0,1,...} and D > 1. There exists k > 1 with the following 
significance: Suppose that the C'^ -norms on U of lo, v and the Riemann 
curvature tensor of g are less than D. Then Yz has a metric that obeys the 
conclusions of the first bullet and differs from g by a tensor whose g-norm 
and those of its g -covariant derivatives to order k are bounded by k times the 

-norm of *uj — v. 

Lemma 9.2 has a generalization that holds for 1 -parameter families of data sets. This 
parametrized version is given below but used in the next subsection. 

Lemma 9.3 Let {(0ti '^r , ^^T)}re[0,i] denote a smoothly parametrized family of met- 
rics, 2-forms and 1-forms on Yz with u-r A Vr > on U and such that the g^- -Hodge 
dualofuj-r isvr on V . There is a corresponding smooth, 1 -parameter family of metrics 
such that each r € [0, 1] member obeys the conclusion of first bullet of Lemma 9.2. 
Moreover, this new family of metrics can be chosen to obey the properties listed below. 

• Let I C [0, 1] denote an open neighborhood of one or both of the end points. 
Suppose that the conclusions of the first bullet of Lemma 9.2 hold for (g-r, cOr, Vt) 
when T ^ I. There is a neighborhood I' C I of the endpoints such each t ^ I' 
member of the new family is the corresponding g,- . 

• Given a non-negative integer k and D > 1 , there exists k > I with the following 
significance: Suppose that the conditions of the second bullet of Lemma 9.2 are 
satisfied for each r G [0, 1] and that the C'^ -norms of the t -derivatives to order 
k of {(gT,^T,'>JT)}Te[o,\] 3^so bounded by D. There is a 1 -parameter family 
of metrics that obeys the preceding bullet and the first and second bullets of 
Lemma 9.2. In addition, each r G [0, 1] member of the family differs from 
the corresponding metric g,- by a tensor whose r -derivatives to order k have 
C^-norm bounded by k times the C^-norm of the sum of the t -derivatives to 
order k of the difference between Vr and the g^- -Hodge star of ujr ■ 
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Proof of Lemmas 9.2 and 9.3. Let denote g's volume 3-fomi. Write a; A t; as qO, 
with q being a non-negative function on U. Let v denote the vector field on U that 
is annihilated by uj and has pairing q with v. Let Ker{v) C TU denote the 2-plane 
bundle that is annihilated by v . The 2-form uj is symplectic on Ker(u) and so orients 
Ker(u). Choose an -compatible almost complex structure on Ker{v), denoted by 
J below. Note in this regard that there are no obstructions to finding such an almost 
complex structure. This is so because the space of almost complex structures that are 
compatible with a constant symplectic form on is contractible. The construction 
just given yields a new metric with volume 3 -form $7. 

With J chosen, a metric on U is defined as follows: The vector field v has norm q'/^ 
and is orthogonal to Ker(u) . The inner product between vectors v and v' in a given 
fiber of Ker{v) is q^'/^a;(v,7v'). A metric of this sort has *u} = v and is such that 
both oj and v have norm q'/^. Moreover, any metric with these two properties is of 
the form just described. In particular, any two differ only with respect to the choice of 
the almost complex structure on the Ker(t;) . 

Let J I denote a chosen, a; -compatible almost complex structure on Kei{v)\u and let q\ 
denote the corresponding metric. The metric g on ?7 — V is by necessity of the sort just 
described, thus it differs from q\ only on Ker(f ). In particular, the metric g on Ker(t;) 
is given by q~'/^a;(v,7gv') with 7g being an a; -compatible almost complex structure 
on KeT(v)\u^v ■ As noted above, if point p £ U, then the space of a; |p -compatible 
almost complex structures on Ker(u)|p is contractible. This understood, there are no 
obstructions to choosing an w -compatible almost complex structure on Kei{v)\u that 
agrees with /g near Yz — U and agrees with Ji onV. Let J2 denote an almost complex 
structure of this sort. The metric defined as instructed above by J2 has the properties 
that are asserted by the first bullet of Lemma 9.2. 

The assertions of the second bullet of Lemma 9.2 and those of Lemma 9.3 are proved 
by taking care with the choice of J2 and its r G [0, 1] counterparts. As the details are 
straightforward and rather tedious, they are omitted. □ 

9.3 Metr metrics on cobordisms 

Lemma 9. 1 has an analog given below that concerns self-dual forms on cobordisms. 
The cobordism manifold is denoted below by X and it is assumed to be of the sort that 
is described in Section 3.3 with its constant s slices where 5 < — 1 and s > I given as 
follows: Either one is Y and the other is Yq; or one is some k G {1, . . . , g} version 
of Yk and the other is F^_i U {S^ x S^), or one is Fq and the other is M U 5^ x S^. 
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The case when both are Y or both some k ^ { 1 , . . . , g} version of Yk is also allowed, 
but only the case where both are Yq are needed in what is to come. The topology 
of X is further constrained by the requirement that s have 1 critical point when it is 
not diffeomorphic to a product with M . If one of these slices is Y and the other Fg > 
or if both are Y or both 7|t for ^ G { 1 , . . . , g} , then s has no critical points and the 
cobordism manifold X is M x F or M x Fjt as the case may be, with the projection to 
R given by the function s. 

One more constraint on X is needed. By way of background, what is said in Part 4 of 
Section 9.1 identifies 3^0 VJMe as a subset of Y and Y^, and also x S^. This extra 
constraints uses y^e to denote the union of and the r > p* + ^£ part of Me ■ Here 
is the extra constraint: 

(9.10) 

There is a distinguished embedding of M x J^oe into X with the following property: 

The respective < and s > slices of the image of this embedding, 

when written using the diffeomorphisms from the second and third bullets of (2.7), 

1 7 

appear as the incarnation of 3^oe in either Y,Yk,ovS x S as the case may be. 



The metric for X is assumed to obey a constraint that requires membership in an 
analog for X of the various T > 1 versions of the space Mety. The definition of 
this X version of Metj- requires the a priori selection of metrics 0_ and 0+ from the 
respective y_ and 7+ versions of Metj- with it understood that Metj in the case of 
M U (S^ X 5^) is the space consisting of the metric g* on x and a metric on M 
of the following sort: If ci(det(§)) is torsion on M, then any metric on M is allowed. 
If this class is not torsion, then the metric's associated harmonic 2-form with de Rham 
coholomogy class ci(det(S|M)) has non-degenerate zeros. Meanwhile, Metj for any 
given k G {1, . . . ,g} version of Y^ U (S^ x 5^) consists of a Metj metric for F/;_i 
and any metric for x S^. Reintroduce from Part 5 of Section 9.1 the metric qj on 
3^0 U A4- Of immediate interest in what follows is g^'s restriction to 3^oe- By way 
of a reminder, gj- on J^oe is the metric g* on 3^o and it is the metric in (9.7) on the 
f>P* + TigS part of Ms- 

The analog of Metj for X consists of the space of metrics with the following three 
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properties: 

• The metric obeys the L = 100 version of (2.8). 

• The metric pulls back via the embedding in (9.10) as the metric ds^ +37- . 

(9 11) I ' metric pulls back from the s < —104 part of X via the embedding 
in the second bullet of (3.8) as ds^ + 0- , and it pulls back from the 
s > 104 part of X via the embedding from the third bullet of (2.7) as 
ds^ + g+ . 

This analog for X of Metj- is denoted in what follows by Metj also, its dependence 
on 0_ and being implicit. 

Lemma 9.4 given momentarily supplies the promised analog to Lemma 9.1. To set the 
notation, suppose that a metric on X has been specified and that px is a differential form 
on X. The lemma uses {px)2 to denote the L^-norm of px over the \s\ < 104 part of 
X. Lemma 9.4 uses w_ and w+ to denote the respective g_ and g_|_ harmonic 2-forms 
with de-Rham cohomology class that of ci(det(S)); and it uses the embeddings from 
the second and third bullets of (2.7) to view and w+ as 2-forms on the 5' < — 1 and 
s > I parts of X. 

Lemma 9.4 Let X denote a cobordism manifold of the sort described above. Given 
metrics 0_ and g+ in ttte respective F_ and 7+ versions of Met 7-, ttiere exists k > I 
with the following significance: Fix T > I, and fix a Riemannian metric on X from the 
corresponding set Metj- . There is a self-dual, harmonic 2-form on X whose pull-back 
to the constant s-slices of X converges as s ^ —00 to w_ and as s ^ 00 to 
Let px denote a closed 2-form on X that equals w_ where s < —102, that equals w+ 
where s > 102, and with de Rham cohomology class that of ci (det (S)) . 

• The L^-norm of this harmonic self-dual 2-form on the s -inverse image of any 
length 1 interval in R is bounded by K{px)2 ■ 

• The pull-back of this harmonic self-dual 2-form to the constant s > I and s < —\ 
slices differs in the -topology from w_ and w+ by at most n{px)2 e^'^l/^ with 
z > 1 depending on the corresponding limit metric. 

• The pull-back of this harmonic self-dual 2-form to M x via the embedding 
from (9.10) differs from ds Av^ + w by a 2-form whose -norm on R x 3^0 
and on the r > + part of R x Me is less than n{px)2T^^^'^ . 

Proof. The existence of a closed, self-dual harmonic 2-form with the desired s ^ —00 
and 5—7-00 limits follows from the index theorem in [APS]. This 2-form is denoted in 
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what follows by u . Given the first bullet, then the assertion in the second bullet follows 
from the eigenfunction expansion that is depicted below in (9.13). As explained next, 
the third bullet also follows from the second bullet. 

To prove the third bullet, fix ^'o C M and introduce fio to denote the function on M 
given by the rule 51— — 5o| — 1). This function equals 1 where |5 — 5o| is less 
than 1 and it equals zero where |i' — sqI is greater than 2. Let a denote the function 
from Step 2 of the proof of Lemma 9.1 and let ^j- denote the embedding from Part 5 
of Section 9.1. View the pull-back of aoaui as a 2-form on M x {S^ x S^) with 
support where |s — i'o| < 2. The assumed -bound for uj with a Green's function 
argument much like that used in Step 4 of the proof of Lemma 9. 1 can be used to derive 
the pointwise bound that is asserted by Lemma 9.4. The derivation differs little from 
that in Step 4 of the proof of Lemma 9.1 save for the fact that the Green's function in 
question is that for the elliptic operator 

(9.12) V: C°°(M X (S^ x 5^); A+ M) ^ C°°(M x (S^ x S^); T*{R x (S^ x S^)) 

given by the formula V = *xdx + dx where dx denotes the 4-dimensional exterior 
derivative ds A ^(0 + d and where *x denotes the Hodge star for the metric ds^ + q^: . 

The lemma's first bullet is proved in the four steps that follow. 

Step 1: Let u denote the relevant closed, self-dual harmonic form. Fix an integer 
n G {106, 107, . . .} and introduce by way of notation /„ C M to denote a closed 
interval of length 2n whose endpoints have distance 106 or more from the origin. Let 
C denote the space of closed two forms on the domain s~^(In) that agree with co on 
some neighborhood of the -inverse images of the boundary points of /„. The 2-form 
Lo is the minimizer in C of the functional that is defined by the rule tr 1— >• J^-i^i )\^^\^ ■ 

Step 2: Use the embedding from the second bullet of (2.7) to write the s > 100 part of 
X as [100, 00) X and likewise write the s < —100 part of X as (—00, —100] x F_ . 
Let for the moment denote either or Let * denote either the g_- or g+- 
version of the Hodge star on . The corresponding operator d* defines an unbounded, 
self-adjoint operator on the space of closed 2-forms on F*. Let denote an L^- 
orthonormal basis of eigenvectors of d* on the space of closed 2-forms with negative 
eigenvalue and let denote an -orthonormal basis of eigenvectors of d* with 
positive eigenvalue. The eigenvalue of d* on a given eigenvector, a, is denoted by Aa. 
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The 2-form ui on (—00, — 1] x F_ and on [1, cxd) x 7+ can be written as 
(9.13) 

u = ds A *w- + w_ + e^''^'+'^\ds A * a + a) where s < - 104. 

uj = ds A *w+ + w+ + I]aes- e^^^'^^\ds A * a + a) where s > 104. 

What is denoted by Z(.) in (9.13) is a real number. Keep in mind for what follows 
that any given version of e^''\ds A * a + a) is the exterior derivative on its domain of 
definition of the 1-form g'a = X^^e^'^^ * a. 



Step 3: Fix m > 1 . Let a denote an eigenvector in the y_ version of S"*" . Introduce 
(Ja to denote the function on M given by the rule s 1— >■ a^is) = 1 — xi~>^~^ '^ai^ + 
102) — 1). This function equals where s > —102 — mX^^ and it equals 1 where 
s < —102 — 2mX~^ . If a is in the 7+ version of , then is given by the 
rule s I— a^is) = 1 — xi~>^'i~^ '^ai^ ~ 102) — 1). This version of is where 
s < 102 + m|Aa|~' and it is 1 where 1^1 > 102 + 2/M|Aa|^'. Meanwhile, use x* to 
denote the function x(102 — \s\). This function is 1 where \s\ > 102 and where 
1^1 < 101. 

Use fx and these functions to define the 2-form rt) on X by the rale 

to = x*ds A*px + px+Yl Za J(aaA~'e^"('+'°2) ^ 
(9.14) _ ^"^^ 

+ 5^ZaJ(aaAa-'e^^(-'«2)^^)^ 

aes- 

This is a closed 2-form whose de Rham cohomology class is the same as uj . Let E 
denote the smallest of the numbers from the set {Aa | a G H"*"} U {|Aa| | a G E"} with 
it understood that H+ refers to the Y version and E" refers to the 7+ version. The 
2-form tr equals uj where |i| > 1 +2mE^^. 



Step 4: The square of the L^-norm of ro^ over the \s\ < 102 + 2mE ' part of X is 
no greater than 

(9.15) 

[ \px\^ + com-^e-^'- V |Aar'|Zap + 4mE-i(||w_||2 + ||w+||2) 

Js-l([-102,102]) aeH+US- 

+ J2 |Aar'|Za|V"'-e-^l^"l'"/'). 



ae=+US 
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Meanwhile, the integral of over this same part of X is equal to 
(9.16) 

/ V \K\-^\z^\\\-e-^"') + AmE-W\w.\\l + \\w+\\l) 

A-l([-102,102]) aGH+UH- 

+ lAar'lZalV'"-^'-'!^"!'"/'). 

aeH+UH- 

As noted in Step 1, the expression in (9.16) can not be greater than what is written in 
(9.15). This being the case, the m > cq versions of (9.15) and (9.16) imply the bound 

(9.17) / V \X,\-'\z,\^ <co{l + {pxf2). 

Js-l([-102,102]) aeS+US- 

This last bound has the following corollary: Let / C Mdenote any interval of length 1. 
Then < cq (1 + {px)l). □ 



9.4 Proof of Proposition 3.10 

To explain the first bullet, identify a neighborhood of the critical point of the function s 
with a ball about the origin in using coordinates (y i , 3^2 , 3^3 , 3^4) and write s in terms 
of these coordinates st-S s = — — y2 — yj, when the constant, 5 < — 1 slices of X 
are Yq and the constant, s > I slices are M U (S^ x S^) . With the ends reversed, the 
function s appears as = —y^ + + 3^2 + 3^3 ■ The embeddings given in the second 
and third bullets of (2.7) are defined using a pseudogradient vector field for s. This 
pseudogradient vector field in the F_ = Yq and 7+ = MU{S^ x S^) case can be chosen 
so as to have the following properties: The inverse image of the descending 3 -ball from 
the critical point via the embedding given by the second bullet of (2.7) appears as the 
locus (—00,0) X S with S being the 2-sphere that is described in Part 4 of Section 
9. 1. Meanwhile, the inverse image via the embedding given by the third bullet of (2.7) 
of one of the ascending arc from this critical point intersects the (0, 00) x (S^ x 5^) 
component of (0, 00) x (M U {S^ x 5^)) as the locus (0, 00) x with G 5^ x 
being the r = point in the ball that is described in the third paragraph of Part 4 
in Section 9.1. The other ascending arc intersects the (0, 00) x M component as the 
/ = point in the ball that is described in the fourth paragraph of Section 9.1. There 
is a completely analogous picture of X when Yq is the constant s > slice of X and 
X is the constant s < slice. 
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What is said above about the descending and ascending submanifolds from the critical 
point has the following consequence: The pseudogradient vector field that defines the 
embeddings from the second and third bullets of (2.7) can be chosen so that (3.9) are 
obeyed and likewise the condition in (9.10). These properties are assumed in what 
follows. The fact that S carries no homology implies that the fourth bullet of (2.7) 
holds for X. 

Parts 1-10 of this subsection construct large L versions of the form wx and the metric 
that are used in Part 11 to satisfy the requirements of the second bullet of Proposition 
3.10. These constructions require the choice of parameters T » 1, Lq ^ 1 and 
Li > Lo + 1. Granted large choices, Parts 1-10 construct a closed 2-form denoted by 
oot* and a metric denoted by mj* that makes oot* self-dual. Any L > Li + 20 version 
of ujt* can serve for Proposition 3.10's desired 2-form wx and the corresponding 
version of mr* can serve for the desired metric. 

Proposition 3.10 requires as input a metric on M U (S^ x S^) and asserts that such a 
metric determines a certain subset of the set Met on Yq . To say more about this subset, 
recall from Part 2 of Section 9.2 that each metric in Met is determined in part by a 
metric from Section 9.1's set Met^ and a large choice for a number denoted by T. A 
metric of this sort was denoted by 337- in Section 9.2. As noted at the end of Part 2 
of Section 9.2, a lower bound on T is determined by certain properties of the metric 
from Met^. A metric of this sort is in Proposition 3.10's subset if and only if T is 
greater than a new lower bound that is determined by the afore -mentioned properties 
of the Met^ metric. Suffice it to say for the purposes of the proof that this new lower 
bound is defined implicitly by the constructions in the subsequent eleven parts of this 
subsection. 

The upcoming Parts 1-10 are written so as to simultaneously supply a metric and 
a closed, self-dual 2-form for Section 9.5's proof of Proposition 3.12 and Section 
9.6's proof of Proposition 3.13. This is done by considering a cobordism space X as 
described in the previous section whose limit manifolds F_ and 7+ are as follows: 
Either one is Yq and the other is M U {S^ x S^) ; or one is some k G {I, . . . ,g} version 
of Yic and the other is Y^-i U {S^ x S^), or both are Yq. Although not needed for what 
follows, the constructions in Parts 1-10 can be done when both Umit manifolds are Y 
or both are some A; G { 1 , . . . , g} version of Y^ . 

Part 1: When Y or Y^ is not M U (S^ x S^), choose metrics, gi_ and gi_|_ in the 
respective F_ and F+ -versions of Met^ as the case may be. In the case when one 
of Y or is some ^ G {1, . . . , g} version of Y^ and the other is Y^-i U {S^ x S^), 
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what is denoted allows any metric for the 5^ x 5^ component. Fix a T » 1 ; 

in particular so that Lemma 9. 1 can be invoked for the metric in Metj- defined using 
gi_ in the case of y„ and 0i+ in the case of 7+. Use Q\- to choose a metric g2 as 
directed in Part 2 of Section 9.2 on y_. Then set g_ = 02- Meanwhile, use 02 to 
construct a version of the metric 037- and denote it by Q-t- Do the same using 0i+; 
denote the chosen 02 metric on F+ by 0+ and use 0+r to denote the resulting 037 
metric. If either of y_ or is M U {S^ x S^), take the metric of the sort described in 
Part 1 of Section 3.6 for M and the metric g* on X S^. Denote the resulting metric 
on M U (S' X S^) as g_ in the F_ case and g+ in the 7+ case. With T > 1 chosen, 
this same metric is also denoted at times by g_7- and g+r as the case may be. 

By way of notation, the constant cq in what follows depends implicitly on the various 
properties of the metrics 0i_ and 0i + . In particular, cq depends on an upper bound for 
the norm of the metrica'^s curvature, upper and lower bounds on the metrica^s volume 
and a lower bound on the injectivity radius. 

Let m denote a chosen metric in the 0_ and 0+ version of Metj- on X. Certain 
constraints on m are imposed later in this subsection. Note that some of the latter 
impose constraints on 0i_ and 0i+. 

Part 2: Use w_ and w+ to denote the respective 0_ and 0+ harmonic 2-forms on 
7_ and 7+ with de Rham cohomology class that of ci(det(S)). Fix for the moment 
a closed 2-form px on X as described in Lemma 9.4. Use u) to denote the self-dual 
2-form on X given by Lemma 9.4 for the case when the metric on X is m. The 
distinguished embedding from (9.1 1) pulls uj back to M x 3^oe as a 2-form that can be 
written as 

d 

(9.18) UJ = ds f\V(, + w + ds f\ —q + dq, 

OS 

with q being an -dependent 1-form on J^oe ■ Lemma 9.4 says that the -norms of ^ ^ 
and on M X and on the r > + part of M x TV^ are less than Cf){px)2T^^^^ . 

An s- and J -independent open cover of J'oe by balls of radius c^^e can be used to 
write q on 3^o and on the r > p^: + part of A4 as qo + d^ with qo obeying 
\1q\ < co{px)2T^^^^ and l^^bl < co{px)2T^^^^ . Meanwhile, ^ is a smooth function 
with \d{l<i)\ < C(){px)2T^^^^ . Both qo and ^ can be constructed so as to depend 
smoothly on s. It follows as a consequence of the bound |t/(^^)| < co{px)2T~^^^ 
that an 5 -dependent constant can be added to ^ so that the resulting function, ^, 
depends smoothly on s and obeys |^^| < co{px)2T^^^^ ■ 
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Reintroduce a± from Part 2 of Section 9.2. The 2-fonn w + d{a± q^) is equal to w 
on M X 3^0 on the r > + |e part of M x A4- Meanwhile, it is equal to w + on 
the r < + |e part of M x A^- Moreover, the norm of the difference between this 
2-form and w on the r > + part of A4 is bounded by co{px)2T^^^'^ , this being 
a consequence of the bounds in the preceding paragraph for qo . 

Of interest in what follows is the 2-form on M x 3^oe given by 

d d 

(9.19) ds A S + w + d(a±qQ) with 6 = + a ± — qj + d{a± — l(Q). 

OS OS 

This is a closed 2-form on M x 3^oe which is A *w + w on E x 3^o and on the 
r > p* + |e part of M x A4- The bounds given above on the norms of 4). its s- 
derivative, and on the norms of qo, dqo and -^qo imply the following: There exists 
Co > 1 such that each 5 G R version of the 3-form 6 A (w + d{aqo)) is strictly positive 
on 3^06 if 



(9.20) 



Assume in what follows that this bound holds. Granted (9.20), then Lemma 9.3 supplies 
a smooth, 5 -dependent metric on 3^oe with the properties listed below. The notation 
uses Qx to denote the metric at any given 5 € M . 



(9.21) <^ 



The Hodge star of gx sends w + d{aqo) to S. 
The metric gx is g.,, on M x 3^0 and on the r > + |e part of 
The metric gx is the metric in (9.7) on the r < + |e part of 
Given k G {1,2,...}, there exists Ck > I such that the s < — 



104 and 



* > 104 versions of gx and their derivatives to order k > I differ by at 
most Qe"!'!/'"'' from the metric g_r on 7_ incarnation of or g+j- 
on the incarnation as the case may be. 



By way of an explanation for the fourth bullet, this follows from (9.19) and the third 
bullet of Lemma 9.4 given the following fact: The derivatives to order k of any given 
coclosed eigenvector of *d on F_ or with L? -norm 1 is bounded by a polynomial 
function of the norm of the eigenvalue with coefficients that are determined solely by 
the given metric. 



Part 3: Let mj- denote the metric on X that is equal to m on complement of the image 
of (9.10)'s embedding and whose pull-back to M x 3^oe via this embedding is the metric 
ds^ + gx ■ This is a smooth metric on X whose pull-back by the embeddings from the 
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second and third bullets of (2.7) converge as — )• — oo to the metric ds^ + g_r and 
converge as s — )• oo to the metric ds^ + q+t- These pull backs are also independent 
of s for 1^1 > 104 at points of the form {s,p) if p is in either y^, the r > + |e part 
of Me, or 



Let ojt denote the closed 2-form on X given by a; on the complement of the image of 
(9. 10)'s embedding and whose pull-back to M x y^e via this embedding is the 2-form 
in (9.19). The 2-form ujj is closed. This 2-form is also self-dual when self-duality is 
defined by the metric vcvt, this being a consequence of the first bullet in (9.21). Let 
W-T and w+r denote the g_7- and g+j- harmonic 2-forms with de Rham cohomology 
class that of ci(det(S)). Use * in what follows to denote either the g_7 or g+r Hodge 
dual. The pull-backs of uij via the embedding from the second bullet of (2.7) differs 
from ds A *W-t + W-t in the topology by at most cj-e"!^'/'^'^ with cr > 1 being a 
constant. The pull-back via the embedding from the third bullet of (2.7) differs from 
ds A *w+7' + w+r in the -topology by at most ct ■ By way of an explanation, these 
bounds follow from the second and third bullet of Lemma 9.4. Keep in mind that uoj 
obeys the second and third bullets of (2.7). 



Neither ujt nor mr are likely to be -independent where \s\ is sufficiently large. This 
is a defect that is remedied in Parts 4-7 below. 



Part 4: Both w-j and w+r have nondegenerate zeros on the components of y_ and 
F+ where they are not identically zero, these being the components where ci(det(S)) 
is not torsion. Let C F_ denote such a component and let p ^ denote a zero 
of w_7-. Let Bey* denote a small radius ball centered on p with the following 
properties: The point p is the only zero of w^t in the closure of B; and B is disjoint 
from 3^0 and from the r > p* + |e part of A^- Since w-j vanishes transversely at p, 
there exists Lq > 1 such that each s < —Lq version of w-r + dq vanishes transversely 
in the closure of B at a single point. Let p^ denote this point. Note in particular that 
dist {p,ps) < c_. Granted that dist {p,ps) ^ 1 for ^ — 1, there exists > 1 such 
that dist {p,Ps) is less than | times the radius of B when s < —sq. This being the case, 
there exists Lq > sq, c- > I and a family of diffeomorphisms of 7* parametrized by 
(— oo, —Lq] with the properties in the list that follows. The list uses to denote the 
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(9.22) { 



diffeomorphism labeled by a given s e (—00, — Lq]. 

• If 5 > —Lq — 1 , then is the identity map. 

• Every s £ (—00, —Lq] version of ^'^ is the identity where dist (•,;?) > 
2dht{p,p,). 

• Every s G (—00, — Lq] version of differs from the identity in the 
C^" -topology by at most 

• ^i(p) = Ps when s < —Lq — 2 . 

This family of diffeomorphisms defines a diffeomorphism of X which is the identity 
on the s > —Lq — 1 part of X, and on the image in X of (—00, — Lq] x (y_ — Y^) via 
the diffeomorphism in the second bullet of (2.7). This diffeomorphism is defined on 
the image of (—00, — Lq] x 7^, via the second bullet of (2.7) by that of (—00, — Lq] x Y^, 
that sends a given point {s, q) to (5, ^'^((7)). Use '^p to denote this diffeomorphism of 
X. Various versions of this diffeomorphism are defined by the zeros of w^t on the 
components of F_ where ci(det(S)) is not torsion. These diffeomorphisms pairwise 
commute. Use ^ to denote their composition. 

Introduce mro to denote ^*m7' and wro to denote '^*ijJt. The 2-form ujjq is closed 
and it is self-dual if the notion of self-duality is defined using mro- The form uto 
can be written on (—00, — Lq] x as ds A (*w_7- + n) + (w_r + m) where n and 
m have -norm less than c_e^l*l/'^- and both vanish on (—00, — 1] x 3^0 and on the 
r > + |e part of (—00, — 1] x Me . By way of notation, c_ denotes here and in what 
follows a constant that is greater than 1. Its value can increase between successive 
appearances. Note that the fact that ojtq is closed requires that dn equals ^ot. 

The pull-back of + m to each constant s slice of (—00, —1] x Y^ defines the same 
cohomology class as w-t- This implies in particular that m = du with u being an 
5 -dependent 1-form on 7* . Any 5 -dependent, closed 1-form can be added to u without 
changing du, and this fact is used to choose u so that the conditions that follow hold. 



(9.23) { 



• The 1-form u is zero on yo and on the r > + |e part of A^- 

• The norm of u is less than c_e^l*l/^~ . 

• Let p denote a zero of w-t in (— 00,— Lq] x 7^,. Then \u\ and the 
norm of m's covariant derivative along ^ at any s G (—00, — Lq] x Y^, 
is bounded by c_ dist (•,;?)^e~l*l/'^ . 



To explain how the third bullet can be satisfied, let p again denote a zero of w-t ■ Use 
the metric q^j to construct a Gaussian coordinate chart centered at p so as to identify 
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B with a small radius ball in . The corresponding coordinate map to is denoted 
by X or {xi,X2,x^). Write the two form ujjq as ds A (*w_7- + n) + {w^j + The 
2-form m appears in these coordinates as 

(9.24) m = yjx'e>''"'dx''dx'" + ■■■ 

where the summation convention over repeated indices is used. The unwritten terms 
in (9.24) are C)(|x|^). What is denoted by {£^"'"}i<j\n,m<3 is anti-symmetric with 
respect to interchanging indices and so defined by the rule e^^^ = 1. Meanwhile, 
{o'^}ij=i,2,3 are the entries of a traceless, -dependent matrix whose norm and that of 
its -derivative are at most c_e~l'*l/'^' . The matrix is traceless because m is closed. 
The fact that this matrix o is traceless implies that m on B can be written as dus with 
ub = ^o'-'x'x"e^"'"dxf" + • • • where the unwritten terms are 0(|;cp). Since u — ub = dp 
on B , it follows that u can be modified with no change near the boundary of B so that 
li = Ub on a small radius ball in B centered at p . 

Part 5: Fix Li > Lq + 1 and let xi denote the function on M given by x(~^i ~ 
This function equals zero where s < —L\ — 1 and it equals 1 when s > — Li . Use x'l 
to denote the derivative of xi ■ The function xi and the 2-form ujto are used next to 
define the 2-form on (— oo, — Lq] x 7* to be denoted by uji ■ This 2-form is ujjo on 
the s > — Li part of (— oo, — Lq] x F*, and it is given where s < —L\ by the formula 
that follows for its pull-back via the embedding from (2.7)'s second bullet: 

(9.25) ojt\ = ds a {*W-t + Xi'^ + Xi") + ^-t + Xidu. 

The 2-form ujji is a closed 2-form on (— oo, —Lq] x F*. The remainder of this part 
of the subsection and Part 6 describe a metric on the s G (— oo, —Lq] x F^, that makes 
ujti self-dual. This new metric is equal to mjo where s > —L\ + 1 and it is equal to 
ds^ + 0_r where s < —L\ — 2. This new metric is denoted below by mn . The five 
steps that follow describe the metric mn at points in (— oo, —Lq] x 7=,, that project to 
7* near the zero locus of w-t- 

Step 1: The 2-form w-j and the 1-form *w_r on B can be written using the Gaussian 
coordinates (xi,X2,X3) onB as 

(9.26) w-T = ^A^jx'e-''""dx"dx"' + ■■■ and * w_r = A'Vdx-'' + • • • 

with summations over repeated indices implicit. The various i,j £ {1,2,3} versions 
of A'j in (9.26) are the entries of an invertible matrix, this denoted by A. The unwritten 
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terms in (9.26) vanish to order \x\^ . The fact that w_7 is closed implies that A is 
traceless and the fact that *w_r is self-dual implies that A is symmetric. 

The unwritten terms in (9.26) are incorporated using the notation whereby w-t and 
*W-T on (— oo, — Lq] X B are written as 

(9.27) ds A (fie^ +f2e^ +/3e^) +fif A +f2e^ Ae^ + f^e^ A e^, 

where {e''}i<k<3 denotesa g-j-orthonormalsetfor T*B with {e*^ = d^+0(\x\^)}i^k<i,; 
and where {fk}\<k<3 are functions with = J2i<i<3 + C'(|jcp)}i</t<3 . Note in 
particular that these are such that dfi Adfj Adfs > j det(A) on a concentric ball in B 
centered at the origin. This ball is denoted by B' . It is assumed in what follows that Lq 
is chosen so that uj^q = ujj on the complement of a concentric ball in B' with radius 
one fourth that of B' . In particular, it is assumed that (9.22)'s diffeomorphism '^^ is 
the identity for all ^ on a neighborhood in B of B — B' . 

Step 2: The ^' -pull back of {t/^, e\ e^, is mr-orthonomormal. The -pull back 
of ds is ds. Meanwhile, ^ can be chosen so that 

(9.28) ^*e'' = e''+ p'^ds + ^ p''je', 

1<<:<3 l</'<3 

where ^j<^<3 |p*^| < c_e~l*l/'^- and ^i<^j<3 Ip^-'l < c_ |x|e~l*l/^- when s < — Lq — 
1 . This is done by defining (9.22)'s diffeomorphism ^'^ using the Gaussian coordinates 
in (9.25) by the rule x i— ^s(x) = x + ps at points {s,x) with \x\ < j\ps\ and 
s < -Lo - 1. Use {e^} i<k<3 to denote l"^* e''} i<k<3 . Granted this notation, the 
2-form ujjQ near p can be written as 

(9.29) u'ro = dsA (f,,^ +f,^el +f,,e]) ^ .3 ^j^^^3 ^ ^^^^.i ^ .2^ 
where {/,^ = ■^*fk}i<k<3- 

Step 3: Introduce {ej^ = e'^ + XoJ2i<j<3p'^''^}i<k<3- Use this ^-dependent basis 
to write the (9.25)'s 2-form w-t + Xidu on B' as 

(9.30) W-T + Xidu =/v„< A el^ +/v^2< A e]^ +/v^3< A e^,^, 

where {fs^k}i<k<3 are smoothly varying functions of s and the coordinate x with 
the property that = /( ) when s < —L\ — 1 and = fs{-) when s > —L\. 
This depiction can be derived from the fact that {fk}\<k<3 generate C°°{B'). Note 
that fs^k = fk + ' " with the unwritten terms such that their norms are bounded by 
c_e~l'*l/'^" \x\ and such that their first derivatives have norms bounded by c_e^l*l/'^ . 
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This implies in particular that the functions {/v^/(:}i</t<3 also generate C°°(B') and that 
dfs^x A df,^2 A <i/s^3 > det(A) on B' when Lq > c_ . 

The 1-form *w-t + Xon + Xo" be written schematically on (—00, —Lq] x B' using 
the basis {e^^}i</t<3 as 

(9.31) * w_r + xore + xo" = f-^xkCki e',^, 

l<k,i<3 

with {Cfa}i<, ,t<3 denoting a matrix of smooth functions of s and the coordinate x. 
Given that the functions {fs^k}i<k<3 also generate C°°{B'), such a depiction follows 
because both n and u vanish at p . Keep in mind for what follows that the matrix with 
coefficients {Cfa}i<,jt<3 differs from the identity matrix by at most c_e^l'*l/'- . 

Step 4: A particular set of three smooth functions of s G (—00, — Lq] and the coordi- 
nate X is specified momentarily. Let {q'^}i<yt<3 denote any given set of such functions. 
Use this set to define 1-forms {^^^}i</t<3 on (—00, — Lq] x B' by the rule 

(9.32) e',^=e]^-q'ds. 

Given the formula in (9.31) and (9.32), it follows that ojji on (—00, — Lq] x B' can be 
written using {ej^}i<i:<3 as 

(9.33) ds A if.^uiCki + ^'^q"))^!, + ^/...e''""^?, A a^^. 
This equation uses the summation convention over repeated indices. 

Step 5: The set {q*}i<i:<3 is introduced for the following reason: There is a unique 
choice for {q'^}i</t<3 that makes the matrix with entries {q, + e'^"'q"}i<!,/t<3 a sym- 
metric matrix, this being {q*^ = js'^'^Cni}. This choice is used in what follows. With 
this choice understood, a metric is defined on (—00, — Lq] x B' by the following rules: 

{• ds has norm 1 and it is orthogonal to {^'^'*'<:}i<i:<3 . 
• Given (/, it) G { 1 , 2, 3} , then the inner product between and e'^ is 

The inner product defined by the second bullet is positive definite if Lq > cqC- because 
of the afore-mentioned fact that the matrix defined by {Cj.,}i<,_)t<3 differs by at most 
from the identity matrix. 
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The metric just defined is the metric mro when s > —L\ ; and it is the metric ds^ + q^t 
when s < —Li — 1. Moreover, the 2-form ujji is self-dual on (— cxd, — Lq] x B' when 
self-duality is defined by this metric. Denote this metric by mnp. 

Let B" C B' denote the concentric ball whose radius is one half that of B' . The desired 
metric mji is defined to equal mjip on {—oo, — Lq] x B" . 



Part 6: Use U to denote the union of the various versions of the ball B" . The two 
steps that follow directly describe the metric tun on (— oo, — Lq] x (7* — U). 



Step 1: This step describes a metric on (— oo, — Lq] x{Y^ — U)io be denoted by mno . 
The metrics mn and xnjio agree on the product of {—oo, — Lq] with the complement in 
7* of the union of the various versions of the ball B' . The definition of this metric mno 
assumes that Lq > Co with Co such that uj = w-t + Xidu and v = *w^t + Xi + 
from (9.25) obey f Ao; > 1/co on (— oo, — Lq] x (7* — U). The existence of follows 
from (9.23). Let p denote a zero of w-j and let Bo C B' denote the concentric ball 
whose radius is three quarters that of B' . Use V to denote the union of the various 
versions of Bo. Invoke Lemma 9.3 on (— oo,— Lq] x (7* — U) using u; and v to 
obtain a smooth family of metrics on 7* — V parametrized by (— oo, — Lq] with the 
properties listed in the upcoming (9.34). The notation uses go to denote any given 
s G (— oo, — Lq] member of the family. To explain more of the notation, note first that 
pull-backs of m and Part 4's metric mjo via the embedding from the second bullet 
of (2.7) agree on (— oo, — Lq] x (7* — U). In particular, the pull-back of mro to this 
part of (— oo, — Lo] X 7* can be written as ds^ + qx with qx denoting here a smooth, 
5-dependent metric on 7* — ?7. This metric qx is the metric q^j on yM — U and it is 
the metric from (9. 19) on J^oe ■ 



(9.35) { 



• Each s G (— oo, — Li — 1] version of 0o is q~t and each s G [— Li, — Lq] 
version is the corresponding version of qx ■ 

• The -Hodge dual of the 2-form w-t + Xidu on 7* — V is the 1-form 

*W-T + Xin + x'iU. 



The metric mno on (— oo, — Lq] x (7=,, — U) is defined to be ds^ + Q(^. It follows directly 
from the second bullet in (9. 35) that the 2-form is self-dual on (— oo, —Lo]x{Y^, — V) 
when the notion of self duality is defined using the metric mno. 
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Step 2: Let p denote a zero of w-t- The metrics vcitio and mn^ are both metrics on 
(— c«, —Lq\ X {B' — Bo). The 2-form ujji is self-dual on (—00, — Lq] x {B' — Bo) when 
the latter notion is defined by either metric. Use Zo and Zp to denote the respective 
mrio and mjip norms of ujj\ . Since ojji A uji > cl' here, there is a ujt\ -compatible 
almost complex structures for (—00, — Lq] x {B' — So), these denoted by and Jp, 
such that 

(9.36) mrio = z~^ujti{-,Jo{-)) and mnp = Zp'wn(-, ■//,(•))• 

As the space of ujti -compatible almost complex structures on (—00, — Lq] x {B' — Bo) 
is contractible, there exists such an almost complex structure with two properties, 
the first of which is as follows: The almost complex structure is Jp at points with 
B' — Bo component in a neighborhood of the boundary of the closure of Bo ; and 
it is 7o at points with B' — Bo component in the B' part of a neighborhood of the 
boundary of the closure of B' in B. To state the second property, keep in mind that 
Jo = Jp in some neighborhood of (—00, — Li — 1] x (B' — Bo) and also in some 
neighborhood of [— Li, —Lq] x (B' — Bo). What follows is the second property: The 
new almost complex structure is Jo and thus Jp in slightly smaller neighborhood of 
(—00, — Li — 1] X (B' — Bo) and [— Li, —Lq] x (B' — Bo). Use 7* to denote an almost 
complex structure of the sort just described. 

Fix a smooth, strictly positive function on {—oo, —Li — 1] x (B' — Bo) that is equal 
to Zo where 7* = Jo and equal to Zp where 7* = Jp. Denote this function by z*. 
Use 7=1, and z* to define the metric mn on (— cxd, —Li — 1] x (B' — Bo) by the rule 
mn = z^'ci;7'i(-,7*(-)). This metric smoothly extends the metrics defined in Step 1 
and in Step 5 of Part 5 and it has all of the desired properties. 

Part 7: Let 7^, C now denote a component where w-t is identically zero, thus 
a component where ci(det(S)) is torsion. Suppose that L > 1 has been chosen. Let 
uto now denote the pull-back of ujj to (—00, — L] x via the embedding from the 
second bullet of (2.7). It follows from Lemma 9.4 that the norm of uto is bounded 
by co{px)2e~^^^^'^° . The 2-form ujto is exact on (—cxd, —L] x F*, it can be written as 
ds f\ + du with d denoting here the exterior derivative along the constant s slices 
of (—00, — L] X and with u denoting a smooth, ^-dependent 1-form on Y^ with \u\ , 
\du\ and \u\ bounded by co(px)2 e"'^'^^" ■ 

With the preceding understood, fix Lfor > L + 4 and let x* denote the function on M 
defined by the rule s 1— )• x(~Ltor+^—s)- This function equals 1 where s > —Ltoi+3 and 
it equals where s < —Lfor + 2. Use x* to define a self-dual form on (—00, — L] x 7=,, 
by the following rules: This form is equal to ujo on [— 00,— L,or + 4, — L] x 7*, 
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it is identically on [—00, —LtoA x and it is equal to x*i'i^ ^ + "^w) on 
[—LtoT, —Lfor + 4] X Y^:. Denote tliis 2-fomi by ujji ■ 

The 2-fonn uji can be written as ds A *w=k + w=k with w=k = d(x*u) with it understood 
again that d here denotes the exterior derivative along . Let x* denote the derivative 
of the function s 1— x*i^)- The 2-form w* on [—Ltf„, —Lfor + 4] x F^, can be written 
as d6 with 6 = + X*"- Note in particular that \6\ < coc{px)2e^^'''^^^° ■ 

Fix c > 1 . The bound just given for \6\ leads to the following conclusion: Fix r > 1 . 
Then \B\ < r-i" if L,„, > co(| ln((;.z)2| + Inr). 

Part 8: Define the 2-form uj* on the < part of X as follows: This 2-form is 
equal to where s G [— L, 0] . Meanwhile, its pull-back to each component of the 
5 < — 1 part of X via the embedding from the second bullet of (2.7) is the corresponding 
version of the 2-form loti ■ Modulo notation, what is said in Parts 4-7 can be repeated 
for the s > part of X to extend the definition of lot* and the metric xut* to the 
whole of X . The form uj* is self-dual if the latter notion is defined by mj* ■ This 
construction has the following additional property: Suppose that px obeys (9.20). Fix 
c > cq. If r > 1 has been chosen to be greater than a purely c -dependent constant, 
then the (L = c,L;or = clnr) version of mr* and uj* obey the constraints given by 
(2.8), (2.11), (3.11), (3.12)andthe (c, r) version of (3.13). Here, the closed 1-form vx 
can be chosen so that it is ^-independent and vx = *w±t over constant ^-slices of X 
where l^l > L — 4. The bounds in items 4b), 4d), and 5c) of (3.13) follows from the 
bounds on u in (9.23) and those for B in Part 7 above. 

Part 9: The happy conclusions of Part 8 are contingent on the existence of a closed 
2-form, px, on X with the following properties: The de Rham cohomology class of 
px is ci(det(§)), it equals w_ where s < —102, it equals w+ where s > 102, and it 
obeys the bound in (9.20). 

The subsequent four steps in this part of the subsection construct px on various parts 
of X. These constructions are used in Part 11 and they are also used in the proofs of 
Proposition 3.12 and 3.13. 

Step 1: This step first states and then proves a lemma that supplies a crucial tool for 
what is to come. 

Lemma 9.5 Let U denote a 3-manifold and let V C U denote an open set with 
compact closure in V . Given the data set consisting of U, V, and a Riemannian metric 
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on U , there exists k > I with the following significance: Let u denote a closed, exact 
2-form on U . There is a 1-form on U, this denoted by q, with fy \ < k up and 
such that dq = u. 

To set the notation used below, the -norm of a function or differential form over a 
given set W C U is denoted by || • \\w- 

Proof. The set V has a finite cover by Gaussian coordinate balls with centers in U 
with the property that the mutual intersection of balls from this cover is either empty 
or convex. This cover can also be chosen so that each ball has the same radius and 
such that no ball intersects more than cq others. The minimal number of balls in 
such a cover, their common radius and the combinatorical properties of the mutual 
intersections is determined a priori hy U, V and the metric. Let 11 denote such a cover 
and let a denote the radius of its constituent balls. 

Let B £ ii. The fact that B is convex can be used to write u on B as u = dqs where 
ll^slls < coO"||u||b. Let B and B' denote two sets from il . Then dqs — dq^' = 
on their intersection, and so qs — qs' = dksB' with ksB' being a function on B' n B. 
It follows that IIbtib ^ co(t(||u||5 + Changing k^B' by a constant if 

needed produces a version with H^s'llsnB' < CQa\\dkBB'\\B'r\B and thus ||<i^B' Hbtib ^ 

coo-^dkllfi + \\A\b')- 

Now suppose that B,B' , and B" are from it with a point in common. Let cbb'b" denote 
fes' + fe'S" + fe"B • This cbb'B" is constant and the collection of such numbers is a Cech 
cohomology cocycle whose cohomology class gives the class of u via the de Rham 
isomorphism. It follows that this cocycle is zero, and so cbb'b" = t^BB' + cs's" + cb"b 
with each term being constant. Noting that \cbb'b"\ < co(T~^(||u||b + ||ii||B/ + 
it follows that \cbb'\ < c^a^^ supg„(^^.BHf^B'nBy^(!)(\\'"■\\B + \\u\\B' + \\u\\b") with c^, > 1 
determined a priori by the combinatorics of the cover it. 

Let {xslseii denote a partition of unity subbordinate to the cover il . Note that these 
functions can be chosen so that \dxB\ < coa^K Define now a 1-form ^ on B by the 
rule q\B = qB + diJ^B' XB'i^BB' — cbb'))- This defines a smooth 1-form on V with 
dq = u and with ||^||y < c*(j||ii||{7. 

Step 2: This lemma that is stated and then proved in this step makes the first application 
of Lemma 9.5. 

Lemma 9.6 There exists k > with the following significance: Fix G {0, . . . , g} 
and then T > I so as to define Metj on . Let q denote a Metj metric on and 
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let Wg denote the corresponding harmonic 2-form whose de Rham cohomology class 
is that of ci(det (S)) . The 2-form Wg on the r e [p* — p* + P^rt of Ne can 
be written as dq with q being a 1-form whose L} -norm on this part of A4 is bounded 
by k/T times that of Wg . 

Proof. The metric on the r G [p* — /o* + ^e] part of TV^ is the metric given by 
(9.7) with pt = p/T and with X37- = xt,/T. The functions K and h are smooth around 
p = with h{0) and K(0) = 1. It follows as a consequence that the metric in the 
region of interest when written using pj and xj is uniformly close for T > cq to the 
Euclidean metric on the part of the radius + ^£)/T ball about the origin in that 
lies outside the concentric ball of radius (p* — ^e)/T . Take this to be the region U 
for Lemma 9.5 and take V to be the part of this same ball where the radius is between 
^P* ~ TE^y^ ^^'^ ^P* + lis^V^- ^ cover 11 can be found as in the proof of Lemma 9.5 
with a r -independent bound on the number of sets, a T -independent combinatorical 
structure to the intersections between them, and a common radius for the balls, cq . 
This can be done because the T -dependence is just given by scaling the coordinates. 
Granted all of this, then the claim by the lemma follows by appeal to Lemma 9.5. □ 



Step 3: This step supplies a part of what will be px on the s G [—102, —101] part 
of X when F_ is a G {0, . . . , g} version of Y^, and on the s G [100, 102] part of 
X when 7+ is a G {0, . . . , g} version of Y^. The constructions that follow use the 
embeddings from the second and third bullets of (2.7) to view the s < and s > 
parts of X as (—00, 0) x y_ and as (0, 00) x F+. 

Let Xoi denote the function on R given by the rule xi\^\ — 101). Denote its derivative 
by Xoi- This function is equal to where 1^1 > 102 and it is equal to 1 where 1^1 < 101. 
Use X to construct a smooth function on A4 that equals where |r — p*| > -^e and 
equals 1 where \r — p^\ < Construct this function of r so that its derivative is 

bounded by cq. Use cti to denote this new function of r. 

If F_ is a ^ G {0, . . . , g} version of Y^, let qi^ denote the Wg = w_ version of q that 
is given by Lemma 9.6. Define p//i where s G [—102, —101] to be 

(9.37) pMi = -ds A + w_ - Xo\d{aiq\-). 

This is a closed form with de Rham cohomology class that of ci (det(§)) and it equals w_ 
where s < — 102 . Of particular note is the fact that pj^i = on the | r — p^, | < part 
of A^e where s > —101 and that it equals w- on the complement of the |r— p*| < 
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part of A4- It follows from Lemma 9.6 that the norm of pj^i at any given 
s S [—102, —101] is bounded by cq times that of w_. 

If F+ is a G {0, . . . , g} version of Fj-, then very much the same formula defines 
an G [101, 102] analog to p^\_. The latter is obtained by using Lemma 9.6 with 
Wg = w+. Lemma 9.6 supplies a 1-form q\j^ with dq\j^ = w+ on the |r — p*| < 
part of Me. Use w+ and in (9.37) in lieu of and ^_ to define pj^\ where 
* G [101,102]. 

Step 4: This step extends the definition of to the s G [—101, —100] part of X 
when y_ is a /c G {0, . . . , g} version of Yk, and to the s G [100, 101] part of X when 
F_i_ is a ^ G {0, . . . ,g} version of Y^. The embeddings from the second and third 
bullets of (2.7) are again used to view the s <Q and s > parts of X as (— oo, 0) x y_ 
and as (0, oo) x . 

Thie extension of p^i uses the function Xo2 on M that is given by x{\A ~ 100). The 
latter function is where \s\ > 101 and it is equal to 1 where \s\ < 100. The derivative 
of Xo2 is denoted by Xo2 • Reintroduce the closed 2-form po from Step 1 of the proof 
of Lemma 9.1. By way of a reminder, this 2-form has compact support on yo ; and it 
has integral 2 over each cross sectional 2-sphere in Hq . 

Suppose that Y is a /c G {0, . . . , o} version of Y^. The extension of pji/i will equal 
Pf^\ on the complement in F_ of the union of 3^o and the r > p* + ^£ part of 
A4- Lemma 9.5 is used momentarily to obtain a 1-form to be denoted by with the 
following properties: The 1-form ^2- has compact support on yo and the r > p* + -^s 
part of Me, its exterior derivative is Wg = w- — po + d{a\q\-), and its L^-norm is 
bounded by cq times that of w- . Granted such a 1-form, the extension of p^i is given 
by 

(9.38) PM2 = -ds A x'oili- + w_ - d{ai ^i_) + Xo2 dqi- ■ 

This is a closed 2-form that equals pf/i where s < — 101 and for all s G [— 101 , — 100] 
on the complement of yo and the r> P* + -^£ part of Me- This 2-form for 5 > —100 
is equal to po on 3^o and the r>p^ part of Me ■ 

The application of Lemma 9.5 takes U = V = x . The diffeomorphism in 
Part 6 of Section 9.1 is used to view po — (w_ — d{aiq\-)) as a smooth 2-form on 
X S^, and viewed as such, Lemma 9.5 is applied using this 2-form for Wg. Lemma 
9.5 then finds a 1-form, q, on 5' x 5^ with dq = po — (w_ — d{a\qi-)) and with 
L^-norm bounded by cq times the L^-norm of w_ on Y . The next two paragraphs 
explains how to obtain ^_ from q. 
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View po — (w_ — d(a\ qi-)) as a 2-fomi on x 5^ as done in the preceding paragraph. 
As explaind in Part 4 of Section 9.1, the coordinates (p, (I),xt,) for can be viewed 
where r < p^, + -^e as coordinates for a ball of this same radius in x . The 
2-form po — (w_ — d(ai ^i-)) vanishes on the concentric ball of radius {p^, + ^£)/T . 
It follows as a consequence that q can be written as with ^ being a smooth function 
on this ball. Since the norm of on this ball is bounded by co times the -norm 
of w_ over y_ , it follows that ^ can be modified by adding a constant if nessecary so 
that its L^-norm over this ball is bounded by cq/T times the L^-norm of w_ over Y . 

Use X to construct a smooth function of the radial coordinate on this ball with compact 
support that equals 1 on the concentric ball of radius {p^, + 5X2^)/^ ball. In particular, 
such a function can be constructed so that the absolute value of its derivative is bounded 
by cqT. Let a2 denote such a function and define to be q — d{afC). This 1-form 
has the same properties as q but it is zero on the complement of the image of the 
embedding <^7- from Part 6 of Section 9.1. The desired 1-form ^2- is ^jl*- 

If is either a ^ G {0, . . . , g} version of Y^, then there is an analogous construction 
that defines p^2 on the s G [100, 101] part of X. The formula for the latter is given 
by replacing w_, q\- and ^2+ by w+, ^1+ and a 1-form, (^2+> that is defined by the 
rules given in the preceding paragraph with w+ and ^1+ used in lieu of w_ and . 

Part 10: Constructions in Part 1 1 and in the proof of Proposition 3. 12 require a par- 
ticular choice for the metric m on certain parts of X. The constraint given momentarily 
holds on the s G [—100, —96] part of X when F_ is a A; G {0, . . . , g} version of Y^, 
and it holds on the s G [96, 100] part of X when F+ is a /: G {0, . . . , g} version of Y^. 

The statement of the constraint uses the embeddings from the second and third bullets 
of (2.7) to view the 5 < and s > part of X as (—00, 0] x F_ and as (0, 00) x 7+ . 
Viewed this way, the constraint on the metric m involves only the r G [p* — ||e, p*) 
parts of [-100, -96] x Me and [96, 100] x TV;. To define m on these parts of X, 
construct a smooth, non-decreasing function on M to be denoted by : This function 
equals T where \s\ > 99 and it equals 1 where 1^1 < 98. The ubiquitous function x 
can be used to define this function To. Reintroduce the metric gj on Ms that is defined 
in Part 5 of Section 9.1. The assignment s 1— )• defines a 1 -parameter family of 
metrics on Me with parameter space either [—100, —96] or [96, 100] as the case may 
be. The \s\ = 100 end member of this family is qj and the \s\ =96 member is the 
metric in (9.6). 

Use X to construct a smooth function of the coordinate r on Me that is equal to 1 where 
r < p^ — and equal to where r > p^, — 2ME^- ^* denote this function. 
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The metric m is constrained by requiring that its pull-back to [—100, —96] x A4 via 
the embedding from the second bullet of (2.7) or to [96, 100] x Me via the embedding 
from the third bullet of (2.7) to be the metric 

(9.39) J^^^fT.gr, +(l-a*)5r. 



Note in particular that this metric smoothly extends ds^ + Qt near l^l = 100 and it 
smoothly extends ds^ + Qt from the r < — ||e part of Ms for all s in the relevant 
interval. 

An important observation is given momentarily about the versions of the -norm of 
w- — d{(T\ q\-) on the r < p^ — jy^e part of Ne ■ Keep in mind in what follows that this 
2-form is zero on the r > — part of A4- Given s G [—100, —96] , the notation 
uses llw- — d{(T\q\^)\\s to denote version of the L^-norm of w- — d{a\qY^) on the 
r < p^ — part of TV^. There is the analogous definition for \\w+ — d{aiqi+)\\s 
when s G [96, 100] . Here is the key observation: 



(9.40) { 



• Each s G [—100, —96] version of ||w_ — d{ai ^i-)||i is bounded by cq 
times the L^-norm of w_ on Y . 

• Each s G [96, 100] version of ||w_|_ — d{aiqi+)\\s is bounded by cq 
times the -norm of w+ on . 



To see about (9.40), write any s G [—100, —96] or 5 G [96, 100] version of gr^ at any 
given point in the r < p^ — -^e part of A4 as 

(9.41) st-o = Aie' (^e^ + XjJ^ ®e^^ Xse^ f 

with Ai , A2 and A3 being positive numbers and with {e''}k=i,2,3 beinga gr-orthonormal 
frame. It follows from (9.7)-(9.9) that each Aj. can be written as {T /T^)^ek where the 
numbers e\, t2 and 63 are such that Cq ' < ei, e2 < cq and Cq ' < 23 < C()(T /T^f- . 
It follows from this that the volume form of the metric is less than cq{T /T^f times 
that of qt- It also follows from this that the square of the -norm of w- — d{(T\ ^i_) 
is less than cq{T /T^f times the square of its qj norm. These last two observations 
imply that the integrand whose integral gives — d{a\ q\~)\\1 is no greater than cq 
times the integrand whose integral computes the square the qt version of the L^-norm 
of w_ — d{a\q\-). This last fact implies directly the first bullet of (9.40). But for 
replacing — subscripts with + subscripts, the same argument proves the second bullet 
of (9.40). 
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Part 11: This part of the subsection completes the proof of Proposition 3.10. Accord- 
ing to Part 8, it is sufficient to find the closed 2-form px with certain special properties. 
This is done given two more constraints on m. The first contraint affects m only on the 
1^1 G [96, 100] part of X. The statement of this uses the embeddings from the second 
and third bullets of (2.7) to view the s < and s > parts of X as (— oo, 0] x y_ and 
as (0, oo) X 7+ : 

The metric m on [—100, —96] x yM is the product metric ds'^ + 0_ 
(9.42) when Y_ = Yo; and when 7+ = Yq, the metric m on [96, 100] x yu 
is the product metric ds^ + q+. 



To state the second constraint, re-introduce from Part 7 of Section 9.1 the set Q and 
the associated collection {7^}(^2^)e0 of subsets of Ms- The following observation 
views them as subsets of Yq and M : 



There exists an embedding of M x (jj 
properties: 



(7,27)66 '7 



Ty) into X with the following two 



(9.43) 



The function 5 on X pulls back via the embedding to its namesake on 
the R-factor of M x (U(7,z^)6e "7^)- 

The composition of this embedding of the l^l > 1 part of M x 
(U(7Z^)ee^) with the inverse of the embeddings from the second 
and third bullets of (2.7) is the tautological inclusion map. 



The existence of such an embedding is implied by what is said in the first paragraph of 
this section about the ascending and descending manifolds from the critical point of s. 
The second constraint uses m_ and m+ to denote the metrics ds^ + g_ and ds'^ + 3+ 
on the product M x {[j^^ ^^s^^e '^)- 



There exists a T-independent constant, c* > 1, with the following 
(9.44) significance: The pull-back of m via the embedding in (9.43) obeys 
c^r'iTi- < tn < c*m_ and c;i7^"^+ < ^n < c*m+. 

Granted these constraints, the three steps that follow construct px when y_ = ^o- 
The construction when Y^ = Yq is not given as it has the identical description but for 
changes of — to + in various places. 
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Step 1: Define px on the s G [—102, —101] part of X to be pj^i and define px on the 
s G [—101, —100] part of X to be pj\f2- The rest of this step extends the definition of 
px to the s G [—100, —98] part of X. To this end, use the embedding from the second 
bullet of (2.7) to view this part of X as [- 100, -98] x Yq. 

The 2-form p^2 near s = —100 is the -independent 2-form on Yq given by p^ on 
3^0 and w- — d{cj\q\-) on the rest of Yq. This understood, px is extended to the 
s G [—100, —98] part of X as this ^-independent 2-form on Fq- 

Write the metric m appearing on [—100, —98] x Yq as ds^ + g with g denoting an 
5-dependent metric on Fq- The constraint in (9.42) asserts that g = g_ on 3^m- 
Meanwhile, g is Part 9's metric on the r < — -^e part of A4 . It therefore follows 
from (9.40) that the L^-norm of px on Y as defined by any s G [—100, —98] version 
of g is bounded by cq . 

Step 2: This step extends the definition of px to the s G [—98, —96] part of X. To 
do this, view the s G [-98, -96] part of X as [-98, -96] x Yq as in Step 1. Keep 
in mind for what follows that the metric m here has the form ds^ + qm with qm being 
an -independent metric on Yq. Note in particular that qm = 0- on 34/ and it is the 
metric that is depicted in (9.6) on the r < — -j^e part of A^- 

Lemma 9.5 is invoked momentarily to construct a 1-form on the union of 34/ and the 
r < part of Me , with the three properties listed momentarily. The list of properties 
denotes the 1-form by and it reintroduces the 2-form p from Part 7 of Section 9.1. 
Here are the three properties: The 1-form ^3„ obeys dq^^ = P ~ ^- + diaiqi^), it 
vanishes on the r > — -^e part of A4, and its L^-norm as defined by the qm is 
bounded by cq times the L^-norm of w_ on Y. 

Let Xo3 denote the function on M given by x(kl — 97). The function Xo3 equals 
where 1^1 > 98 and it equals 1 where 1^1 < 97. Introduce to denote its derivative. 
The 2-form px on the s G [—98, —96] part of X is on 3^0 and it is given on the rest 
of Yo by 

(9.45) ds Ax<,3l3- +w- - d{aiqi-) + Xoidqi-. 

Of particular note is that the m version of the -norm of the 2-form px on [— 98 , —96] x 
Yq is bounded by cq. What follows is a key point to keep in mind for Step 3: The 
2-form px on [—97, —96] x Yq is the 2-form po + p from Yq. 

Lemma 9.5 is invoked using for the set U the union of 3^^ and the r < p^, — part 
of Me. Lemma 9.5 's set V is the union of 34/ and the r < p^, — -^e part of A^. The 
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2-form Wg is p — w_ + d(ai iji-). Note that this 2-form is zero on the r > — 
part of U . The metric used for the lemma is the metric g^- It follows from (9.40) 
and (9.42) that the L^-norm of p — w_ + J(cri^i„) as defined by qm is bounded by 
cq. As neither U , V nor qm depend on T, Lemma 9.5 finds a 1-form q on U with 
dq = p — W- + d{ai q\^) whose L^-norm on V is bounded by cq. To obtain from 
q, note that ^ on the r > P* — 255^ -^(^ given by dl<i with ^ denoting a smooth 

function. Changing ^ by a constant if necessary supplies a version whose -norm is 
bounded by cq times that of <i^; thus by cq. Take such a version. Meanwhile, use x 
to construct a smooth function of r on Ne that equals where r > p^, — jy^e , equals 
1 where r: < p^ — and whose derivative has norm bounded by cq. Denote this 
function by (J3 and set = q — d{a^ kd ■ 

Step 3: This step extends the definition of px to the s € [—96, 102] part of X. To 
this end, consider first the definition of px on the s G [—96, 100] part of X. As is 
supported in the image of the embedding from (9.10) and as the 2-form p is supported 
in the image of the embedding from (9.43), these embeddings can be used to view 
po + p a&a. 2-form on the s G [—96, 100] part of X. View them in this light and define 
px on this same part of X to be + p. The constraint in (9.44) has the following 
implication: The L^-norm of px on the s G [—96, 100] part of X is bounded by cq. 

The definition of px on the s G [100, 102] part of X views this part of X via the 
embedding from the third bullet of (2.7) as [100, 102] x (M U {S^ x S^)). The 2-form 
po on X can be written as w + dqa with qo being a smooth 1-form. Likewise, the 
2-form ;7 on M can be written as w+ \m + dqM with qM denoting a smooth 1-form. Set 
^4+ = gb + ?M- Let Xo4 denote the function on R given by xi^ — 100). This function 
Xo4 is equal to 1 where s < 100 and it is equal to where s > 101 . Use x'04 to denote 
its derivative. 

Define px on the s G [100, 102] part of X to be the 2-form 
(9.46) ds Ax'o4l4+ + pQ + P- Xo4dq4+ 

This form is closed, and it extends px a& a. 2-form that equals w+ where s > 101. Of 
particular note is that the L^-norm of px on the s G [100, 102] part of X is bounded 
by Co. □ 

9.5 Proof of Proposition 3.12 

The proof of this proposition has two parts. Of the two possible cases, only that where 
7_ = Yic and 7+ = Y^-i U {S^ x S^) is discussed as the case when the roles are 
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switched is proved witii the same argument but for changing the direction of various 
inequalities and signs that involve s. 

Part 1 of what follows proves the first bullet of Proposition 3.12. The subsequent 
parts of this subsection address the assertion in the second bullet and in doing so, they 
define implicitly the required subset Met(F<.). To make the definition only slightly less 
implicit, return momentarily to what is said about Met just prior to Part 1 of Section 
9.4. By way of a reminder, each metric in Met is determined in part by a metric from 
the Fo version of Section Q.l's set Met^ and a sufficiently large choice for a number 
denoted by T. A lower bound on T is determined by certain properties of the chosen 
Met^ metric. This said, a metric from Met is in Proposition 3.12's subset Met(Fi.) if 
and only if the chosen value for T is larger than a new lower bound. This new lower 
bound is determined in part by the same properties of the chosen Met^ metric that 
determine the Met(Fo) lower bound. The chosen metrics on the x components 
also determine in part the lower bound for T . By the way, no generality is lost by 
taking the metrics on these components to be the product of the standard Euclidean 
and the standard round metric on . In any event, this new lower bound is determined 
implicitly by the constructions in Parts 2-10. 

Part 1: This part discusses the first bullet of the proposition. The notation used 
below is that used to describe F and its geometry in [KLT1]-[KLT4]. In particular, the 
manifold F and its 2-form w are described in Section II. 1. A summary of the salient 
features can be found in Section IV. la. The notation used below is the same as that 
used in Section II. 1 and Section IV. la. 

To set the stage, label the g pairs in the set A as {pi, . . . ,Pg}- A k G {1, . . . ,g} 
version of the manifold is obtained from Fq by attaching k 1-handles, these being 
the handles from from the set {"Hplpgipi . Thus, is obtained from F,t-i by 
attaching just the handle ^p^ . By way of a short review, F is obtained from Fq by a 
surgery that attaches G 1-handles to Fq — T-Lq. The attaching region of each handle are 
disjoint coordinate balls centered around a pair of points in Fq — T-Lq . The set of such 
pairs is denoted by A. The 1 -handle that corresponds to a given pair p € A is denoted 
by T-Lp . The geometry of Yk near T^p^ is as follows: The handle T^p^ is diffeomorphic 
to {—R — 7 In 5* , /? + 7 In 5*] x 5^ given by the preferred coordinates (m, {6, (j))) with u 
denoting the Euclidean coordinate for interval factor and with (9, 0) denoting spherical 
coordinates on the constant u cross-sectional spheres of "Hp^ . The handle is attached to 
Yk-i using the identifications given in (3.3) with it understood that (r+, (6'+, 0+)) and 
(6'_, (/)_)) are certain preferred spherical coordinates for respective balls about the 
two points that comprise the pair pk ■ 
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The definition of X requires choosing a properly embedded arc in the part of Y^- 1 . 
The arc has one end point at one of the points in p^t and the other end point at the 
other. This arc intersects a neighorhood of the boundary of the radius 75* coordinate 
ball centered at the points from pj. as a ray from the origin when viewed using the 
coordinate system that is specified in Section II. 1. a. Part 7 of Section 9.1 introduces a 
finite set of pairs © in Ms with one partner in each pair being an embedded loop in 
Ms ■ Part 7 of Section 9. 1 associates each such loop a small radius tubular neighorhood, 
this being Tj when 7 is the loop in question. The arc must be chosen so as to lie in the 
complement of the closure of all such tubular neighborhoods. The arc can and should 
be chosen to intersect that / = | Heegaard surface in Ms transversely in a single point. 

Let Spj. C 3^M denote an embedded 2-sphere boundary of neighborhood of the arc 
with each point having distance between 26 and 46 from the arc. The neighborhood 
in question and S should be disjoint from the closures of the tubular neighborhoods 
of the loops from 0. The sphere S appears in as an embedded 2-sphere that 
separates Y^ into two components. One of these contains and is diffeomorphic to 
the complement in x of an embedded ball. 

The following is a consequence of what is said above about the descending and as- 
cending submanifolds from the critical points of s: The pseudogradient vector field 
that defines the embeddings from the second and third bullets of (2.7) can be chosen 
so that (3.9) are obeyed and likewise (3.10) and the conditions in (9.10) and (9.43). 
These properties are assumed in what follows. The condition for the first Chem class 
is satisfied if and only it has zero pairing with the cross-sectional 2-spheres in each 
pG{pi,...,p/t-i} version of the Y^-i version of Tip and annihilates the generator of 

Part 2: Proposition 3.12 requires as input a metric from a certain subset of a set of 
metrics on 7jt-i that is denoted by Met(F/t_i) and a metric from a set of metrics on 
Yjc, this denoted by Met{Yk). These subsets of metrics are in the respective Y^^i and 
Yic versions of Met. They are defined roughly as follows: Let for the moment 
denote either Y^- 1 or Y^. Each metric in the version of Met is determined in part 
by a metric from the corresponding version of Met at, this defined in Section 9.1. The 
second input for the definition is a large choice for the parameter T . A metric in Met 
of this sort is denoted in Section 9.2 by Qst- A metric q^t is in Met(F*) if T is 
greater than a certain lower bound that is determined implicitly by the chosen Met^ 
metric. As in the case of Proposition 3.12's implicit definition of Met(Fo), this lower 
bound is determined implicitly by the requirements of subsequent constructions. In 
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any event, it is determined by certain curvature norms, injectivity radius lower bounds 
and volume. 

The construction of a suitable metric on X starts by choosing metrics gi_ and gi+ 
from the respective y_ and versions of Met^? . This done, use what is said in Parts 
1-10 of Section 9.4 to define a metric my* and self-dual 2-form ujj^, on X. It then 
follows from what is said in Part 8 and at the start of Part 9 of Section 9.4 that the 
pair vciT^ and ojt^ satisfy the requirements of Proposition 3.12 if there exists a suitable 
closed 2-form px on X with the following properties: The de Rham cohomology class 
of px is that of ci(det(S)). In addition, px must equal w_ where s < —102 and w+ 
where s > 102 with w_ and w+ being the respective 0_ and g_|_ harmonic 2 forms 
on F_ and 7+ with de Rham cohomology class that of ci(det(S)). 

The construction of px is this case differs in only one respect from the construction 
described in Parts 9-11 of Section 9.4, this involving Step 3 in Part 11 of Section 9.4. 
To say more about this difference, require as in Part 1 1 of Section 9.4 that the metric m 
obey (9.42). Require in addition that (9.43) is obeyed; as noted in Part 1 above, such a 
requirement can be met. With (9.43) understood, the metric m is chosen so as to obey 
the constraints in (9.44). Proceed with the constructions in Steps 1 and 2 of Part 1 1 in 
Section 9.4. Step 3 in Part 1 1 of Section 9.4 is replaced with the following Step 3' : 

Step y : Define px on the s G [—96,96] part of X by viewing po + p as a. 2-form 
on this part of X via the embeddings in (9.10) and (9.43). The constraint in (9.44) 
implies that such a definition yields a version of p with -norm bounded by cq on 
the s G [—96, 96] part of X. Extend px to the [96, 102] part of X by copying almost 
verbatim what is done in Steps 1 and 2 with the direction of s reversed and with the 
metric g+ in (9.42) used in lieu of 0_ . 

9.6 Proof of Proposition 3.13 

The construction of the cobordism manifold X, its metric and self-dual 2-form has nine 
parts. 

Part 1: This part sets some of the notation for the construction in the subsequent 
parts of the subsection of the desired metric on X and the 2-form wx- Fix a metric 
on Y of the sort that is described in Part 2 of Section 3.6 and denote the latter by qy- 
The 2-form w on Y has qy norm equal to 1 and its Hodge dual is the 1-form a that is 
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described in Section II.3a; see also (IV. 1.6). The constant L for use in (2.8) is specified 
at the end of the proof. Assume until then that L > 100 has been chosen. 

The description of the metric for X and the 2-form wx on the s £ [— L, — L + 8] part 
of X requires the formula for w on a given p G A version of Tip from (IV. 1.3): 

w = 6x cos 9 sin OdOdu — \/6 f' cos 6 sin^ 6 du dS 

(9.47) 

+ V6/( 1 - 3 cos^ 9) sin edddcj). 

The notation here uses x and / to denote a pair of non-negative functions on T-Lp , these 
given in (IV. 1.2), with/' denoting the derivative of/. Both x and/ are invariant under 
the reflection —u. The function x has compact support and is a non-zero constant 
where \u\ < 2. This constant is denoted by xq. The function / on the \u\ < 4 part of 
Hp is given by the rule u i— )• f{u) = X0 + Ae~^^ cosh(2M) . 

The 1-form given in (IV. 1.5) plays a central role in what follows. This 1-form near 
on the |m| < 4 part of T-Lp can be written as 

(9.48) = 4e'^'^ cosh(2M)(l - 3 cos^ 9) du + Ue'^'^ sinh(2M) cos 9 sin 9 d9. 

The 1-form is a closed form on Y, and its zero locus are the loci in each p € A 
version of Hp where both u and the function 1—3 cos^ 9 are zero. Note also that 
*w = f o on the complement in Y of the \u\ > R + \n6 — 9 parts of each p € A handle 
Hp . A second point to note is that *{w A v^) > Cq ^ It^oP on the whole of Y. 



Part 2: Let * denote for the moment the Hodge star of the metric qy on Y. The 
desired metric for X must pull back to (— oo, — L] x Y via the embedding from the 
second bullet of (2.7) as the metric ds^ + Qy. Meanwhile, the corresponding pull-back 
of Wx must equal ds A *w + w. This 2-form is self-dual but it is not closed; this is 
because d *w ^ on the \u\ < /? + In 5 — 9 part of each p G A version of Hp. This 
last fact follows from the formula in (IV. 1.6). 

This rest of this part of the subsection describes wx for s S [— L, — L + 3] . The metric 
on this part of X still pulls back as ds^ + Qy via the second bullet of (2.7). 

Let Xoi denote the function on R given by the rule s xi~^ ~ L + 2) . This function 
is equal to where s < —L + 1 and it is equal to 1 where s > —L + 2 . The derivative of 
Xoi is denoted in subsequent equations by Xoi • m > 1 and introduce Xm to denote 
the function of the coordinate s given by the rule s ^ xiM^l ~ This function 
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equals where \u\ > 2m^ and it equals 1 where \u\ < . By way of a look 
ahead, m will be set equal to r^/'-'o'^ when the time comes to verify the requirements of 
Proposition 3.12. 

Use wi to denote the 5 -dependent 2-form on Y that is equal to w on the Ms U Ho part 
of Y, and equal to the following 2-form below on each p G A version of Tip : 



Note that |wi| < cq. Meanwhile, = dB with 6 = —xx'^^Xmi^ — 3cos^ 9)du. 

As Xm = where \u\ > 2m^^ , the L^-norm of 5 on [— L, —L + 3] x 7 is no greater 
than cqm^^ . The appearance of Xoi in the definition guarantees that wi = w where 
s < —L. Note that wi is a closed 2-form on Y for each s. A key point to note is that 
zero set of the s > —L + 1 versions of w\ consists of two circles in each p G A version 
of Tip , these being the circles where u and 1 — 3 cos^ 9 are both zero. 

The desired 2-form wx pulls back to [— L, —L + 3] x F via the embedding from the 
second bullet of (2.7) as ds A *wi + wi . 

Part 3: What follows directly describes the desired metric and the 2-form wx on the 
s G [— L + 3, —L + 4] part of X. To this end, let Xo2 denote the function on M that 
is given by the rule s i— xi^ + L — 3). This function is equal to 1 where s < —L + 3 
and it is equal to where s > —L + 4 . A smooth metric on Y will be constructed 
momentarily whose Hodge star sends the s > —L + 3 versions of wi to Uo, thus 
making wi harmonic. Let qi denote this metric. Use g to denote the 5 -dependent 
metric Xo20f + (1 — Xo2)0i and let * now denote its Hodge dual. The metric on X 
pulls back [— L + 3, —L + 4] x Y via the embedding from the second bullet of (2.7) as 
ds^ + Q. The pull back of wx to [— L + 3, — L + 4] x F is the 2-form ds A *w\ + wi . 
This 2-form is self-dual when s is near —L + 4. The two steps that follow construct 
the metric 31 . 

Step 1: The 2-form w\ is equal to w on the Ms U Hq part of Y and its qy Hodge 
star here is t;^. This understood, the metric gi on Ms U Hq is set equal to gy. To 
define gi on a given p G A version of Tip, note first that the function Xoi in (9.49) is 
equal to 1 when s G [— L + 3, — L + 4]. This implies that w\ is ^-independent when 
s G [-L + 3, -L + 4] . More to the point, it also implies that the s G [-L + 3, -L + 4] 
version of wi shares the same zero locus with the closed 1-form Uo, this being the 



(9.49) 




+ ^6/(1 -3cos2 9) sin 9 d9 d(h. 
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circles in each p G A version of Hp where u and 1 — 3 cos^ 9 are both zero. Meanwhile 
wi A > on the complement of their common zero locus. This last observation 
can be used with Lemma 9.2 to construct the desired metric qi on any part of the 
complement in Tip of the u = and 1—3 cos^ 9 = locus as a smooth extension of 
the metric gy from MsLIT-Lq. 



Step 2: Let T CHp denote the \u\ < m^^ part of Tip. The function Xm in (9.36) is 
equal to 1 on T and f = xq + 4e^^^ cosh(2M) on T . This being the case, it follows 
from (9.47) and (9.48) that the metric on T with volume 3-form 17 = sin du dO d4> 
and Hodge star defined by the rules: 



(9.50) 



* sin 9d9d(j) - 

* sin 9d(h du 



4e- 



cosh(2i<) 



xo+At:--" cosh(2M) 

3 

2^2 



du. 



d9, 



*dud9 = -^^81119 dcj) 



sends wi to Note that a suitable change of coordinates near the 9 = and 9 = it 
loci can be used to prove that the metric defined by (9.50) is smooth on the whole of 

r. 

As noted previously, Lemma 9.2 can be used to extend the metric defined in (9.50) to 
the whole of Tip so as to agree with gy on Tip n Ms- This must be done with some 
care so as to obtain an m = r^/^o'^ extension that can be used to satisfy the second item 
of (3.13). With this goal in mind, note that Lemma 9.2 can be used to find an extension 
with the following three properties: 



(9.51) 



The norm of the Riemannian curvature tensor and those of its covariant 
derivatives to order 20 are bounded by cq . 

The injectivity radius is bounded from below by Cq ' . 

The metric volume of Y is at most cq . 



The first bullet of Lemma 9.2 gives metrics that obey the third bullet of (9.51) and the 
second bullet of Lemma 9.2 supplies metrics that obey all three bullets. 



Part 4: The desired metric for X and the 2-form wx on the s G [— L + 4, — |L + 2] 
portion of X are described below. This is done by specifying their pull-backs via the 
embedding from the second bullet of (2.7) to [— L + 4, — |L + 2] x Y. In this part, we 
use Xo2 to denote the function on M given by the rule s i-^ xd^o^'^ + L — 5)) . This 
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function is equal to 1 where s < —L + 5 and it is equal to zero where s > —^L. Use 
denote the derivative of Xo2- Note in particular that |x^2l — ^o^^' ■ 

Let W2 denote the ^-dependent 2-form on Y given by w\ for s < —L + 4, given by w 
on Ms U T-Lq , and given on each p G A version of l-Lp for s > —L + 4 by 

W2 = Xo2 d{x{\ — Xm)(l — 3 cos^ 6) du) — \f^f' COS Q sin^ 9 dud4> 

(9.52) ' 

+ V6f{ 1 - 3 cos^ 0) sin OdOdcj). 

The 2-form W2 is a closed 2-form on Y for each s, it has the same zero locus as wi 
and it has the property that W2AU0 = wi A u^- 

An 5 -dependent metric on Y is described momentarily for the cases when L > cq. 
This metric is denoted by g. Let * denote the corresponding Hodge dual. By way of 
a look ahead, g is chosen so that d * W2 = The pull back of the desired metric 

on X to [— L + 4, — |L + 2] x Y via the embedding from the second bullet of (2.7) is 
the quadratic form ds-^ + g , and the corresponding pull back of wx is ds A *W2 + W2 ■ 
Note in particular that wx is self-dual and closed if self-duality is defined by the metric 
ds^ + Q. 

The metric gi from Part 3 is s -independent and so it is defined where s > —L + 4. 
This understood, the metric g is set equal to gi where s < —L + 5. It is also set equal 
to gi for all s G [— L + 4, — |L + 2] on Ms U T-Lq. This is to say that it equals gy for 
all such s on Ms U T-Lq . The metric g is chosen where s > —L + 5 on each p G A 
version of Tip so that its Hodge star on each p G A version of Tip acts on W2 as 

(9.53) *W2 = Xo2-^ (1 - Xm)(l - 3 cos^ 6) du + Vo- 

As will be explained directly, if L > cq, there are metrics of the sort just described that 
obey the cq = 1 version of (9.51) where 5 > — |L + 1 . 

To see about these requirements, consider first constructing a metric of the desired sort 
where s > —^L. The metric that is defined by (9.50) with volume form sin 9 du d9 d(f> 
satisfies the requirements where \u\ < 2. Since W2 /w^ > on the rest of Tip and 
the gy Hodge star of W2 is Vo on Ms U Hq, Lemma 9.2 finds an extension of the latter 
metric from the \u\ < 1 part of each Tip that has the desired properties. Use g2 to 
denote this ^-independent metric. 

Consider next the story where s < —^L + I . The metric on any given p G A version of 
Hp that is defined by (9.50) with volume form sin 9 du d9 dcj) has Hodge star sending 
W2 to Vo where \u\ < . Let v denote the 1-form on the right hand side of (9.53). 
The3-form u A W2 can be written where \u\ > ^m^^ as quoAw2 and it follows from the 
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fact that IX02I < cqL^' that q > Cq ' — cqL^^ . Thus, v Aw2 > where \u\ > ^m"^ . 
Given this positivity and given what was said in the preceding paragraphs, Lemmas 
9.2 and 9.3 can be used to construct an ^-dependent metric where 5 < — |L + 1 that 
equals 02 where s > — |L + ^ , that equals gi where s < —L + 5 and equals gy on 

Part 5: This part and Part 6 construct the desired metric for X and the 2-form wx 
where s € [— |L + 1, — + 2] . By way of a look ahead, the metric pulls back from 
this part of X via the embedding from the second bullet of (2.7) as ds-^ + 33 with 33 
being an 5 -dependent metric on Y that equals the metric g* for all s on the set 
from (9.10). 

The metric 93 is independent of s on the whole of Y when s G [— + 1, — + 2] . 
This 5 -independent version of 93 is in a large T version of the space Met^ that is 
defined in Part 5 of Section 9.1. For the purposes to come, the choice of T requires 
choosing L > cj with cy denoting here and in what follows a constant that depends 
on T and is greater than cqT^ in any event. The value of ct may increase between 
appearances. 

Use * now to denote the 93 Hodge star on Y . The 2-form wx pulls back via the 
embedding from the second bullet of (2.7) to [— |L + 1, — + 2] x Y a.?, ds f\ *wt, + 
W3, with W3 denoting an 5 -dependent, closed 2-form on Y . The 2-form wj, is also 
independent of s where s G [— + 1, — + 2] and it is independent of s on 3^0£ 
for all s. With regards to the motivation for what follows below and in Part 6, keep in 
mind that ds A + W3 is closed if and only if both dw^ = and d{*WT,) = §^w?, for 
all s. 

This part of the subsection makes the assumption that ci(det(S)) annihilates the 
H2iM;Z) summand of the direct sum decomposition for H2iY;Z) given in (IV. 1.4). 
This assumption makes for a simpler construction. Even so, much of what is done here 
is used again for Part 6's construction for the general case. 

The construction that follows has six steps. Note that some of these steps use notation 
from Section 9.1. 

Step 1 : Let Xo3 denote the function of s given by x ( jr^ (■^ + |^ ~ 2)) . This function 
equals 1 for 5 < — |L + 2 and it equals for 5 > — ^L. Reintroduce the notation from 
Section 9. 1 and let denote the function on given by x(64 s^^ir — p^:) — I)- This 
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function equals 1 where r < + -^e and it equals where r > + ^e. Given 
r > 1 and use Xr with Xo3 to define the -dependent function on given by 

(9.54) r,, = Xo3'-+ (1 - Xo3)(l -Xr + jXr)r. 

Note in particular that ^^st > ^ because Xr is a non-increasing function of r. Use 
Psj and ;Cij,3 to denote the respective ^-dependent functions on given by r^j- sin 6 
and r^j- cos 6 . 

Define the s -dependent 2-form W3 on Y by setting W3 = W2 for s < — |L + 2 and 
setting it equal to w on the yo component of Y — Me . The 2-form is defined on Me 
by specifying it on the M? incarnation of A4 to be YJ^Psj) Psj ^Psj ^4'- The definition of 
W3 on the rest of Y uses r to denote the function of s given by (xo3 + (1 — Xo?>)/T)^ ■ 
The latter function equals 1 where 5 < — |L + 2 and it is equal to ^ where 5 > — ^L. 
The 2-form W3 is defined on 34f H M5 to be tw2 ; and it is defined on each p G A 
version of T-L^ in the upcoming (9.55). This upcoming definition uses XA to denote 
the function of u and 6 given by x(|"l^ ~ 1) x(4(l — 3 cos^ 9) — 1). The function xa 
is equal to 1 where both |m| < 1 and |1 — 3cos^ ^1 < 5 ; ^rid it is equal to where 
either |m| > 2 or 1 1 — 3 cos^ 6\> ^. Note in particular that the support of XA consists 
of two open sets. These are mirror images under the involution 6 ^ -k — 6 , with one 
being a neighborhood of the m = and cos 6 = ^ circle with < ^ < f on its 
closure. Define 

(9.55) W3 = -V6Td{fcoi,e?,in^ed(t) - (jcq +4e"^'^)sign(cos6')xA#) 
on Tip for s > \L + 2. 

By way of comparison, the 2-form W2 on "Hp can be written as ^/S d(f cos 6 sin^ 9d(f)). 
What is written in (9.55) adds a 2-form with support on T-Lp to tw2- 

The 2-form W3 on Y is closed for each s. Moreover, it defines the 5^ -independent de 
Rham cohomology class ci(det(S)) because the latter class is assumed to annihilate 
the H2iM; Z) summand in (IV. 1.4). 

Step 2: The 5-dependent metric 93 is defined when s G [— |L + l^—^L + 2] with 
the help of a certain -dependent 1-form, b. The 1-form b should obey db = ^^3. 
There are four additional constraints on b. The first is that b should vanish on 3^0 
and on the part of Ne where r > + -^e . The second constraint specifies b on the 
\u\ < 4 part of T-Lp : 

(9.56) b = -Ver'if cos 9 sin^ 9- {xq + 4e-^-^)signicos 9)x a) d(p, 
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where r' denotes ^r. The third constraint asks that 5 's norm at s G [— |L+1, 
when measured by the metric gy obeys \B\q_ < cjL^^ . The fourth contraint requires 
the following: Fix /: G {0, • • • ,20}. Then the gy -co variant derivatives up to order 20 
of (^/^ are bounded by ctL~^~^ . 

To see about satifying these constraints, note first that b can be chosen to vanish on 
3^0 and on the r > + j^e part of Ne because W3 is constant on these parts of Y , 
and because the first cohomology of the r ^ {p^ + ^e, p^, + ^e] part of A4 is zero. 
The cqL^ ' bound on | 1 implies that b can be chosen to vanish on 3^o and so that 
its norm elsewhere when measured by the metric gy is bounded by cqL^^ . A 1-form 
of this sort can be chosen so that the gy norms of its derivatives also have the required 
norm bound. Let denote such a choice, and let denote the 1-form on any given 
p G A version of T-Lp given by (9.47). Their difference, — 5a, is a closed 1-form on 
Up. As H\np r\Ms;W) = 0, this difference can be written as with ^ denoting 
a function on T-Lp. The function ^ can be taken so that |^| < cqL^^ since the gy 
norms of both b^ and btv obey a similar cqL^^ bound. Granted this bound on ^, then 
b = b^ — d{x{\u\ — 4)^) has all of the requisite properties. 



Step 3: The definition of the upcoming Steps 4 and 6 use observations made below 
about W3 and b on the |m| < 4 part of each p G A version of Hp. The first series of 
observations concern W3. To start, note that the zero locus of the 2-form in (9.56) is 
the same as that of v^,, this being the locus where both u = and 1 — 3 cos^ ^ = 0. 
The reason being that/' and XA have the same sign where XA 7^ 0, and likewise the 
functions (1 — 3cos^^) and sign(cos0)xA have the same sign where XA / 0. In 
fact, these comments about the derivatives of XA imply that on Tip can be written 
schematically as 

W3 = —(1 + AijTvGf' cos 9 sin^ 6 dudd) 

(9.57) / 

+ (1 + A2)tV6/(1 - 3 cos^ 61) sin 6*^61 # 

where Ai and A2 are smooth, non-negative functions of u and 9 that equal zero where 
both \u\ < 1 and |1 — 3cos^6'| < ^ and where either \u\ > 2 or |1 — 3cos^6'| > i. 
Given that W2 on Tip is -V6d(f cos 9 sin Odcj)) , these last remarks imply that 

(9.58) W3 A > TW2 A on Hp 
with the inequality being a strict one only where dxA 7^ 0. 

The next series of remarks concern the 1-form b on the |m| < 4 part of Tip. The first 
point of note being that/(M) cos 9 sin^ 6 is equal to (xq + 4e~^^)-^ sign(cos 6) on the 
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zero locus of . It follows as a consequence that 6 can be written as 
(9.59) 6 = -Bit'/ cos 6 sin^ (9# + B2r'/(1 - 3 cos^ 6) sin ed(j), 

where Bi and B2 are smooth functions of u and 9. 



Step 4: The metric 33 on each p G A version of Tip is defined to be the metric from 
Part 5 for 5 < — |L + 2 . The metric 93 on Tip at other values of s is defined in part 
so that its Hodge star obeys 

(9.60) * W3 = TV(^ + S. 

There is one other constraint. To explain it, note first that the metric Q2 does not depend 
on s when if s £ [— |L + 1, — |L + 2] . Use 32+ to denote this ^-independent metric. 
Look at (9.45) to see that the s > —^L + I version of W3 on the |m| > 4 part of each 
Tip is Y1W2 ■ Since 6 is zero when 5' > — + 1 , the constraint in (9.60) is satisfied by 
taking the Hodge star to be that defined by Q2+ . This understood, the final constraint 
is as follows: 

The metric 03 on each p E A version of Hd when s > — L + 1 must be both 

(9.61) yi ^' P 2 

^-independent and T-independent; and it must equal 02+ where \u\ > 4. 

As explained in what follows, an ^-dependent metric with all of these requisite prop- 
erties exists if L is greater than a T -dependent constant. 

Consider first the existence of a metric with the desired properties where |m| < 1 and 
1 1 — 3 cos^ ^1 < 5 > this being a neighborhood of the common zero locus of W3 and . 
The metric g is defined on this part of Tip by its volume 3-form Q, = sinO du dO dcj) 
and the Hodge duals 

* sin eded^ = ^ 4.-^^ cosh(2») , 1 ^, Q 

V6-X'o+4e cosh(2n) ^' 

* sinOdcpdu = :0^d9 — Vbi sinO d<j3, 



(9.62) 



*dude = ^ sin6'# + -^T'WB2du - ^'61^6*. 



These formulas for the Hodge dual define a symmetric, bilinear form on the cotangent 
bundle of this part of Hp. This bilinear form is positive definite if T~'|r'| < Cq 
which is guaranteed if T^L ' < Cq ' since r~ ^ < and | r' | < cqL^ ^ . 



To see about defining 93 on the rest of Tip, use the fact that |5| < cqL ' to draw the 
following conclusion: If L > cqT^, then W3 A (tv^ + 5) > on the complement in Y 
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of the \u\ < 2 and |1 — 3cos^ ^1 < | of each p G A version of T-Lp. This being 
the case, then Lemma 9.3 can be used directly to obtain a family of metrics on T-Lp 
parametrized by the set [— |L + 1, —^L + 2] so as to obey (9.60) and (9.61). Use qt,\ 
to denote this family of metrics on UpGA • 

Step 5: The 1-form Vo is used here to construct another closed, -dependent 1-form 
that plays a central role in the upcoming definition of the 5 G [—^L+l,—^L + 2] 
versions of 93 on Ms U T-Lo. This new 1-form is denoted by v<^3 and its definition is 
given in the subsequent paragraph. 

The 1-form V(^i, on 3^o is fo and it is defined on the r > — part of A4 to be dx^-^i, 
with the latter defined in Step 1. Since f <> = dxs on A4 , it follows from the definition 
of XsjS that v^T, as defined so far is a 1-form on the union of 3^o and the r > — 
part of Ne . The definition of u^s on the r G — ^e, p^ — part of Me requires the 
reintroduction of the function Xr* from Step 2 in Part 5 of Section 9.1. This function 
is used here to define Xsj^* = (xo3 + (1 - Xo3)(l - Xr* + ^Xr*)) -^a- Define on 
the r G [p^K — ^e, — ^e] part of A4 to be T^/^dxsj^^: . It follows from the definitions 
of Xsji, and XsjT,^^ that the definition just given defines a smooth 1-form on the union of 
3^0 with the r > p^ — part of A4 . As the latter 's restriction near the r = — is 
rdxi, , a smooth 1-form on 3^o U A4 is defined by setting V(,t, = rdx^ on the r < p^ — 
part of Me ■ Noting that rdxi, = tvq , defining i;o3 on to be tvq defines a smooth, 
closed 1-form on Y. 

The 1-form ^03 has the four properties that are listed below. 

Property 1: The 1-form fo3 is equal to Uo where 5 G [— |L + 1, — |L + 2]. 
This follows because Xo3 = 1 at these values of s. 

Property 2: The zero locus of each s G [— |L + 1, — + 2] version of z;o3 is 
identical to that of . 

This is because has no zeros on 3^o U Me and it is equal to ru^ on 34f ■ 

Property 3: Each s G [—^L + \,—^L + 2] version of W3 A fos is positive on the 
complement of the common zero locus ofws and Vos- 

This property follows directly from the definitions on Y — (UpeA ^p) from (9.57) 
on each p G A version of Tip . 
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To set the stage for the fourth property, note that W3 and f 03 do not depend on s when 
^ G [-|L+1,-|L + 2]. Use W3+ and i;o3+ to denote these s-independent differential 
forms. To continute the stage setting, let 33a_|_ denote the -independent metric on 
UpeA^p given by the s ^ [— |L + 1, — |L + 2] version of Part 5's metric qj,\. What 
with (9.51), this metric on UpeA^p ^^^^ 52+ on F — {UpeA^p} define a smooth, 
s- and T- independent metric on Y . Denote the latter by g^. The restriction of go to 
U Me is in the space Met^ from Part 5 of Section 9. 1 . This understood, let goj 
denote the Met 7- metric that is constructed in Part 5 of Section 9. 1 from T and U AAe 
part of go. 

Property 4: The gor Hodge star of h'3+ is t;o3+- 

The definitions in Part 5 of Section 9. 1 with those given above for H'3-1- and 't;o3+ imply 
this on F - (UpeA'^p) ^nd (9.60), (9.61) imply this on UpeA^P- 

Step 6: This step completes the definition of g3 on Y so as to satisfy five constraints, 
the first being that *W3 = t;o3 + B at each s S [— |L + 1, — + 2]. The second 
contraint asks that the s € [— |L + 1, — |L + 2] versions are independent of s; and 
the third asks that the G [—^L + \,—^L + 2] versions are also independent of s and 
that this s -independent metric is gor- The fourth constraint asks that g3 = g3A on the 
\u\ < R + ln6 part of each p € A version of T-Lp. The fifth and final constraint asks 
that g3 = g* on and on ther > + -j^e part of TV^. 

Use Property 3 and what is said in Step 4 with the bound \B\q_ < cqL^^ to see that 
W3 A (i;o3 + ^) > on the complement in Y of the common zeros of W3 and t;o3 if 
L> cj. Given this bound. Lemma 9.3 with the input from Step 4 and Property 4 of 
Step 5 find a metric with all of the desired properties. Take such a metric for g3 . Note 
for future reference that the -independent, s > —^L + \ version of g3 is equal to gy 
on J^mHM^. 

Part 6: This part of the subsection puts no constraints on the restriction of ci(det(S)) 
to the H2{M; Z) summand in H2(Y; Z). The s-dependent metric g3 and the 2-form W3 
in this case are identical to their namesakes in Part 5 on F — (IJ^^^ z^)ee • three 
steps that follow define g3 and wj, on [j^^ 7^)60 

Step 1: Reintroduce from Part 7 of Section 9.1 the closed 2-form p on Y . By way 
of a reminder, the de Rham class of p has pairing with the 7/2(^0; ^) © (©peA ^p) 
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summand in (IV.1.4)'s decomposition of H2{Y;Z) and its pairing with the H2{M;Z) 
summand is the same as that of ci(det(S)). Since p's support hes in IJ^^^ z^)g0 ^ ^^'^ 
thus in yM - (UpeA "^p)' setting W3 on J'm U (UpeA ^p) ^ be W3 = twj + (1 - T)p 
defines a closed 2-form on Y for each s G [—^L+l,—^L + 2] with de Rham 
cohomology class ci(det(S)). 

The metric gs is defined on U(7z^)ee ^ ^^^^ Hodge star maps W3 to tv^ + 6 
with 6 denoting a certain 1-form with d6 = . As done previously, Lemma 9.3 will 
be used to construct a metric with this property that meets all of the other requirements. 

Step 2: The definition of 93 and 6 on IJ^^ ^ )e0 'Ty requires what is said here about 
the W2 and p in the support of p. To start, reintroduce from Part 7 of Section 9.1 
the set and write p as ^^(^ z^)ee ^7^7 ^^^^ each (7,2^) version of pj being a 
closed 2-form with support in the tubular neighborhood T-f that is described in Part 7 in 
Section 9. 1 . Part 7 of Section 9. 1 describes a diffeomorphism from 5' x D to 7^ with 
D denoting a small radius disk about the origin in . The diffeomorphism identifies 
7 with X {0} and it has two important property that concern the 2-form w on F 
and the function / from Section II. 1. As noted in Part 7 of Section 9.1, the 1-form df 
pulls back via the embedding of 5' x D as a constant 1-form on the D factor and the 
kernel of the pull back via the embedding of the 2-form w is a constant vector field that 
is tangent to this D factor. These last properties are exploited in the next paragraph. 

As can be seen in (IV. 1.5), the 1-form on Tyisdf. Meanwhile, the 2-form W2 on T-f 
is still the original 2-form w on F as described in (IV. 1.3). This understood, what was 
said above about df and the kernel of w imply that x D has coordinates (f, ix,y)) 
with t denoting an affine coordinate for the factor and ix,y) coordinates for D with 
the following two properties: The 1-form Vo pulls back as dx and the 2-form W2 pulls 
back as H^(j, t) dy dt with denoting a positive function. Granted these coordinates, 
the 2-form p^ has the form \)-^{x,y)dxdy with f)^ denoting a function with compact 
support in a small radius disk about the origin in the (x, y) -plane and with total integral 
equal to 1 . 

Step 3: An almost verbatim repeat of what is said in Step 2 of Part 6 supplies a version 
of the 1-form 5 which obeys the four properties listed in the first paragraph of Step 2 
in Part 6 with it understood that W3 is now defined as in Step 1. 

It follows as a consequence of what is said in Step 2 that 

(9.63) {tW2 + (1 — T)p) A fo = TW2 A V2, 
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and thus the gy-norm of {tw2+{1 —T)-p) /\{tv^ + b) is no less than t^{cq^ —ctT^L^^)- 
This being the case, Lemma 9.3 supphes an ^-dependent metric on Y with all of the 
desired properties if L is larger than a purely T -dependent constant. 

Let 03+ denote the ^-independent metric on Y given by the s G [—^L + \,—^L + 2] 
versions of §3. This is the metric qy on (3^m H Ms) — (U(7 z-y)Ge proves 
necessary for what follows to take some care with regards to the choice of 33+ on 
U(7Z )ee^- particular, Lemmas 9.2 and 9.3 will construct a version of 93 with 
03+ on each 7^ by 0y -volume 3-form Hjdxdydt and the Hodge star rules: 



' — 1 — 1 

*dxdy = A^dt — AjT (1 — r) z^f}^<ix + Bjdy, 

*dydt = H-^l + T"%~^A^(1 - TfZyi)^)dx 
(9.64) < ' 1 I 

*dtdx = dy + B^dt, 

with being a positive function and with r equal to \. The function A^ is 
constrained for the moment only to the extent that A^ < Cq on the support of z^f)^ 
and that A^ is independent of T on the complement in 7^ of a T -independent open set 
that contains the support of i)j and has compact closure in Ty . This set is denoted by 
7^. This upper bound on A^ is needed so that (9.64) defines a positive definite metric. 
As for , it is zero on Ty and it it is independent of T elsewhere. 



Part 7: This part of the subsection defines the desired metric on X and 2-form wx 
on the s £ [—^L+l,—^L + 5] part of X. As done previously, these are defined by 
their pull-backs via the embedding from the second bullet of (2.7). The pull-back of 
the metric will have the form ds^ + with denoting an -dependent metric on Y. 
Meanwhile, the pull-back of wx will have the form ds A *W4 + W4 , with W4 denoting a 
closed, 5 -dependent 2-form on Y and with * denoting the Hodge * defined by 0. The 
de Rham cohomology class of W4 at each s is ci(det(§)). 

The metric is independent of s for G [— + 1, — + 2] and the 2-form W4 is 
independent of for G [— + 1 , — + 3] . Both the metric and W4 are independent 
of s when 5 G [— ^L+4, — ^L+5] . Moreover, the restriction of both to J' — (UpeA ^p) 
are independent of s for all values of s. The salient difference between the s < — ^L+3 
version of W4 and the s > —^L + 4 version being that the latter has nondegenerate 
zeros and the former does not. 

The construction of and W4 has two steps. 
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Step 1: Let g3_|_ denote the + 2 version of the metric that is supphed in Parts 
5 and 6, and let W3+ denote the 5 = — + 2 version of W3. The 2-form W3+ is 
93+ -harmonic but it does not vanish transversely. By way of a reminder, the zero locus 
of W3+ consists of the two circles in each p G A version of Tip where both u = and 
1—3 cos^ 6 = 0. Note in this regard that W3+ on Tip is the 2-form 

(9.65) V6T-^{-f' cos e sin^ 9 du dcj) +/(1 - 3 cos^ 9) sin 6 dO dcf)). 

The construction of H'4 starts by introducing x<a to denote the function on M given 
by I— )• xi^ + L — 3). This function is equal to 1 where s < — + 3 and it is 
equal to where s > —^L + 3. The derivative of Xo3 is denoted by x'03 ■ Use x* 
to denote the function of u given by the rule u 1— xCl'^l ~ !)■ This function is equal 
to 1 where |m| < 1 and it is equal to where \u\ > 2. One last function is needed 
for what follows, this denoted by xe ■ It is a function on [0, vr] with values in [0, 2] 
which has the following two properties: It is zero near the endpoints, and has two 
local minima at the two values of 9 where 1 — 3cos^9 = 0. Moreover, xe should 
appear on a neighborhood of these minima as 1 + (1 — 3cos^ 9)^. Take xe so that 
XeiO) = xeiTr-0). 

Fix z > 1 and define the 2-form by 

(9.66) 

w, = — (V6f' cos 9 sin^ 9 + cos (p Xo4 X* sin 9—xe) dudS 

o9 

d d 

+ V6f{\ - 3 cos^ 9) sin 9 d9 d(j) - sin (p Xo4 X* tt^ ( sin 9—xe) du d9. 

o9 o9 ^ 

This is a closed 2-form for all s that equals W3+ for s < —^L + 3 and for all s where 
\u\ > 2. This 2-form is independent of s when s > — + 4. Moreover, if z > cq, 
then the 5 -independent version of defined where s > + 4 has a nondegenerate 
zero locus, this being the four points where sin =0, 1 — 3 cos^ 9 = and u = 0. 

The desired 2-form W4 is defined to be W3+ on F — (IJpeA ^p) ^^'^ defined on 
each p G A version of Hp to be a z > cq version of T~^w^. 

Step 2: This step defines the metric g . This is done by first constructing g near the 
zero locus of W4 in each p S A version of Tip and then extending the result to the rest 
of Y with the help of Lemma 9.3. 
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Fix z > Co so that as defined in (9.66) has nondegenerate zeros. The 2-form 
can be written as dS^ where is given by 



(9.67) 



^-^z"^ cos (/>Xo4 ix'^Xedu + x*x'edO) - ^^^"^ 4>Xo4X*Xei 

d 

+ z"^ sin (/>Xo4 X* &in 9— xedu. 



Granted this formula, then v + has the same zero locus as if z > co , and it also 
vanishes transversely. Moreover, A (f <> + 4) can be written as Q sin 9 du d9 d(j) and 
a calculation finds that Q > with equality only on the joint zero locus of and 
Uo + 4- In f^ct, the calculation finds Q'> c^^{\u\^ + {\ —3 cos^ 0)^ +z^^ sin^ (/)sin^ 9) 
if z > Co . 

With z large and W4 defined by (9.66) on %p, the metric g is defined near the zeros of 
(9.67) so that its Hodge star sends to v^, + 6, . The definition requires the introduction 
of yet another function of s, this denoted by Xoo4 and defined by the rule whereby 
XomC'*) = Xi^ + — 2). This function equals 1 where s < —^L + 2 and it equals 
where s > — + 3 . The desired metric g is defined by taking its volume form to be 
sin 9 du d9 d(p and its Hodge star to act as follows: 

* sin 9 d9d(j) = (4c^^^ cosh (2m) + 12 z~' sin^xU'^^^^^i'^'^^)'^"- 



(9.68) 



* sin 9 dcpdu = ^d9. 
*du d9 = ^ (xoo4 sin 6^ + (1 - Xoo4) Xe (m^^^" ^W^e))' 



By way of a parenthetical remark, the metric g3+ near the zeros of is defined by the 
same volume form but with Hodge star rule given by (9.50). The appearance of Xoo4 
in the third line of (9.68) guarantees that g = g^,^ where s < —^L. 

As noted previously, A (v<^ + B^) > on the complement of the common zero 
locus of and (vo + B^) . Having constructed g on a neighborhood of this locus with 
the desired properties, Lemma 9.3 provides an extension to the whole of Y which is 
independent of s where s < — ^L+2, where s > and on J'— (UpeA ^p)- ^^^^ 

extension is such that the 2-form ds A *W4 + W4 is self-dual on [—^L+l,—jL + 5]xY 
when self duality is defined by the metric ds'^ + g . 



Part 8: This part of the subsection supplies the input for the definition in Part 9 of the 
desired metric and the 2-form wx on the s G [—^L + 4,L] part of X. The discussion 
in this section refers to an auxiliary copy of the space X, this denoted by X*. The 
manifold X* is the same as X , but its metric is not a metric of the sort that is described 
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in Parts 1-7. The eight steps that follow construct a metric on X* and a corresponding 
self dual 2-form with certain desirable properties. 

Step 1: Fix a metric in the Yq version of Met-'^. The latter with a sufficiently large 
choice for T determines metrics in the set Met(yG)- This understood, choose T large 
enough so that this is the case and so that two additional requirements are met, the first 
being that Part 7's metric q and 2-form W4 can be constructed for any choice of L > cj- 
with ct denoting a constant that is greater than 1 and depends only on T. The second 
requirement is given in Step 2. 

Let g_ and w_ denote the respective s E [— + 4, — + 5] versions of q and W4, 
these being independent of s. The metric g_ is in F's version of the space Metr, so it 
can be used for the metric gi in Part 1 of Section 9.2, and since w- has non-degenerate 
zeros, it can also be used for the metric Q2 in Part 1 of Section 9.2. This part of Section 
9.2 uses W2 to denote the g2 -harmonic 2-form with de Rham cohomology class that 
of ci(det(§)). This 2-form W2 is w_. The 2-form w_ is equal to w on 3^o and on the 
r > p* + ^£ part of Af^ and so it follows that w_ is also the 2-form that is denoted by 
W3 in Part 2 of Section 9.2. This fact implies that the metric g_ is also a version of 
what Part 2 of Section 9.2 denotes as q^t- Parts 1-10 of Section 9.4 will be invoked 
in the upcoming steps using X* and the g_ version of g37'. These parts of Section 9.4 
denote the latter version of qjt by g_r. What Parts 1-10 of Section 9.4 denote as w-j 
in this case is the 2-form w_ . 

Step 2: Let go denote the given metric from the Met(FG)- By way of a reminder, 
the metric go is determined in part by Step I's chosen metric from the Yq version of 
Met^ and T. 

As explained in Part 1 of Section 9.2, a metric denoted by Q2 determines various 
versions of the metric g37-; and go can be any one of these q^t metrics. Set g_(_ to be 
the version of Q2 that is used to construct go and set g+r to denote go. What follows 
is the second requirement for T: It should be large enough so that the F_ = 7 and 
y_i_ = Fg version of the constructions in Parts 1-10 from Section 9.4 can be invoked 
using X=K and the metrics g_ on F_ and on 7+ . 

The constructions in Parts 1-8 of Section 9.4 require a closed 2-form on X*, this 
denoted by px , whose de Rham cohomology class is c\ (det(§)) which has the following 
additional properties: It equals w_ where s < —102, it equals w+ where s > 102 
and it obeys the bound in (9.20). Given such a 2-form, Parts 1-8 of Section 9.4 supply 
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Li » 1 , a metric on , and a 2-form on X* with the properties listed below. The 
metric and 2-form are denoted in the list and subsequently by mj-* and ujj^, . 



The metric mj-* obeys (2.8) and (3.12) when the version of L in the 
latter is greater than L\ +20. 

The pull-back of mr* from the s < —Li — 1 part of X via the embedding 
from the second bullet of (2.7) is ds^ + g_ and the pull back of mj* 
from the s > Li + I part of X^: by the embedding from the third bullet 
of (2.7) is ds^ + g+ . 

The 2-form ujt* is self dual when self duality is defined by mr* ■ In 
addition, the pull-back of cot* to any constant, 5 > 1 slice of X* is 
closed. 

The pull back of lot* from the s < —L\ — 1 part of X^ by the embedding 
from the second bullet of (2.7) is ds A *w_ + w_ with * denoting here 
the 0_ -Hodge star. 

The pull back of wj-* from the s > L\ + \ part of X* via the embedding 
from the third bullet of (2.7) is ds A *w+ + w+ with * now denoting the 
0+ -Hodge star and with denoting the 0+ -harmonic 2-form with de 
Rham cohomology class ci(det(S)). 

The 2-form (jJj* obeys the constraint in (3.11). 

The norm of wj-* and those of its mj^f -covariant derivatives to order 10 
are less than cq . 



When comparing the notation in (9.69) with the notation in Parts 1-10 of Section 9.4, 
keep in mind that this case has q^j = 0- and w-t = W-, and 0+7 = g^ and 
w+r = Wo. 



The remaining steps construct a version of px with the required properties. 



Step 3: The construction of px requires the three constraints on mr* that are described 
here and a fourth constraint that is described in Step 4. The first constraint is that 
imposed in Part 10 of Section 9.4. 

The remaining constraints and that in Step 4 refer to the subset IJ^^ z^)eB ^ ^s, 
this viewed as a subset of Y and also as a subset of ^g- The second constraint uses 
the embeddings from the first and second bullets of (2.7) to view the s < and s > 
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parts of X* as (—00, 0] x F and as (0, 00) x Fg- This constraint is the analog of that 
given in (9.42). 

The metric mr* on [—100, —961 x Vm is the product metric ds + av. 
(9.70) , M F 2 

The metric mj* on [96, 100] x 34? is the product metric ds + 3+. 

By way of background for the third constraint, note that (9.43) holds for X^, , this being 
a consequence of what is said in Part 1 about the ascending and descending manifolds 
from the critical points of s. The third constraint refers to this embedding. It also uses 
my and m+ to denote the metrics ds'^ + gy and ds^ + g_|_ on M x IJ(-), z^)ee 

There exists a T-independent constant, c* > 1 , with 
the following significance: The pull-back of mj* from 

(9.71) 

the s > —94 part of X^, via the embedding in (9.43) obeys 
c^^^Y < ni < c=Kmy and c;i7'^+ < tri < c=Km+. 
This third constraint is the analog of the constraint in (9.44). 



Step 4: This step describes the fourth constraint on mj* ■ This constraint on mT-,,, 
specifies its pull back to [—96, —94] x IJ^^ z^)£0 ^ embedding from the second 

bullet of (2.7). The constraint asks that this pull-back have the form ds^ + g with g 
denoting a certain s-dependent metric on U(7z-^)ee "^^^ upcoming description of 
g refers to the depiction in (9.64) of 0_ on IJ^^ z^)ee ^ ' ^^'^ refers to an analogous 
depiction of the metric gy on |J^^ ZT.)ee metric gy on each 7^ has the same 

form as (9.64) but with f)^ = and with different versions of and B^. The gy 
versions of these functions are denoted by Ay^ and By^ . Note that Ay^ > Cq^ . 

The specification of g uses two functions on M, the first being the function xJi given 
by Xi^ + 96) . This function equals 1 where s < —96 and it equals where s > —95 . 
The second function is denoted by x^> it is given by xi^ + 95). The latter is equal to 
1 where s < —95 and it is equal to where s > —94. 

The metric g on 7^ is defined by its volume form, this being H^dxdydt, and by the 
following Hodge star rules: 

* dxdy = 

{xli^f + (1 - xl2)^Y-,)dt - xliAjT-\\ - T)Yi-^Z^[)^dx + B^ dy, 

* dydt = 

(9 72) 

H^^(l + xllT-^il-\{l - T)%l)^)dx- Xll^-,T'\^ - T)H-^Z^l)^dt, 

* dtdx = 
dy + Bjdt. 
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Important points to note are that g is independent of T and 5^ on a neighborhood of 
s = —94, that g = g_ on a neighborhood of 5 = —96 and that g = g- for all s on 
the complement of 7^' . 

Step 5: This step describes px and says more about the metric my* . The 2-form px 
and the metric mj-* on the s G [—102, —98] part of X* are described by the analog of 
Step 1 in Part 11 of Section 9.4 that has Y replacing Yq. By way of a summary, px 
is defined on the s G [—102, —101] part of X to be the 2-form pj^/i that is described 
in 7's version of Step 3 from Part 9 of Section 9.4. The 2-form px is defined on the 
s G [—101, —100] part of X to be F's version of the 2-form pj^2 that is described in 
Step 4 from Part 9 of Section 9.4. The definition of px on the s G [-100, -98] part of 
X is made by specifying its pull back via the embedding from the second bullet of (2.7). 
This pull back is the ^-independent 2-form that equals po on 3^o and w- — d{aiqi-) 
on the rest of Y. The metric mr* on this part of X pulls back via the embedding from 
the second bullet of (2.7) as ds^ + g with g denoting the metric given by g_ on 3V. 
the metric in (9.39) on [-100, -98] x Ms and the metric g* on [-100, -98] x yo. 
Note in this regard that mr* is in any event described by (9.10). 

Step 6: This step describes px and the metric on the s G [—98, —96] part of X. But 
for one significant difference, the description of px here is similar to the description 
of its namesake given in Step 2 from Part 1 1 in Section 9.4. Both px and the metric 
on this part of X are described by their pull-backs via the embedding from the second 
bullet of (2.7). The metiic pulls back as ds^ + g with g given by g,,, on 3^oe and by the 
metric in (9.39) on TV^. The metric g on 34? is the metric g_ . 

As in the Step 2 from Part 1 1 of Section 9.4, a 1-form to be denoted by q^^ is constructed 
with the following properties: It obeys J^3_ = p — w_ + d{a[qi^), it vanishes on 
the r > p* — part of Afe and its L^-norm is bounded by cq. Reintroduce Xo3 to 
denote the function on E given by x(k| — 97) and use Xo3 to denote its derivative. The 
2-form px on [—98, —96] x F is jH) on 3^0 and given on the rest of Y by the formula 
in (9.45). Note that px is p) + p near {—96} x Y, and that its L^-norm on this part of 
X is bounded by cq . 

To start the description of , let 7 denote a loop from a pair in the set . The 2-form 
w_ on 7^ is given by rw + (1 — T)z^p^ and so it can be written as 

(9.73) p^ + T{Q^dt — z^q^dx), 

where is a function of y and t whose y -derivative is H^, and where is a 
function of x and y whose y -derivative is f)^. Meanwhile, t = jj. Let q^ denote 
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T{Q^dt — Z^q^dx). Use (9.64) to see that the A can be written as aH^dxdydt 
with \a\ < cqt^A"^ . Now, is constrained to be positive and less than Cq^t^ , and 
these constraints are met if A^ is chosen greater than Cq^t^ . Take A^ so that this is 
the case, and then the -norm (and pointwise norm) of is bounded by cq . 

The 2-form w_ — d{aqi-) is exact on — (U(7 z^,)ee "^'^ ^'^^ r < part of 

Mg. This being the case, it can be written as dq^: on this part of Y. More to the point. 
Lemma 9.5 can be used as in the last paragraph of Step 2 from Part 1 1 in Section 9.4 
to obtain a version of that is zero where r > p^, — -^e and has L^-norm bounded 
by Co on - (U(7,z^)ee "7^') ^'^'^ i" < P* - P^rt of Me ■ 

Let 7 again denote a loop from a pair in G . The difference — on 7^ — Tj is exact. 
This being the case, it follows from the Mayer- Vietoris exact sequence and from the fact 
that the various loops from Q freely generate Hi{Ms; M) that there is a closed 1-form, 
^, on yM with the following three properties: First, — = ^ on each (7, z^) G 
version of 7^ — 7^. Second, ^ = near A4 and on UpeA ^p- Finally, the L^-norm 
of ^ is bounded by cq. This understood, the sought after 1-form is defined to be 
q^ on each (7, z^) G version of Ty and to be — ^ on — U(7 z^)e0 

Step 7: This step describes px and the metric on the s € [—96, —94] part of X. The 
story with px is simple: It is the 2-form po + p. The metric on X is described by its 
pull back to [—96, —94] x Y via the embedding from the second bullet of (2.7). In 
particular, it pulls back as ds^ + g with g being an -dependent metric on Y. The 
5-dependence involves only g 's restriction to IJ^^ z^)ee ^ where it is given in Step 4. 
The metric g is independent of s on the rest of F. As explained in the next paragraph, 
this metric on X is such that the L^-norm of px on the [—96, —94] part of X is bounded 
by Co, a T -independent constant. 

The afore-mentioned L^-norm bound holds for pc,. To see about p, write it as 
^(^j z^^^e'^yP'y- ^ given version of pj has support in 7^ where the metric is given 
by (9.72). Fix s G [—96, —94] and since p^ = h^dxdy, the first bullet of (9.72) can 
be used to write p^ A *pj as v\t}j\^njdx dy dt with P = (x^A^, + (1 — xZ2)^Yj)^ ■ 
Since P < co, so the L^-norm of p-y at any s G [—96, —94] slice of [—96, —94] x Y 
is bounded by cq . 

Step 8: This last step describes px and the metric on the s G [—94, 102] part of X. 
The description of px starts where s G [96, 102]. The 2-form px here is described by 
the 7+ = Yq version of the 2-form that is defined in Steps 1 and 2 from Part 1 1 of 
Section 9.4. The s G [96, 100] part of the constraint in (9.70) and the constraint from 
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Part 10 of Section 9.4 are needed to repeat Steps 1 and 2 from Part 1 1 in the case at 
hand. These steps define a version of px whose L^-norm on the s G [96, 102] part of 
X is bounded by cq times the norm of w^^ on Yq . This version of px is w+ near the 
5 = 102 slice of and it is the 2-fonn pQ + p near the s = 96 slice. The 2-form px is 
set equal to pQ + p on the s G [—94, 96] part of X. Its L^-norm on the s G [—94, 96] 
part of X is bounded by cq , this being a consequence of (9.71). 

Part 9: Taking up where Part 8 left off, this last part of the subsection defines the 
desired metric on X and wx on the s G [— jL + 4, L] part of X. To this end, fix T large 
and then L\ > cj so as to use the constructions in Part 8 of the metric mj* and wr* . 
With Li chosen, assume that L > AL\ . The metric mT-.,, where s G [— ^L+4, — ^L + S] 
is the same as the s G [— + 4, — + 5] version of the metric from Part 8; and uj* 
on this same part of X is the s ^ [— ^Z. + 4, — + 5] version of Part 8's 2-form wx- 
This understood, the desired metric for X is taken to be mj* where s > — + 4, and 
the 2-form wx is taken to be ujj* on this same part of X. Here, vx is set to be the 
^-independent 1-form ; and the bounds in items 4b) and 5c) of (3.13) are verified by 
choosing the parameter m to be sufficiently small, as directed in Part 2 above. □ 
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